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CHAPTEE L 

MEASUREMENT. 

Physical Science. — We live in a world of matter, space and time. 
We do not know what these are in themselves and we cannot ex- 
plain or define any one of them in terms of the others. 

Thus we recognize matter in certain states which we call solid, 
liqnid or gaseous. We distinguish also different kinds of matter, 
such as iron, wood, glass, water, air, etc., which we call substances. 
We also recognize limited portions of matter of definite shape and 
volume, such as a pebble, a rain-drop, a planet, etc., which we caU 
material bodies. But what matter is in itself we do not know. 

We also recognize matter as occupying space and we note suc- 
cessive events as occupying time. But what space and time are in 
themselves we do not know. 

We also recognize force as causing change of motion of matter. 
But what force is in itself we do not know. 

Yet although we thus know nothing of matter, space, time and 
force in themselves, we can and do investigate them in their measur- 
able relations, and such investigation is the object of all physical 
science. 

Mechanics — ^Kinematics and Dynamics — ^Statics and Kinetics. — 
That branch of physical science which treats of the measurable 
relations of space alone is called geometry. 

That whicn deals with the measurable relations of space and 
time only, that is with pure motion, is called kinematics {Ktvjj^a^ 
motion). To the ideas of geometry it adds the idea of motion. 

That which deals with the measurable relations of sj^acey time 
and matter, involved in the study of the motion of material bodies 
under the action of force, is called dsmamics {dvva^t?, force). To 
the ideas of kinematics it adds the idea of force. 

We divide dynamics into two parts : statics, which treats of 
material bodies at rest under the action of force, and kinetics, 
which treats of material bodies in motion under the action of 
force. Statics is thus a special case of dynamics which it is con- 
venient to consider separately. 

In the study of machines, or of moving bodies generally, under 
the action of lorce, we have to make use both of the principles of 
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kinematics and of dynamics. The term mechanics is therefore used 
to include the general principles of both kinematics and dynamics, 
while their special application to machines is called applied me- 
chanics or mechanism. We treat in this work of mechanics as thus 
defined, or the general principles of kinematics and dynamics. 
We have then as the scheme of the present work : 

C Vol. I, Kinematics ; 
Mechanics:|Vol.^II,gJ.«; J^^^„ 

Measurement.— Since then we have to do in all that follows with 
the measurable relajbions of force, matter, space and time, the sub- 
ject of the measiu*ement of these quantities should first engage our 
attention. 

Unit. — In order to measure any quantity whatever, we must 
always compare its magnitude with the magnitude of another 
quantity of the same hind. The quantity thus taken as a standard 
of comparison is called the unit of measurement. 

Thus the unit of length must itself be some specified length, as, 
for instance, one foot, one yard, one centimeter or one meter. The 
unit of time must be a specified time, as one second. The unit of 
mass must be a specifiea mass, as one pound or one gram or one 
kilogram. 

Tne units of mass, length and time are called ftandamental units, 
because not derived from any others. 

Statement of a ftuantity.— The complete statement of a quantity 
requires, therefore, a statement of the unit adopted and also a state- 
ment of the result of comparison of the magnitude of the quantity 
with the magnitude of the unit. 

The result of this comparison is always a ratio between the 
magnitudes of two quantities of the same kind and is, therefore, 
alwayB an abstract number. 

'mis ratio or abstract number is called the numeric. 

Thus we say 3/ce^ 4 seconds, 5 pounds. In each of these cases 
we state both the unit and the numeric, or ratio of the magnitude 
of the quantity to that of the unit. Thus 3 feet denotes a quantity 
whose magnitude is three times the magnitude of one foot. 

So for any quantity. In general, if 1 stands for any length and 
[If] stands for the unit of length, we have L = ?[X], or the length 
equals I times the unit of length. Here I is the numeric and is an 
abstract number. 

Again, if T is a certain interval of time, and [T] stands for the 
unit of time, we have !r= t[T], or the time equals t times the unit 
of time. Here t is the numeric and is an abstract number. 

So also if ilf is a certain mass and [W] stands for the unit of 
mass, we have JIf = m[M], or the mass equals m times the unit of 
mass. Here m is the numeric and is an abstract number. 

Derived Unit. — ^A unit of one kind which is derived by reference 
to a unit of another kind is called a derived unit. 

Thus the unit of area may be taken as a square whose side is one 
unit of length, or one square foot. The unit of volume may be 
taken as a cube whose edge is the unit of length, or one cubic root. 
The unit of speed may be taken as one unit of length per unit of 
tim£, or one foot per second. 

Such units are derived units, while the units of mass, space and 
time, not being thus derived from any others, are fundamental 
units. 
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Dimensions of a Derived TTnit.— A statement of the mode in 
which the magnitude of a derived unit varies with the magnitudes 
of the fundamental units which compose it is a statement of the 
dimensions of the derived unit. 

Thus let [A] denote the unit of area and [L] the unit of length. 
Then if A = a[A] is the area of a square whose side is £» = l[L], 
where a and I are abstract numbers, we shall have a[A] = flL]*. 

Now we shall have the numeric equation a = V, or the number 
of units of area equals the square of the number of units of lengthy 
provided we have [A] = [L]\ or the unit of area equal to the square 
of the unit of length. 

The statement [A] = [LY is a statement of the dimensions of the 
unit of area. 

Again, let [L] denote the unit of length and [T] denote the unit 
of time and [F] denote the unit of speed. Then if i = l[L] is any 
distance and T=t[T] is the time occupied in describing that 
distance, and the mean speed is F= r[Fji we have 

We shall then have the numeric equation « = y, or the nimiber 

of units of speed is equal to the number of units of length passed 
ovOT divided by the number of units of time occupied, provided we 
have 

or the unit of speed equal to one unit of length per unit of time. 
This is a statement of tne dimensions of the unit of speed. 

Meaning of "Per.'' — It will be observed that the statement 

[F] = [~ is read, ** the unit of speed is equal to the unit of length 

per unit of time," and the word per is indicated by the sign for 
'^'divided by. '^ 

Now we can divide the numeric Z by the numeric f , because these 
are abstract numbers. But it would be nonsense to speak of dimd- 
ing length by time, or a unit of length by a imit of time. We there- 
fore avoid such a statement by the use of the word per. If then 
we give to the symbol of division this new meaning, we can then 
treat it by the rules which apply to the old meaning, and thus avoid 
the invention of a new symbol by using an old one in a new sense. 

Whenever, then, the word " per " is used, it can, he replaced by the 
sign of division. 

Homogeneous Equations. — The symbols in all formulas or state- 
ments of the relations of quantities always stand for the numerics 
of these quantities, and the units are always understood though not 
written. 

Thus such an equation as i? = ^ or Z = «f is a numeric equation, 

and the units are understood and must always be supplied in inter- 
preting them. When the units are thus supplied, all the terms on 
both sides of the equation which are combined by addition or sub- 
traction must always be of the same kind, whatever the system of 
units adopted. Such equations are called homogeneous. 

If any numeric equation is not thus homogeneous, it is incor- 
rectly stated. 
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It is also evident that all algebraic combinations of such homo- 
geneous equations must always produce homogeneous equations- 
If not, some error must have oeen made in the algebraic work. 

Error can thus often be detected in the result of an investigation 
without following through its successive steps, by simply inserting 
the omitted units, and no equation or result shoiud be accepted, or 
even discussed, which does not stand this test. 

Thus in the equation l = vt, if we supply the omitted units, we 
have 

The equation is therefore homogeneous, since the unit of length is 
to be understood in both terms. 

Unit of Time. — The unit of time ordinarily adopted in dynamics 
is the second or some multiple of the second. 

It is the time of vibration of an isochronous pendulum which 
vibrates or beats 86400 times in a mean solar day of 24 hours, each 
hour containing 60 minutes and each minute 60 seconds (24 x 60 
X 60 = 86400). 

The sidereal day contains 86164.09 of these mean solar seconds. 

Unit of Length. — The unit of length ordinarily adopted in 
dynamics is the foot or the meter or some multiple of these. 

Unit of Mass. — ^The unit of matter or mass ordinarily adopted in^ 
dynamics is the pound or the kilogram. 

Standard Unit. — All units adopted are defined by reference to 
certain standard units. A standard unit, in general, should possess, 
so far as possible, a permanent magnitude unchanged by lapse of 
time and unaffected by the action of the elements or by change of 
place or temperature. It should be capable of exact duplication 
and should admit of direct and accurate comparison with other 
quantities of the same kind. 

Standard Unit of Time. — The standard unit of time is the period 
of the earth's rotation, or the sidereal day. This has been proved 
by Laplace, from the records of celestial phenomena, not to have 
changed by so much as one eight-millionth part of its length in the 
course of the last two thousand years. 

The length of the solar day is variable, but the mean solar day, 
which is the exact mean of all its different lengths, is the period 
already mentioned, which furnishes the second of time. It is 
1.00273791 of a sidereal day. 

The second can therefore be defined, with reference to thestand- 
ard unit of time, as the time of one swing of a pendulum so ad- 
justed as to make 86400 oscillations in 1.00273791 of a sidereal day. 

Standard Units of Length. — The English standard unit of length 
is the length of a standard bronze bar, deposited in the Standards 
Department of the Board of Trade in London. 

Since such a bar changes in length with its temperature, the 
length is taken at the specified temperature of 62° Fah. 

The length of this bar at this temperature is the English stand- 
ard unit of length, and is called the standard yard. Accurate 
copies of this standard are distributed in various places, and from 
these all local standards of lengjth are derived.* 

The foot is defined as one third the length of the standard yard 
at 62*' Fah. 

* The English standard yard is 1 part in 17230 shorter than the U. S. copy. 
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The French standard of length is the meter, and is the length of 
a bar of platinum at the temperature of melting ice, or 0° C. This 
bar is preserved at Paris. Its length was intended to be the ten- 
millionth part of a quadrant of the earth^s meridian through 
Paris. 

The quadrant of the meridian through Paris is 10001472 stand- 
ard meters, according to Colonel Clarke'a determinations of the 
size and figure of the earth, which are at present the most authori- 
tative, and thus the standard Paris meter is slightly less than the 
length upon which it was founded. The material bar is therefore 
the stanaard; just as is the case with the English standard. 

The relation of the meter to the meridan was intended as a 
means of reproduction in case of destruction of the standard, but 
in such case the standard would probably be reproduced from the 
best existing copies. 

This was actually the case with the original English standard, 
which was destroyed by fire in 1834. It had been originally de- 

fined as having at 62° Fah. a length of ^ of the length of a 

pendulum vibrating seconds in the latitude of London at the sea- 
level. But this provision for its restoration was repealed and a 
new standard bar was constructed from authentic copies of the old 
one. 

The English inch, or the 36th part of the length of the standard 
yard, is very nearly equal to the five-hundred-mQlionth part of the 

length of the earth's polar axis ( gQQ^2296) 

The utility of the standard, however, does not depend upon any 
such earth relations, the only value of which is for reproduction in 
case of destruction— a value which, as we have seen, is practically 
disregarded. 

The ultimate standards are therefore the actual bars. 

Standard Units of Mass.— The English standard unit of mass is 
a piece of platinum deposited in the OflBlce of the Exchequer at 
London and called the ** Imperial Standard Pound Avoirdupois." 

The French standard unit of mass is a piece of platinum pre- 
served at Paris and called the kilogram. 

Unit of Angle.— There are two units of angle in use, the degree 
and the radian. 

The degree is that angle subtended at the centre of any circle 

by an arc equal in length to — part of the circumference of that 

circle. It is subdivided sexagesimally into dcCTces (°), minutes ('), 
and seconds ('0- The seconds are subdivided decimally. Minutes 
and seconds of tim£ are distinguished by being written min,, sec. 

The radian b: that angle subtended at the centre of an^r circle by 
an arc equal in lengtti to the radius. It is subdivided decimally. 

If then the length of any arc is «[!»], or s units of length, and 
the length of the radius is r[L\, or r units of length, and if the 
angle subtended at the centre is Q radians, we have 

The number of radians in any angle is then found by dividing the 
number of units of length in the subtending arc by the number of 
units of length in ihe radius, and this number is independent of the 
particular unit of length adopted, whether feet or centimeters. 
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If the subtending arc is the entire circumference, the number of 
radians is — = 27C. Hence 2^ radians correspond to 360 degrees, or 1 

radian corresponds to ^|^ = f— = 67.29578 degrees = 67^ 17' 44".8. 

Any angle expressed in radians may then be converted into 

180° 
degrees by midtiplying the number of radians by = 57.29578 

degrees = 1 radian. 

Any angle expressed in degrees may be converted into radians 

by multiplying the number of degrees hy — : = 0.0174533 radians 

= 1 degree. 

> (1) Eocpreas 12° 34' 56'' in terms of radians; and 3 radians in 



b 



iLX^ 



7 '/ ^ \ ■ ^^ 



terms of i 

Ans. 0.2196 radians ; 171" 53' 14 ".424. 

(2) The radivs of a circle is 10 feet; what is the angle subtended at 
the center hy an arc of Sfeet f 

Ans. ^ radian, or 17° 11' 19. "44* 



(3) How much must a rail 30 feet long be bent in order to fit into 
a curve of half a mile radius f 

Ans. ^o radian, or O** 39' 3".92. 

(4) Express 45 degrees in terms of radians, and 4.5 radians in 
terms of degrees, 

Ans. J radians = 0.7854 radians ; 257*» 49* 51".636. 

(5) The angle subtended at the centre of a circle by an arc whose 
length is 1.67 jeet is 15° ; what is the radiusf 

8 157r 157X180 ^^ 

^^•r = i80' ^' ^=-15S- = «^- 

(6) What is the sin J radians; cos ^ radians; cos ^ radians; 

D D O 

tan-rradiansf 

4 
Ans. 5; g VS; 0.5; 1. 

(7) Express in degrees and in radians the angle made by the 
hands of a clock at 35 minutes past 3 o'' clock, 

Ans. 102.5 degrees; 1.79 radians. 

Unit of Conical Angle. — Let the area of any portion of the sur- 
face of a sphere be A [A], or A units of area, and let the square 
of the radius be r'[A], or r^ units of area. 

If lines are drawn from the centre Cot the sphere to every point 
of the area, they form a cone, and the angle subtended at the centre 
C by the area we call a conical angle. 

The conical angle subtended at the centre of a sphere by a por- 
tion of its surface whose area is equal to the square of its raqius we 
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call a squax^ radiaxu If we denote the conical angle subtended by 
the area Ahy co square radians, we have 

«, = t^=4, or r'eo^A, 
r*[A] r" 

The number of square radians in any conical angle is thus found 
by dividing the number of vMits of area in the subtending area by the 
number of units of area in the square of the radius, and this number 
is independent of the unit of area adopted. 

If tne subtending area is the entire surface of the sphere, the 

number of square radians is — 5- = 4;r. Hence the siurf ace of a 

sphere subtends a conical angle of 4:ic square radians. 

[The terms solid angle asiS, solid radian are usually employed in 
place of conical angle and square radian as defined, but as they 
seem in no way descriptive, we have employed the latter terms as 
more expressive.] 

CurvatTure. — The direction of a plane curve at any point is that 
of the tan^nt to the curve at this point. 

Thus the direction of the ^ 
curve AB at the point -4L is 
that of the tangent AC. 

The change of direction be- y^^ ^ 

tween any two points of a 
plane curve is the angle be- 
tween the tangents at these 
two points, and is called the 
integral cnrvatnre. 

Thus the angle 6, or change 
of direction between the tange^t6 at A and 5, is the integral curva- 
ture for the curve between A and B, 

The integral curvatiu-e for any portion of a plane curve divided by 
the length of that portion is the mean curvature. 

Thus if the length from A to B of the curve is s[If], or s units of 

length, the mean curvature is ,LL. Since is given in radians, the 

unit of curvature is one radian per unit of length of arc. When we 

f»y, therefore, that the mean curvature is -, we mean -radians per 

s s 

unit of length of arc. 

The limiting value of the mean curvature when the two points 
are indefinitely near is called the curvature. 

The curvature, therefore, is the limiting rate of change of direc- 
tion per unit of length of arc. Its unit is one radian per unit of 
length of arc. 

Curvature of a Circle. — If the curve is a circle, the angle at the 
centre between the radii at A and B will be equal to the angle 
between the tangents at A and B. 

We have then = — radians. The mean curvature is then 
r 

6 1 

— = — radians per unit of length of arc. " 

s r 

Since this is independent of «, the curvature at every point of a 
circle is constant and equal to the mean curvature for any two 

points, viz., — radians per xmit of length of arc. 
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Cnrvatnre of any Plane Curve.— For any plane curve whatever a 
circle can always be described whose curvature is the same as that 
of the given curve at the given point. This is the circle of curvature 
of the curve at that point. Its radius is the radius of curvature of 
the curve at that pomt. 

If then p is the radius of curvature of a curve at any given 

point, the curvature of that point is — radians per unit of length of 

arc. 

Since curvature then depends only upon the radius of curvature, 
the circle is the only curve whose curvature is constant. 

(1) A circle has a radius of 10 feet What is its curvature f 
Ans. -j^ radian per foot of arc, or 5". 78 per foot of arc. 

(2) If the radius is 10 yards, what is the curvature f 

Ans. ^ radian per yard of arc, or 5". 73 per yard of arc, or ^ radian per 
foot of arc, or 1'.91 per foot of arc. 

Dimensions of Unit of Curvature. — If C is the curvature and c 
the number of imits of curvature, we have by definition c[G] = 

-tM-, where \C] is the unit of curvature, and [6] is the unit of angle, [i] 

the imit of length, and 6, s the number of units of angle and length. 

We shall always have c = — , provided we take [C] = Jyi, that is, 

provided the unit of curvature is equal to the imit of angle divided 
by the unit of length. 

This is a statement of the dimensions of the imit of curvature. 

The unit of curvature is then one unit of angle per unit of 
length of arc, as, for instance, one radian per foot of arc, or one de- 
gree per foot of arc. 

A railuxiy curve has a length of one mUe, the curvature is uniform, 
and the integral curvature is 30 degrees. What is the curve, the 
curvature, and the radius of curvature ? 

Ans. A circle ; 0.5236 radian per mile arc ; 1.9 miles radius. 

Tables of Measures. — ^We shall deal in the course of this work 
with many other derived units, which will be explained as they 
occur. It will be useful to collect here for convenience of reference 
a number of such units. 



I. MEASURES OF SPACE. 
A. LENGTH. 

Centimeters 

. 1 1 . ^ 



=f 
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Table 1. 
1 centimeter = 0.3937079 inch 
1 meter 



1 kilometer = 



89.37079 inches 
■ 3.2809 feet 

0.62137 mile 
; 0.535987 nautical m. 



2 
Inches 

Table 2. 
1 inch = 2.539954 centimeters 
1 foot = 30.479449 
1 yard = 0.91488347 meter 
1 mile = 1.60936 kilometers 



T^.mt:[=l-««^*"0Meters 
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The following are approximate : 

The centimeter is about f inch. The meter is- about 8 ft. 8f inches. 
The decimeter is about 4 inches. One kilometer is about f of a mile. 
Distance from pole to equator is about 10000000 meters. 
Earth's polar radius is about 600000000 inches. 

B. AREA. 
Table 3. Table 4. 

1 sq. centimeter = 0.155006 sq. inch 1 sq. inch = 6.45187 centimeters 

1 sq. meter = 10.7648 sq. feet 1 sq. foot = 928.997 

1 sq. hectometer, ) ^o a^i-ia «/.^^« 1 SQ. yard = 0.836097 meter 

or 1 hectare ] " ^'^'^^^ ^^^ 1 acre = 0.404672 hectare 

1 sq. kilometer = 0.38611 sq. mile 1 sq. mile = 2.58989 sq. kilometers 

C. VOLUME. 
Table 5. Table 6. 

1 cubic centimeter = 0. 0610271 cu. inch 1 cubic inch=16.3866cubic centimeters 
1 liter, or 1 cubic ) = 61.0271 cu. inches 1 cubic foot=28.3153 liters 

decimeter ) =1.76172 pints 1 cubic yard=0. 764513 cubic meter 

1 cubic meter = 35.3166 cubic feet 1 pint =0.567627- liter 

1 gaUon =4.54102 liters 

II. MEASUEES OF MASS. 

Table 7. Table 8. 

1 centigram = 0.154323 grain 1 grain = 0.064799 gram 

1 ..^rr. _ i 15.4323 grains 1 oz. = 28.3496 grams 

1 gram - ^ 0.0353739 oz. 1 lb. or 16 oz. = 0.453593 kilogram 

1 kilogram = 2.20462 lbs. 1 ton or 2240 lbs. = 1016.05 kUos 



1 ffram = mass of 1 cubic centimeter of pure water at 4^ C. 

1 kilogram = 1 liter of pure water at 4° C. 

1 gallon = 277.274 cubic inches. The gallon contains 10 lbs. of pure water 
at62^F. 

1 cubic foot of water contains about 1000 oz. or 62i lbs. 

The pint contains 20 fluid oz. 

Acceleration of gravity at London = 32.182 feet-per-second per second = 
980.889 centimeters-per-second per second. Average value 32^ feet-per-second 
per second or 980.3 centimeters-per-second per second. 

1 dyne = force which will give a mass of 1 gram an acceleration of 1 centi- 
meter-per-second per second = about -^j weight of gram = weight of about 1 
milligram. 

1 poundal = force which will give a mass of 1 pound an acceleration of 1 
f oot-per-second per second = about weight of | oz. 




OHAPTEB IL 

POSITION. TERMS AND DEFINITIONS. 

Pbint.— A mathematical ];K>int has neither length, breadth, nor 
thickness. It is therefore without dimensions and indicates posi- 
tion only. 

Boint of Eeferene*.— When we speak of a point as having position, 
some other point or j)oints must always be assumed, by reference 
to which the position is given. Such a point is a point or reference. 
It is also called a pole, or origin. 

Position then is always relative. We know nothing of "abso- 
lute " position. 

Thus the position of the point G is known with 
respect to A when we know the length of the line AG 
and the angle BAG or the direction of the line AG. 
The points A and B are points of reference, by means 
of which G is located. 

Position of a Point. —The position of a point 
with reference to other assumed points is then known when we 
have sufficient data to locate it. These data give rise to two 
methods of location : 

1st, by polar co-ordinates. 

2d, by Cartesian co-ordinates, so called because first employed by 
Descartes. 

Plane Polar Co-ordinates.— The data necessary for locating a 
point by polar co-ordinates, when the point is situated in a given 
plane, consist of a distance and an angle. If the point is not in a 
known plane, of a distance and two angles. 

Thus, if the point P, in the plane of this 
page, is to be located, we first assume a line 
OX in the plane, as a line of reference. Then 
the position of P with reference to O is given 
by the angle AOP and by the distance OP, 

The assumed point O is called the pole: OA ^ 
is the line of reference; the distance OP iso 
called the radins vector, and its magnitude is 

usually denoted by r ; the angle AOP is the direction an^le ; its 
magnitude is denoted by 0, and it is measured around from OA. to 
the left. 

The polar co-ordinates for a point in a given plane are therefore 
r and 0, or a distance and an angle. "Hiese are plane polar co- 
ordinates. 

Space Polar Co-ordinates.— If the point P is not in a given plane, 

10 
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we assume as belore a pole O, and a reference line OA in space. 
Through this line we assume any- 
plane, aa the plane of this page, 
OABC, and let OB be the inter- 
section of this plane with a plane 
OPBy perpendicular to it and 
passing through OP. The location 
of P is then given by the length 
OP or the radius vector r, the 
angle AOB or 0, and the angle 
BOP or e. 

The polar co-ordinates for a point not in a given plane are there- 
fore r, and 0, or a distance and two angles. I^ese axe apace 
polar co-ordinates. 

If O is a point on the earth's surface, and the reference line 0-4. 
is a north and south line in the plane of the horizon, the angles 6 
and would be the astronomical azimuth and altitude of the point 
P. 

Cartesian Co-ordinates. —Plane. —The data necessary for locating 
a point by Cartesian co-ordinates, if the point is in a known plane, 
consists of two distances, parallel to two assimied lines of reference 
in that plane, passing through the point of reference, which is called 

the origin. The assumed lines of 
reference are usually taken at right 
angles. 

Thus if the point P is known to 
be in the plane of this page, wo 
assume any orirai O and draw two 
reference hnes OX and OF through 
O in this plane and at right angles. 
These two lines are called the axes 
of co-ordinates, the horizontal one 
the aocia of a?, or the x axis, the 
other the axis of y, or the y axis. 
The distance BP or OA is denoted 
by X and called the abscissa of the point P. The distance AP is 
denoted by v and called the ordinate of the point P. 

The abscissa x is positive to the right, negative to the left of the 
origin, while the ordinate y is positive when laid off above and 
negative when below the origin. 

Any point in the plane is thus located with respect to O, If a 
point IS m the first quadrant, its co-ordinates are 4- a?, 4- y; if in the 
second quadrant, —x and + 
y; if in the third Quadrant, 
— X and —y ; if in tne fourth 
quadrant, 4- x and — y. 

When the point is in a 
known plane, the co-ordi- 
nates are called plane co-or- 
dinates. 

Space Co-ordinates. — If 
the point Pis not in a known 
plane, we take three axes 
through the origin, all at right 
angles usually. Two of these 
we may denote by X and Y 
as before; the third, at right 
angles to the plane of XY, z 
we call the axis of Zy or the z axis, 







> 


r 




1 


! ^ 


6 


1 


? 








+y 


-flj 




+ac 


+2/ 


-ry 


' 8 





4 


A X 
-2/ 



B>L^. 



/ 


— 





"71 






p/ i 


o 


^'"""^^ 00 


1 
y 1 


/ 






/' 
/' 



12 INTE0DUCTI02<r. [CHAP. H. 

Thus the position of the point P is given by the distance OA =s 
XT, the distance AC = z^ and the distance CP = y. 
These are the ^pa/x co-ordinates of the point P. 
The signs prefixed to the co-ordinates indicate the quadrant in 
which the point is located as before. Thus, + a?, + jy and ± z 
denote a point in the first quadrant either in front of or behind the 
plane of XY\ —Xy+y and ± z, a, point in the second quadrant, 
either in front of or behind the plane of XY; — a?, — y, ± z, ana 
+ oj, — y, ± z, points in the thirdT and fourth quadrants, either in 
front of or behind the plane of XY. 

Direction Cosines.— If we join the origin O and the point P by a 
line, and denote the angle of OP with the x axis by a, with the y 
axis by fl, and with the z axis by y, we have the relations 

X = OP cos a, y = OP cos fi, z = OP cos y. 
These cosines are called the direction cosines of OP, 

Since OP is the diagonal of a parallelogram, we have 
OP^ = a;' + y" + «' = OP* (cos" a + cos" + cos' rl 
Hence , 

cos' a + cos' /S + cos' ;k = 1 (1) 

If, therefore, any two of these direction cosines are given, the 
third can always be fonnd. 

Since cos 2o: = 2 cos' a — 1, cos 2fl =^2 cos* /? — 1, cos 2r = 
2 cos' 7^ — 1, we have also ' 

cos 2a + COS 2y? + COS 2r = — 1 (2) 

Again, since cos (a + /3) =: cos a cos fi — sin a sin fi, cos (cc-- fi) = 
cos a cos /Cf + sin a sin /?, we have also 

cos (a + /J) cos (a - /y) + cos' r=0 (3) 

Dimensions of Space. — A point in a given line is at once located 
by a statement of the distance of the point from either end of the 

line. 

A point in a given plane is located either by two distances or by 
a distance and an angle. 

A point in space is located either by three distances or by a 
distance and two angles. 

Hence space is said to have three dimensions, a plane surface to 
c have two dimensions, and a line one dimension. 

A point has no dimensions and indicates 
position only. 

System. — ^Any definite and limited assem- 
_ blage of points is called a system. Thus the 
B assemblage of points represented by A, B^ C, 
constitutes a system. 

Configuration. — The relative position or arrangement of any 
system or assemblage of points is called the coJifLgjmAion at the 
system. 

A knowledge of the configuration of a system at any instant 
requires a knowledge of the relative position of every point of the 
system with reference to every other point at that instant. 

Thus the configuration at any instant of the system represented by the 
points A, B, C, is known when the position at that c 

instant of A relative to B and C, of B relative to ^ " 

and G, and of C relative to A and B, are known ; 
tbat is, when all the sides and angles of the triangle 
are known at that instant. 

Eigid System. — When the configuration ^ 
does not change, the system is a rigid system. 
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Thus when the angles and sides in the triangle ABC remain un- 
changed, the system is rigid. 

East. — When the straight lines drawn from a point to any as- 
sumed points of reference do not change their lengtn or inclination 
to each other, the point is at rest with reference to these points. 

The points of a rigid system are therefore at rest relatively to 
each otner. The entire system may, however, be in motion with 
reference to some external iK)int. 

Rest, then, like position, is relative only. We know nothing of 
** absolute " rest. 

Thus if the lines OA and GB in the preceding figure do not change in 
length and the angle AOB does not change, the point (7 is at rest with refer- 
ence to A and B. 

The system is then a rigid system, and A is at rest with reference to C and 
B, and B is at rest with reference to A and C. 

The entire system of A, B, G may, however, be in motion with reference to 
some point external to the system. 

The stationary objects in a room are all at rest relatively to each other. The 
straight lines joining any three do not change their length or inclination to 
each other. 

But, as we know, all these objects partake of the motion of the earth, and 
are therefore not at rest with reference to the sun. 

Motion. — ^Motion is change of position. A point moves when the 
straight lines joining it to the pomts of reference change either in 
length or inclination to each other. 

Motion, therefore, like rest and position, is always relative. 
Such terms as *' absolute " position, ** absolute " rest, and ** absolute'* 
motion have no scientific value. All our knowledge, both of posi- 
tion and change of position, must be essentially relative. 

"When a man has acquired the habit of putting words together, without 
troubling himself to form the thoughts which ou^ht to correspond to them, it 
is easy for him to frame an antithesis between tnis relative knowledge and a 
so-called absolute knowledge, and to point out our ignorance of the absolute 
position of a point as an instance of the limitation of our faculties. Any one, 
however, who will try to imagine the state of a mind conscious of knowing the 
absolute position of a point will ever after be content with our relative knowl- 
edge." C Matter and Motion" by J. Clerk Maxwell. Pott, Young & CJo. , New 
York, 1876.) 

Path of a Point. — The line joining the successive positions of a 
point during its motion is callea its path. 

The path thus described by a point may be either a straight or a 
curved line, or a combination of straight and curved lines. If the 
path is without angles or abrupt changes of direction, it is con- 
tinuous. 

Motion of Translation. —When a rigid system moves so that 
every straight line in it joining every two points remains always 
parallel to itself, the system is said to have a motion of translation. 

The paths of all the points are therefore parallel at every instant 
and equal.for any given interval of time, and the translation of the 
system is that of any one of its points. 

Motion of Eotation. — ^When a rigid system moves so that all its 
points describe arcs of circles in parallel planes about a common 
straight line or axis passing through the centers of the circles and 
perpendicular to their planes, the system is said to rotate or have a 
mouon of rotation about that axis. 

Since the system is rigid, every point must describe an equal 
angle in the same time. 
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A point has no dimensions and therefore cannot have motion of 
rotation, but only one of translation. 

Combined Translation and Rotation.— A rigid system may have 
a motion of rotation and translation at the same time. Thus, for 
instance, a rolling wheel has a motion of rotation about an axis 
through the hub at right angles to the plane of the wheel, while at 
the same time every point or the wheel has a motion of translation. 

Material Point or Particle. — We have just seen that a point can- 
not have motion of rotation. Rotation is possible only to systems 
of points. 

A material body so small that the distances between its points 
may be neglected is called a particle. 

When the body is not small, whatever its magnitude, if the dis- 
tances between its various points have no influence upon the motion 
considered^ we call the body a material point or particle and may 
represent it by a point without dimensions. 

Thus if we are investigating the motion of the earth about the sun, so far 
as the motion of translation of the earth is concerned, we may regard both the 
earth and sun as points. But we cannot treat them as points when we wish to 
study their rotation. 

Material System. — ^A number of material points or particles con- 
stitute a material system. When we confine our attention to such 
a system, all relations or actions between one point of such a system 
and another are called internal relations or actions. Those between 
the whole or any part of the system and bodies not included in the 
system are called external relations or actions. 



KINEMATICS. 
GEI^ERAL PRINCIPLES. 



CHAPTER I. 

SPEED. 



Kinematics.— That branch of science which treats of the measur- 
able relations of time and space only, that is, of pure motion, is 
called kinematics. It adds to the ideas of pure geometry the idea 
of motion. 

Mean Speed of a Point.— The distance described by a moving 
point per unit of time is called the mean speed of the point. There- 
fore the number of units of distance described in a given time, 
divided by the nimiber of units in that time, gives the number of 
units of mean linear speed. The mean speed is then the mean 
time-rate of motion in the path. 

When the mean speed varies with the interval of time it is 
variable. When it has the same magnitude no matter what the 
interval of time it is uniform. A point moving with uniform mean 
speed evidently describes equal distances in equal times. 

Instantaneous Speed of a Point. — ^The limiting value of the mean 
speed when the interval of time is indefinitely small is called the 
instantaneous speed. 

When the instantaneous speed at any instant is equal to the 
mean speed for any interval of time it is imiform. When the instan- 
taneous speed is variable the mean speed has different values for 
equal intervals of time. 

The term speed always signifies instantaneous speed tmless 
otherwise specified. 

Dimensions of the Unit of Speed.-— Let us denote any speed by 
T, the unit of speed by [V] and the number of imits of speed by v, 
so that V = v[v]. Then if [L] is the unit of length and 8 the num- 
ber of imits of length, or the distance passed over in the time t[T], 
we have by definition 

^ -' tlT] 
We shall always have the numeric equation t; = j, if we take 

16 
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[V] = LJ, or the unit of speed equals the unit of length per unit of 

time. 

This is the statement of the dimensions of the unit of speed. 

The unit of speed is therefore always taken as one imit of length 

per unit of time, as, for instance, one foot per second. 

Numeric Equations of Speed.'If 8i denotes, then, the number of 
units in the initial distance OA, measured 
along the path^ of a moving point from a 
fixed point O in the path, taken as origin, 
and 8 the number of units in the final 
distance OJB, measured along the path, from 
the same origin O, and t the number of 
units in the interval of time in describing 

the distance AB = 8 — 81, we have for the mean speed the numeric 

equation 

(1> 




When the interval of time is indefinitely small we have, in the 
notation of the Calculus, dt in place of t, and da in place of 8 — «i. 
The instantaneous speed, or the speed, is then 

-s- • • <» 

Sign of Speed.— From (1) we see that if OB or 8 is numerically 
greater than OA or 8j, the value of v will be positive, or v equals a 
plus (+) quantity. If, however, Si is numerically greater than 8, 
the value of v will equal a negative (—) quantity. When, then, the 
distance from the origin, measured along the path, is increasing, 
the value of v is positive (+). When the distance is decreasing, 
the value of v is always negative (— ). Moreover, if 81 is on the 

opposite side of the origin from 8, we have v = ?-t^. 

V 

Equation (1) will therefore hold good generally if we take dis- 
tances from the origin in one direction as (+) and in the other 
direction as (— ). In such case, if the value of v comes out (+) it 
indicates motion in the assumed (+) direction, and if (— ) it indi- 
cates motion in the other direction. If t comes out (— ) it denotes 
time before the start, if (+) time after the start or beginning of 
motion. 

Speed a Scalar ftuantity. — It will be evident from the preceding 
that the sign of v has no reference to any special direction in 
space. It simply indicates that the distance along the path from 
the origin is mcreasing or decreasing, without reference to the 
actual direction of the path at any instant. 

Speed, then, whether uniform or variable, mean or instantane- 
ous, is independent of direction of the path. A point moving with 
any given speed has that speed no matter what the shape of the 
path. 

Speed, therefore, is a quantity which has magnitude and sign, 
but IS independent of direction. Such a quantity is called a scalar 
quantity. 

The student is cautioned here not to confound speed with ** velocity/* 
which, as we shall see hereafter (page 43), has direction as well as sign and. 
magnitude. Such a directed quantity is called a vector quantity. 
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Homogeneous Eqnationi.-— We have already called attention in 
the Introduction (page 3) to the fact that the units in all numeric 
equations are always understood, and when these units are inserted 
the equation must be homoe:eneoas, that is, everv term in it must 
stand for a quantity of the same kind. When tnis is not the case 
some error must have been made in the derivation of the equation, 
and the relations indicated by it are incorrectly stated. By simply 
inserting the units, then, in each term of any numeric equation we 
can at once check the result arrived at and often discover without 
further investigation if the result is incorrect. 

Thus suppose that the result of some investigation is expressed 
by 

S8 + 2t = lOv. 

Without reference to the various steps by which this result may- 
have been reached, we can at once say that the result is incorrect. 
Thus if we insert the imits, we have 

Sa[L]+2t[T]= 10^^^, 

and we see at once that the quantities in each term are not the 
same. The equation is not homogeneous. If, however, we had 

3« + 2f v = lOvt, 

this equation is homogeneous, because when we insert the units 
we have 

S8[L] + 2#[r]t;J-^ =: l(yfMt[Tl or S8[L] + 2*t?[X] = 10vt[Ll 

Here all the terms are quantities of the same kind, and the equation 
is homogeneous. The relation expressed by it is possible, that ex- 
pressed by the first is impossible, because we cannot add and sub- 
tract quantities of different kinds. It does not follow that the 
relation Sa + 2tv = lOvt is correct. It may still have been incor- 
rectly deduced. All we can say is it is not on its face absurd, while 
B8 + 2t = lOv is manifestly so. 

The student should make it a rule to first test in this manner 
any equation the truth of which is suspected, as it may often save 
him the trouble of examining in detail the entire investigation by 
which it has been deduced. If, however, it stands this test, then 
the derivation must be examined also. 

EXAMPLES. 

(1) Water issues from an orifice hamng an area of cross-section 
denoted by a, vnth a speed of v. If the discharge in cubic feet is 
denoted by q, criticise the formula q = av. 

Ans. Since a is the area of cross-section, its unit must be the unit of area, 
as, for instance, one square foot. The unit of v is the unit of speed, or one foot 
per second. The unit of q by statement must be the unit of volume, or one 
cubic foot. We have then 

-X ju. .. 'oft. cu. ft. 

a cu. ft. = a sq. ft. X 5 = <^ z 

^ ^1 sec. 1 sec. 

The equation is therefore not homogeneous. We have cubic feet on one side, 
equal to cubic feet per second on the other. If, however, a denotes discharge 
in cubic feet per second instead of discharge, then the equation becomes homo- 
geneous. 
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Even tlien it does not follow that the equation is correct as compared with 
fact. The actual discharge per second may be less than given by g = av. 
But the equation as corrected is homogeneous and may be correct, whereas 
before we know it is incorrect, because it states an Impossible equality be- 
tween unlike quantities. 

(2) A passenger sitting in a railroad car counts n rails passed 
over in 20 seconds. If the length qf a rail is 29i feet^ what is the 
speed in miles per hour f 

Ans. n miles per hour. The number of rails in 20 seconds is the number 
of miles per hour. 

(3) If the radius of the earth is 4000 miles, and if it describes a 
path of 600 miliums of miles in 365^ dags, find (a) the speed of a 
paint on the equator with reference to a fixed point at the equator, 
disregarding the motion about the sun : (b) the speed in the path with 
reference to a fixed point in the path, disregarding the motion of 
rotation, 

Ans. (a) 1535.89 ft. per sec; (&) 19.01 miles per sec. nearly. 

(4) If the unit of speed is taken at 30 feet per second, and the unit 
of length at 20 inches, what should be the corresponding unit of 
tim^ef 

' Ans. [ F] = ~A or the unit of speed must always equal the unit of length 

.. i»x. XT rmn [^] 20 in. ._. 20 in.X 1 sec. 1 

per unit of time. Hence [T] = LJ ^.^^or[r] = ^^^^^^ = ^g sec. 

1 sec. 

(5) If 1 minute is the unit of time adopted, and 1 decimeter per 
second is the unit of speed, what is the unit of length f 

Ans. \L] = [V]X[T] = l^' X 60 sec. = 60 decimeters. 
'■ •* *■ •* •• -• 1 sec. 

(6) The distance of a moving point from a fixed point measured, 
in its path is given by s = at -{- bt^, where s is the number of feet 
passeaot)er in the number of seconds t (a) What is the unit of a 
and b f (b) What is the mean speed between, the beginning of the 
6th and the end of the 12th second from the start f (c) Wfuzt is the 
instantaneous speed f 

Ans. (a) In order that the equation may be homogeneous, a should be given 
in ft. per sec. units and b in ft.-per-sec. per sec. units, (b) For ^ = 5 sec. the 
space passed over is 5a + 256. For < = 12 it is 12a + 144&. The distance 
passed over in the interval 12 — 6 = 7 sec. is 7a + 1196. Hence the mean 

speed is ^ 'I = a + 176. (c) We have for t = ti 8i = ati-\- 6<i* and 

hence 8 — Si = a(t - ti) + bit^ - ti^) or i^i = a + b{t + U), When thein- 
terval of time ^ — ^i is indefinitely small the instantaneous speed is a -|- 26^ 
By Calculus ^ = a + 26« 

(7) The distance of a moving point from a given point in its path 
is given by s = S -^ St, where sis the number of feet passed over in 
the number of seconds t (a) What is the unit for 3 and 8 ? (6) What 
is the m£an speed f (c) What is the instantaneous speed f 

Ans. (a) The number 8 should stand for 8 ft., the number 8 for 8 ft. per 

sec. (6) When t = 0. the initial distance is «i = 3 ft. Therefore ?^^r= 8 ft. 
per sec. (c) Since this is constant, the instantaneous speed is the same. Or 
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we can write — -^ = 8 ft. per sec. which we see is independent of the interval 
t '— ti 
da 
t^ti. Or — = 8 ft. per sec. 

(8) Suppose the distance is given by s = 7t + 8f '. (a) What is the 
mean speed and the instantaneous speed f (b) What is the mean speed 
between the beginning of the 10th and the end of the 12th second f 
(c) What is the instantaneous speed at the end of the Uh second f 

-^8. (a) - — -i = 7 + 8(i + ^0 = mean speed. 7 + 16i = instantaneous 
* — ti 
speed, (b) 175 ft. per sec. (c) 103 ft. per sec. 

(9) A train runs 40 miles per hour for half an hour, 30 miles an 
hour for 20 minutes, and 36 miles an hour for 40 minutes. Find its 
m^ean speed, 

Ans. 36 miles per hour. 

(10) A point moves in a circle whose radium is 25 feet and makes 
6 reoolutions in 15.708 seconds. What is the mean speed f 

Ans. 60 ft. per sec. 

(11) Reduce (a) QO feet per minute to centimeters per second; (6) 1 
kilometer per hour to centimeters per second; (c) 36 feet per second 
to yards per minute ; (d) 10 yards per second to kilometers per hour, 

. / , 60 ft. 60 X 30.479 cm. .. .„^ 

Ans. (a) 5 — r- = -^ = 30.479 cm. per sec. 

1 mm. 60 sec. 

„^ 1km. 100000 cm. .„ „ 

^^ Thr = -360^ii^=^"^°^-P^^^"^- 
, , 36 ft. 12 yds. „. . , 

(c) z = , . = 720 yds. per min. 

Isec. Amm. 

,^, 10 yds. 10 X 0.0091438 km. ocM»»^, x. 

id) -^ — = ; — r = 32.9177 km. per hour. 

' ' 1 sec. T^inr ^' 

(12) Compare the magnitudes (a) of the foot per second and the 
mile per hour; (b) of the mile per hour and the yard per minute. 

1 mile 
. , , ThT 5280 ft. ^ 1 sec. 5280 22 „ , .. , 

^•(^)-Tnr = 3600^.XTIt: =3600 = 15- Hence 1 mile per hour 



1 sec. 
31 sec. 
1 mile 



is to 1 ft. per sec. as j= to 1, or as 1.466 to 1. 



^, Ihr. 1760 yds. ^ 1 min. 1760 ^^, tt i -i 
<^)T^ = l0^><T7d: = -60" = ^^- Hencelmileperhour 
1 min. 
is to 1 yd. per min. as 29^ to 1. 

(13) A point describes 60 feet in Q minutes and another point de- 
scribes 50 centimeters in 6 seconds. Compare their mean speeds, 

50 ft. 

. 6 min. 50 X 30.47945 cm. ^^ 6 sec. 30.47945 . ^.^ „ 

Ans. -=7r = ssTT- X =7^ = — zK — =F 0.508. Hence the 

60 cm. 360 sec. 50 cm. 60 

6 sec. 
mean speed in the first case is to that in the second as 0.508 to 1. 

(14) A man h feet in height walks along a level street at a uniform 
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speedofv 
tnheigtU. 




V mUeaoer hour, in a straight line from an elecMe light Ift^ 
Finithemeanspeedof the end of his shadow. 

Ana. l — hivtz: lix, 

X I 

Hence -- = r — ^ = speed reqniiecL 

(15) A passenger in a railroad ear moving 
ith uniform speed counts 60 telegraph poles 
at equal intervals of 100 ft. patted in one 
minute. What is the mean speed of the train f 

Ans. 56.8 miles per hour. 

(16) Three planets describe paths which are to each other as 15, 19, 
and 12, in times which are as 7, 3, and 5. Find their comparative 
speeds. 

Ans. 225, 665, and 252. 

(17) Two bodies A and B describe the same path in the samedirec- 
tion, with uniform speeds v and tf, and at the start the distance be- 
tween them is a. Find the time t when they wiU be at the distance b 
in the path, and the distance of each from the initial position of A 
at the end of that time. 

Ans. Take, as tlie example requires, the position of A, when < = 0, as the 
origin, and let distances in front of this origin be (-(-) &nd behind it be (—). 
Then for the distance of A from the origin at the end of any time t we have 
s = vt. For the distance of B from the orifin at the end of the same time, if 
B is initially in front of the origin A, we have «' = a -|- v't; it B ib initially 
behind the origin -4, «' = — o + ^^- ^ general, then, «'= v't db a, where the 
(-|-) sign is taken for a, when B is initially in front, and the (— ) sign when B 
is initially behind the origin A. We have, then, A — •' = vt *- r t =F a. 

But by the conditions of the problem «•—«'= 6. Hence 

bzzvt-fftTo, or tz=:^-^-^. 
c — « 
Substituting this value of t, we have 

where the (-{-) sign or {—) sign for a is taken according as B starts ahead of or 
behind^. 

(18) In the preceding example, suppose the bodies move in the 
path in opposite directions. 

Ans. For the distance of A from the origin at the end of any time ty we 
have, as before, 8=vt. If ^ is initially in front of A and moves in the oppo- 
site direction, we have ft = a — if t. If B is initially behind A, V)e ha/f>e ft = 
^a^fft. In both cases, then, «' = — %*t ± a, where, as before, the (+) sign 
is taken for a when B is initially in front of A, and the (— ) sign when B is 
initially behind A. We have, then, « — «' = 6 = 'ot-\^'t T a ; hence 

, _ b ± a _ h±a J _ j; flw — g'6 

(19) Bequired the time when the two bodies are together. 

Ans. In this case b = 0, and 

« = J^. , = ,' = . =*=^ 



where the (+) sign or (— ) edgn is to be taken for a according as B starts ahead 
or behind A, and the (+) sign or (— ) sign for ff according as the bodies move 
in opposite or in the same directions in the path. 



OHAP, I.] EXAMPLES — SPEED. 21 

(20) Give finaUy the general solution, 

. , b ± a b ± a . ±av ± ifb 
Ans. t = —--7. 8 = V '• , , f* sa rrj'-p 

•where a has the (+) or (— ) sign according as ^ is in front or behind A, and v' 
has the {+) or (— ) sign according as the bodies move in opposite or in the 
fiame directions in the path. 

(21) Two bodies A and B move in the circumference of a circle 
of length c, with uniform speeds v and t/, the distance apart at the 
beginning of the time being a. Find the time of the nth meeting, the 
space described by A and B, and the interval between two successive 



Ans. Placing & = in the value for t in example 20, we have 
t\ = 7 = time of the first meeting. 

Then U = — ^rS^ ^ ^^^^ ^^ ^^® second meetings 

t% = ir— = time of the third meeting. 

In general, t% = )^ T = time of the nth meeting. 

Also, 8 = vtn= g ^^'^.V;'" = space described by A, 

and « T a = ^-7 = space described by J5. 

The interval between two successive conjunctions is 

e 
t% — ti =z ti — tt =^ ^ . 

We take (+) or (— ) sign for a according as J? is in front of or behind A at 
start, and (+) or (~) sign for v' according as the bodies move in opposite or 
same directions in the path. 

(22) When the earth is in that part of its orbit nearest to Jupiter, 
an eclipse of one of Jupiter*s satellites is seen 16 min, 30 sec. sooner 
than when the earth is most remote from Jupiter, The radius of the 
earth's orbit being 92390000 miles, what is the speed of light f 

Ans. 186000 miles per sec. 

(23) A train of cars moving with a speed of 20 miles an hour had 
been gone three hours, when a l^Q^motive uxis dispatched in pursuit, 
with a speed oftu)enty-five miles an hour. Find the time of meeting, 
the speeds being maintained uniform during the time, 

Ans. « = 12 hours. 

(24) Had the trains in the preceding example started together and 
moved in opposite directions around the earth, 24840 miles, in what 
time tvoulamey meet f 

Ans. 23 days. (See example 21.) 

(25) It is Just one o^clock by a clock. Find the time elapsed when 
the minute and hour hands unll be together, 

Ans. 5^ minutes. (See example 21.) 

(26) UiedaUy motion of Mercury in his orbit is 4\092S9; that of 
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Venus 1*^.60216; that of the earth 0°.98563. WJiat are the intervals 
between the epochs at which Mercury and Venus respectively will be 
in the same direction from the sun as the earth f 

Ans. 115.876 days and 583.918 days. (See example 21.) 

(27) A reian caught in a shower in which the rain fell vertically^ 
ran with a speed of 12 feet per sec. He found that the drops appeared 
to strike his face at an angle of 10'' with the vertical. What was 
the speed of the drops f 

Ans. 12 tan 80* = 68 ft. per sec. 

(28) When the path of the earth in its orbit is perpendicular to a 
line draumfrom a star to the earth, the direction of the star appears 
to make an angle of 20" .445 with the perpendicular to the path of the 
earth. The ^peed of the earth being 68180 miles per hour, what ts the 
speed of light f 

Ans. 191030 miles per sec. 

(29) Compare the speeds of two locomotives, one of which travels 
3971 miles in llf hours and trie other 2^2^ miles in 8f hours. 

Ans. 91 to 81. 

(30) A car maJees a circuit of 4} miles in one hour, stopping at 
two stations five minutes and two minutes respectively, and m<iking 
twenty other stoppages of an average duration of 10 sec. each; find 
the avei^age speed. 

Ans. 5.44 miles per hour. 

(31) An ordinary train takes ten hours to a certain trip, besides 
two hours in all of stoppages. The express goes 50 per cent faster, 
and makes the trip in 4 nours less. What time does it lose in 
stoppages f 

Ans. 1 hour 20 min. 

(32) A man rides a certain distance and walks back in six hours. 
He could ride both ways in 3i hours. How long would it take him 
to walk both ways f 

Ans. 8| hoars. 

(33) T?ie speed of the periphery of a wheel 12 feet in diameter is 
6 feet per sec; find the revolutions per minute. 

Ans. 9.5 rev. per min. 

(34) A person inquiring the time of day is told that it is between 
5 and 6 o'clock, and that the hour and minute hands are together. 
Find the tim£. 

Ans. 5 hr. 27 min. 16^ sec. 

(35) Find the number of revolutions per mile mxide by a wheel 
4ifeet diameter. 

Ans. 373 rev. per mile. 

(36) How soon after 8 o^clock are the hour and minute hands 
directly opposite f 

Ans. lOiJmin. 

(37) Two men walk opposite ways round a circular course. They 
meet for the first time at the north point, the sixth time at the east 
point. Where will they mset for the sixteenth time, and what are 
the relative speeds f 

Ans. At the west point. Ratio of the speeds, 19 to 1, or 3 to 1. 



CHAP. I.] EXAMPLES— SPEED. 23 

(38) A courier starts from a given point with a speed of h miles 
in a hours. After n hours a second courier, travelling at the rate 
of d miles in c hours , sets out from a point q miles ahead or behind 
the first point, and travels over the same route. In what time will 
the second courier overtake the first f (See example 19.) 

Ana. —3 — -|c hoars, where the (— ) sign is taken if q is ahead and the (+) 
cut — Co 
sign if q is behind. 

(39) A hollow hall A floating upon the surface of a stream is 
observed to have a speed of Vo. If A is united by a thin wire to 
another ball B which sinks in water, the speed of A is now observed 
to be vi. Find the speed Vi of the water at the depth of B. 

Ans. We have the combined speed v = ^"j; ' , hence t?i = 2t> — «o. 

4 



CHAPTER n. 
RATE OF CHANGE OF SPEED. 

EQUATIOKS OF MOTION UKDBR DIFFERXNT RATB8 OF OHAKeB OF BFBlU). 
GRAPHIC RBPBBSBNTATION OF RATE OF CHANGS OF 8PBBD. 

Change of Speei—When the speed of a point is variable, the 
difference between the final and initial instantaneous speeds for 
any interval of time is the total or integral change of speed for 
that time. 

Mean Bate of Change of Speed.— The integral change of speed 
per unit of time is the mean rate of change of speed. Therefore the 
number or units in the integral change of speed for any interval of 
time, divided by the number of imits m that time, gives the number 
of units in the mean rate of change of speed. 

When the mean rate of change of speed varies with the interval 
of time, it is variable. When it has the same magnitude, no matter 
what the interval of time, it is uniform. 

Instantaneous Bate of Change of Speed.— The limiting value of 
the mean rate of change of speed, when the interval of time is in- 
definitely small, is the instantaneous rate of change of speed. 

Rate of change of speed should always be understood as mean- 
ing the instantaneous rate of change unless otherwise specified. 

Rate of change of speed may be zero, uniform or variable. 
When it is zero, the speed is uniform and is the same as the mean 
speed for any interval of time. 

When it is uniform, the rate of change of speed is the same as 
the mean rate of change for any interval of time. 

When it is variable, the mean rate of change has different values 
for equal intervals of time. 

Dimensions of Unit of Bate of Change of Speed.— Let us denote 
the rate of change of speed by A and its unit by [A ] and the number 
of units by a, so that A = alA], Then if Vi[V] and v[V] are the 
initial and final instantaneous speeds and t[T] the corresponding 
interval of time, we have the integral change of speed (v — ri)[Fj, 
and by definition the mean rate of change of speed is 

We shall always have the numeric equation 

V — Vi 



if we take 



[A] = [y3 = [^^(pa^ie). 
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The unit of rate of change of speed is then one unit of speed per 
unit of time, as for instance one foot-per-sec. per sec. 

Numeric Equations of Bate of Change of Speed.— We have then 
the numeric equation for the mean rate of change of speed 

«=-?-' <i) 

where v and vi are the number of units in the final and initial 
instantaneous sx>eeds during the interval of time t imits. 

For the instantaneous rate of change of speed we have the 
limiting value in the notation of the OalciQus 

^=Jf=5? ^^^ 

Sign of Bate of Change of Speed.— From (1) we see that if v is 
numerically greater than Vi the value of a will be positive (+), and 
if Vi is numerically greater than v the motion is retarded and the 
value of a is negative (— ). The value of a then is positive ( +) when 
the speed increases, and negative (~) when the speed decreases 
during the interval of time t 

Bate of Change of Speed a Scalar Quantity.— It is evident that 
the sign of a has no reference to any special direction, but simply 
shows whether the speed is increasme or decreasing numerically. 
Rate of change of speed is therefore, like speed (page 16), a scalar 
quantity. 

The Btadent is cautioned here not to confound rate of change of speed with 
"acceleration," which, as we shall see hereafter (page 49), has direction as well 
as magnitude and sign, and is therefore a vector quantity. 

EXAMPLES. 

(1) A point moves at a given instant with a speed of 12 ft. per 
sec,, ana at the end of 3 sec, after, with a speed of 16 ft. per sec. 
What is the change of speed, and the mean rate of change of speed f 

Ans. + 4 ft. per sec. ; -|- ^ ft.-per-sec. per sec. The (+) sign indicates that 
the speed increases. 

(2) A train starts from rest and in 8 min. attains a speed of 30 
miles an hour. What is the uniform rate of change of speed f 

Ans. + 226 miles-per-hour per hour. 

(3) Compare the foot-per-sec. per sec. and the yard-per-min. per 
min. 

Ans. 1 ft.-per-sec. per sec. is equivalent to 1200 yards -per-min. per min. 

(4) Reduce 400 ft. -per-min. per min. to kilometers-per-hour per 
hour, to feet-per-sec. per sec., and to centimeter s-per-sec. per sec. 

Ans. 438.9 kil.-per-hour per hour ; ^ ft.-per-sec. per sec. ; 8.88 cen.-per-sec. 
per sec. 

(5) Redv>ce 1 mUe-per-vnin. per min, to centim^ters-per-sec per sec. 
Ans. 44.7. 

(6) If we take 32.2 ft.-per-sec. per sec. as the unit of rate of 
change of speed, and 5 yards as tKe unit of length, what should be 
the unit of time f 



Aiu. m = /^, = -/gg^ 1 sec.. = 0.68 sec 
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(7) In 15 8ec, the speed of a point changes from 400 to 100 ft, per 
sec. Find the uniform mean rate of change of speed, 

Ans. — 20 ft. -pep-sec. per sec. The minus sign shows that the speed 
decreases. 

(8) The distance meamtred in the path of a m^oving point from a 
fixed point is given by s = at + hP^ tvhere s is the number of feet 
j^assed over in the number of seconds t. What is the mean speedy 
instantaneous speed, mean rate of change of speed, instantaneous 
rate of change of speed f 

Ans. Mean speed, - — -^ = a + 6(^ 4- ^1). Instantaneous speed, — =s a+ 
t -— ti dt 

2bt, Mean rate of change of speed, -- — -^ = 26. Instantaneous, the same. 

t — ti 

(9) If the distance is given by s = 2t -^ St^ + 4t*, what is the mean 
speed between the origin and final position at the end of 5 sec. f 
What is the instantaneous speed at the origin and at the end of 5 
sec. f What is the mean rate of change of speed between the origin 
and at the end of 5 sec. ? What is the instantaneous rate of change 
of speed at the origin and at the end of 5 sec. f 

Ans. Mean speed, *-^*- = 2 + 8(i + «,) + Mt* + U^+ ti^). If we let «, = 

when t. = 0, the time t counts from the origin, and we have for ^ = 5 mean 
speed = 117 ft. per sec. 

Instantaneous speed, t> = — = 2 + 6* + 12**. For i = this gives 2 ft. per 
dt 

sec. For * = 5, 332 ft. per sec. 

Mean rate of change of speed, V""^ = 6 + 12(« + *i). For *, = and « = 
5, this gives 66 ft.-per-sec per sec. 

Instantaneous rate of change of speed, -r- = 6 + 24*. For * = this gives 

ut 

6 ft.-per-sec. per sec. For * =: 5, 126 ft.-per-sec. per sec. 

(10) If a point traverses in t units of time a distance measured 

a 
in the path of s units of length, given by s = -7+ bt^, where a and b 

are constants, what is the mean speed, the instantaneous speed, the 
mean rate of change of speed, the instantaneous rate of change of 
speed f 

Ans. Mean speed, - — 7' = — ^" + ^^ + M• 
^ — c, tti 

Instantaneous speed, i> = -—■=-. -j- + 2bt. 
Mean rate of change, ^^= '^* + *'^ + »• 

C — »i ti t 

Instantaneous rate of change. -:?r = -rr + 25. 

(tt t 

(11) A steamer leaves Liverpool for New York, and a vessel leaves 
New York for Liverpool at the same time; they meet, and when the 
steamer reaches New York, the vessel has as far to go as the steamer 
had when they met. If the distance is 8000 miles, haw far out from 
Liverpool did they meet f 

Ans. 1854 miles. 
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(12) A walks at the speed of 3} miles per hour and starts 18 
minvtes before B. At what speed must B walk to overtake A at the 
ninth milestone f 

Ans. 4.29 miles per hour. 

(13) A tourist left behind by his companions, wishes to rejoin 
them on the foUawing day. Me knows they are 5 miles ahead, will 
start in the morning at 8 o^ clock, and vnll walk at the rate of 3J miles 
an hour. When must he start in order to overtake them at 1 o^clock 
p.m., walking at the rate of 4 miles an hour, and resting once for 
naif an hour on the road f 

Ans. 7 h. 13 m. a.m. 

(14) A mxin walking 4 miles an hour meets 20 street cars in an 
hour and is overtaken by 4. What is the average speed of the cars, 
and what is the average distance between successive cars f 

Ans. 6 miles per hour ; ^ mile. 

(15) A starts from a railway station, walking 6 miles an hour ; 
at the end of an hour B starts, walking 4 miles an hour. At the end 
of another hour a train starts and passes A 25 minutes after it 
passes B. Find the speed of the train, 

Ans. 20 miles an hour. 

(16) A passenger-train going 41 miles an hour and 4Blfeet long 
overtakes a freight on, a parallel line. The freight-train is 71S feet 
long and is going 28 miles an hour. How long does it take the pas- 
senger-train to pass f 

Ans. 1 minute. 

(17) In a miU ra^^e A gives B 50 yards. B passes the line 5 
minutes after the start. A passes it 5 seconds later. Which would 
win in an even race, and by what distance f 

Ans. A by 21i yards. 

Equations of Motion of a Point under Different Bates of Change 
of Speed. — The rate of change of speed may be zero, uniform or 
variable. When variable, it may vary according to any law. 

(a) Rate of Change of Speed Zero.— When the rate of change of 
speed is zero, the speed is uniform, and the instantaneous speed at 
any instant is equal to the mean speed for any interval of time. 

In this case, if Si is the number of units m the initial distance, 
measured along the path from, the origin, and s the number of imits 
in the final distance, we have 

S — 8i 

V = — 7 — , or vt = s — Si (1) 

This equation will be general if we take distances from the origin 
in one direction as (+) and in the other direction as (— ). In such 
case, if the value of v comes out ( +) it denotes motion in the assumed 
(+) direction; if (— ), it denotes motion in the other direction. If t 
comes out (+) it denotes time after, if (— ) time before the start, or 
beginning of motion. 

(6) Rate of Change of Speed Uniform.— When the rate of change 
of s^ed is uniform, the instantaneous rate of change of speed at 
any instant is equal to the mean rate of change of speed for any 
interval of time. 

In this case, if v and Vi are the number of units in the initial and 
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final inBtantaDeouB speeds for anv intenral of time t units, we have 
for the uniform rate of change of speed 

a = ^ (2) 

The value of a is (+) when the speed increases and (— ) when it de- 
creases during the interval of time t 
From equation (2) we have 

v = Vi + at (3) 

The average speed during the interval t is 

V+Vi 1 . . ., 

mean speed = — ^ — = Vi + g af (4) 

The distance (a — Si) between the initial and final positiona^ de- 
scribed in t^e time U is the mean speed multiplied by the time, or 

« - «, = --g— * = ^»* + 2 ^^ 

Inserting the value of t from (2) we have 

»-«.=^s-^ («> 

Hence r' = ri' + 2a(« — «i) (7) 

In applying these formulas, a is positive (+), when the speed in- 
creases, and negative (— ), when the speed decreases, without regard 
to direction of motion. 

If distances s, »i , from the origin, in one direction are taken as 
positive (+), distances in the opposite direction are negative (— ). 

Speeds v, v^ are positive (+) when motion is in the assumed 
positive direction, and negative (— ) when in the other direction. 
If t is minus (— ), it denotes time before the beginning of motion; if 
plus (+), time after. 

By means of these equations, if we have given the initial position 
of a point moving in anjr path, its initial speed and uniform change 
of speed, we can determine its final position and speed and the dis- 
tance described in any given interval of time. 

[(c) Bate of Change of Speed Variable.] — If the rate of change of speed is 
variable, we have from (1), in Calculus notatipn, for the instantaneous speed, 

"i <« 

and from (2), 

"""Tt-^d^* ^"^ 

and from (8), 

«-«, = I'Ddt (10) 



i—8^=zl vdt 



The preceding equations for constant rate of change of speed can be directly 
deduced from these three general equations. 

Thus if we suppose a constant, we have, by integrating (9), '0 = at-\-C, where 
C is the constant of integration. When i = 0, we have « = tJj , and nence (7 = 



CHAP. 11.] 



BATB OF OHAKGB OP SPEED. 



29 



3 B 



Vi . Hence « rs f)^ -f- at, which is equation (8). Inserting this Talne of « in (8) 
and integrating, we have s^Vit-Jr i<it* -\- 0, Bat when t = we have < = #| , , 
hence G = s^^ and, therefore, « — «, = t?i< + i<*^*» This is equation (5). 

In any ease, if the law of yariation of a is giyen, we can find the relation 
between «, 8 and t, 

Oraphio Bepresentation of Bate of Change of Speed.-~If we rep- 
resent intervals of time by distances laid ofE horizontally along the 
axis of X, and the corresponding speeds by ordinates parallel to the 
axis of y, we shall have m general a curve for which the change of 
y with X will show the law of change of speed with the time. 

(a) Kate of Change of Speed Zero. — Lay off from A along AB 
equal distances, so that the distances from ^ to 1, 1 to 2, 2 to 3, etc., 
are all equal and represent each one second of time, and let AB 
represent the entire time t, y 

Then at A, 1, 2, 3, and B 
erectthe perpendiculars AMy 16, 
2Cy M, BN, and let the length of 
each represent the speed at the 
corresponding instant. 

Since there is no change of 
speed, these perpendiculars will 
all be of equal length, we shall 

have AM = 16 = 2c = 3d = BiyT "" P ** 

= V, and the speed at any interval of time will be given by the 
ordinate at that instant to the line JlfY parallel to AB. 

The space described in anv time is given by «— «i = vt. This is 

evidently given by the area AMNB in tne diagram. Therefore, the 

area corresponding to any time gives the space described in that time, 

(6) Bate of Change of Speed Constant. — Lay off as before the time 

along ABy and at Ay 1, 2, 3, B, 
the corresponding speeds, so 
that AM is the imtial speed Vi 
and JBj^ the final speed r. Draw 
MC, hc'y cd'y parallel to AB, 

Then 66' wiU be the change 

of speed in the first sec, cc' the 

change of speed in the next sec, 

loand so on. Since these are to 

_, be constant, NM is a straight 

* line, the ordinate to which at 

any instant will give the speed at that instant. 

The rate of change of speed is then t--^ = r^ 

^ Isec. Isec. 




cc' 



But 



66' 



_dd/_ 
1 sec. 



= a. 



V— r. 



= a. Hence the rate of change of speed is the tan- 



1 sec. t 
gent of the atMle NMC which the line MN makes with the horizontal. 

Hencea = — - or NC = a;t, 

The distance described in the time t is from equation (5) given 

V •{• V 1 ^3 

by — Y^t But this is the area of AMNB, Therefore, the area 

corresponding to any tims gives the space described in that time. 
We have then directly from the figure, since NC = af , 



.-. =!! + £'*: 



■ Vit + InC xt = v,t + laf. 
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If V. is greater than v, a will be negative, and the line MNis in- 
clined below the horizontal MCL 

[(c) Bate of Change of Speed Variable.] — If the rate of change of speed is 
not constant, we shall have in general a curve MNn. The tangent to this 
curve at any point N makes an angle with 

the axis of X, whose tangent is — - c= a, 

equation (9), or the rate of change of speed. 
The elementary area BNnb = vdt = ds, 
equation (8), and the total area AMNB = 






vdt = «— «„ equation (10). 

When^ = 0, or ^ = 0, or a = 0, 
at av 



B 



the tangent to the curve is horizontal at the corresponding point, and we have 
the speed at that point a maximum or minimum, according as the curve is con- 
cave or convex to the axis of X. 



EXAMPLES. 

(1) The speed of a point changes from 50 to SO ft, per sec. in pass- 
ing over soft. Find the constant rate of change of speed ana the 
time of motion. 

«,t 900 - 2500 



Ans. a = ■ 



(«-«j)' 



2X80 



■ 10 ft.-per-sec. per sec. The minus 



sign indicates decreasing speed, t = * = ttt- = 2 sec. 

(2) Draw a figure representing the motion in the preceding exam- 
ple^ and deduce the results directly from it. 

50-4-30 
Ans. Average speed = — ^ — = 40 ft. per sec. Hence 

., 30-50 ,^^, 

Also a = — 5 — = — 10 ft.-per- 



tJ-so 



^-30 40< = 80, or e = 2 sec. 
sec. per sec. 

(3) A point starts from rest and moves with a constant rate of 
change of speed. Show that this rate is numerically equal to twice 
the number of units of distance described in the first second. 

Ans. We have * = 1 and t>, =0; hence from eq. (5) j =-o^» or a = 

y^i * which is rmmericaUy equal to 2(« — «,). 
1 sec. 

(4) In an air-hrake trial, a train running at 40 miles an hour was 
stopped in 625.6 ft. If the rate of change of speed was constant 
during stoppage, what was it f 

Ans. From eq. (6), we have for t) = 0, « - «, = 625.6, and f>, = -^A.????, 

_V_ « (40 X 5 280)« _ 

^ " "■ 2 X 625.6 "■ " (60 X 60)« X 2 X625:6 " "" ^'^^ «.-per-sec. per sec. 
The (— ) sign shows retardation. 

(5) A point starts with a speed Vi and has a constant rate of 
change of speed — a. When will it come to rest, and what distance 
does it describe f 
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Ans. From eq. (8), when c = 0, we have ©j — a* = 0, or t r= — . Prom eq. 

(«)— . = ^=£ 

(6) A point describes 150 ft. in the first ttiree seconds of its motion 
and 60 ft, in the next two seconds. If the rate of change of speed is 
constant J when will it come to rest f When will it have a speed of 
^0 ft, per sec, f 

9 
Ans. From eq. (5) we have for « — «j = 150 and * = 3, 150 = 8fJ, + ^a ; and 

for « — «, = 300 and * = 5, 200 = 5©, + -^a. Combine these two equations and 

we have a = — 10 ft.-per-sec. per sec., and v^ = 65 ft. per sec. From eq. (3), 
if t> = 0, we have 65 — lOt = 0, or ^ = 6.5 sec. From eq. (3) we also have, 
if t) = 30, 30 = 65 — 10«, or « = 3.5 sec. 

(7) A point whose »peed is initially 30 meters per sec. and is 
decreasing at the rate of 40 centimeters-per-sec. per sec., moves in its 
path until its speed is 240 meters per minute. Find the distance 
traversed and the tim£. 

Ans. We have Vi = 30 and v = 4 meters per sec, and a = — 0.4 meters- 

Ifi — 000 
per-sec. per sec. From eq. (6) « — «i = jr-^ = 1105 meters. From (3) we 

have 4 = 30 - 0.4«, or « = 65 sec. 

(8) A point has an initial speed of Vi and a variable rate of 
change of speed given by+kt, where k is a constant. What is the 
speed arid distance descnbed at the end of a time t f 

Ans. From eq. (9) we have a = -^ = kt, and integrating, f» = — - -|- (7. If, 

when * = 0, we have t) = «, , we obtain C = Vi, and hence v = v^-{- -^. 

2 

FTomeq,(S)ds = i>dt=v,dt + ^^. Integrating, « = ©,«+ ^ + C. If, 
when * = 0, we have « = 0, we obtain C = 0, and hence 8 = Vit + -^, 

(9) A point has an initial speed of 60 ft. per sec, and a rate of 
change of speed of + 40 ft. per-sec. per sec. FHnd the speed after 8 
sec. ; the time required to traverse 300 ft.; the change of speed in 
traversing that distance ; the final speed, 

Ans. From eq. (3) we have d = 60 + 40X 8 = 380 ft. per sec. From eq. 

/fift 8 
(5) wehave300 = 60« + 20«^ oit- ± V -j-- - = + 2.65 sec. or-5.65sec. 

'4 2 

The first value only applies. __ 

From eq. (3) we have v - v^ =:40t = 20{± V69 — 3) = + 106 ft. per sec. or 
— 226 ft. per sec. The first value only applies. 

We have for the final speed « = + 166 ft. per sec. or — 166 ft. per sec. 
The first value only applies. 

That is, the point starts from A with the speed Vi = 60 ft. per sec. and de- 
scribes the path AB = 300 ft. m « = 2.65 sec, 

the speed at B being v = 166 ft. per sec. -^ 

In order to interpret the negative values ^,>^^^ 900ftr 
obtained, we observe that tj = — 166 ft. per 'A t?j-i+60 
sec. means that the point moves in the opposite t * 2.65 

direction. 
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t-5.6S 



Let the point then start from B in the opposite direction with the speed ©. = 
— 166 ft. per sec Then from eq. (8) we have « = -- 166 4- 40^. We see that 

when ^ = 4.15 sec., « = 0, and the point 
has passed to some point P, where the 
speed is zero. This point is the twrning- 
y»i— -166 point. For t greater than 4.15 sec, « be- 
comes positiye; that is, the point move& 
back towards B, and arrives at a point 
A where the speed is v ^ -\-^0m the 
time given by 60 = 40*, or * = 1.5 sec. 
The entire time from ^ to P and back to il is * = 5.65 sec. This is the time 
given by the negative value of f in the example ; that is, it is the time before 
the start, during which the point moves from 5 to P and back to A, The 
change of speed « — i^i is + 60 -f- 166 = + 226, which is the negative value in 
the example. 

For the space BA described between the imtial and jmaX pontione, we have 

?±^^ or +gO~l gg X 5.65 = - 800 ft., the (-) sign showing that the dis- 
tance is on the other side of the origin, from the case of the example. 

We see then that our equations are general if we have regard to the signs 
of V, Vj ,«,«,, and a. 

(10) If the motion in example 9 is retarded, find (a) the distance 
described from the starting to the turning point; (b) the distance de- 
scribed from the starting-point after 10 sec, the speed acquired and 
the distance between the final and initial positions; (c) the distance 
described during the time in which the speed changes to — 90 /it. per 
sec., and this time; (d) the tivne required by the moving point ta 
return to the starting-point. 

Ans. The initial speed is «, =r +60 ft. per sec., the rate of change of speed 
is « = — 40 ft.-per-sec. per sec. Let the time count from the start at A, so- 
that 8i = 0, when * := 0, and let dis- 
tances and motion from A towards P ^^9 "^^^^a 
be positive. —^^ 

(a) We have from eq. (6) for the 
distance from A to the turning-point 
P, where v = 0, 




B^;- 



p r-o 



. = :^ = :i^=+45ft. 



2a 



-80 



(ft) From eq. (5) we have for the distance between the initial and final po6i-> 

tions after 10 sec. AB = i=:v^t+^a^ =60x10-20x100= - 1400 ft. 

The minus sign shows distance on left of A, The total distance described is 

then 1490 ft. The speed acquired is given by eq. (5) - 1400 = ^"^^ X 10 

or «> = — 340 ft.-per-sec. The minus sign shows motion from A towards B, 
(e) From eq. (6) the distance between the initial and final positions, when 

the speed is - 90 ft. per sec., is ^(7= « = ^ 7 ^»' = ^^^ "q!^— = - 56.26 

2a — 80 

ft. The minus sign shows that 0^ is on left of A. The total distance described 
from the start is then 56.25 + 90 = 146.25 ft. The time, from eq. (5), is- 

_ 56.25 = -^ + % or t = 8.75 sec. 

(d) The time to reach the turning-point, as we have seen, is 1.5 sec. The 

time to return is, from eq. (5), 45 = ^« = 1.5 sec. The entire time to go and 

return is then 8 sec. 
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(11) A railtvay train runs at a speed qf 20 miles an hour^ and its 
speed is increasing uniformly at the rate of 14 feet-per-min. per min. 
t^nd its speed after li hoursi and the distance traversed in that time, 

Ans. 14 feet-per-min. per min. =9.54 miles-per-hour per hour. From eq, 
(8) V = 20 4- 9.54 X 1.5 = 34.3 miles per hour. From eq. (6) the distance de- 

.^ ^ . 34.3» - ao« .^„ ., 

scribed is ■ ^ ^^ ^ ., . =40.7 miles. 
2 X 9.04 

(12) A railtvay train moving with a speed of 50 miles an hour 
has the brakes put on, and the speed diminishes uniformly for 1 
minute, when it is found to be 20 miles per hour. Find the rate of 
change of speed, and the distance traversed. Also the time in which 
it wul come to rest and the distance traversed, 

Ans. From eq. (3), a = "7 ' = — "^ — = — 1800 miles-per-hour per hour. 

60 

400 — 2500 7 

From eq. (6) the distance traversed is ^^^j: — = -r^ mile. In order to come 

— ooUU \£ 

to rest, t = = — rsT^A = Hs tour = 100 sec. The distance in coining to 

a — loUU oo 
_,• -2500 25 ., 

(13) Express a rate of change of speed of 600 centimeters-per- 
second per second, in terms cf the Jcuometer and minute. 

Ans. 18 km.-per-min. per min. 

(14) The speed and rate of change of speed of a moving point at a 
certain moment are both measureaby 10, the foot and second being 
the units. Find the number measuring them when the yard and 
minute are the units. 

Ans. 200 yards per min.; 12000 yards-per-min. per min. 

(15) What is meant when it is said that the rate of change of speed 
of a point is + 10, the units being foot and second f If the point toere 
moving at any instant at the rate of 7i feet per second, after what 
time uxmld its speed be quadrupled f and what distance wotdd it de- 
scribe in that time f 

Ans. 2isec.; 42.1875 ft. 

(16) A body describes distances of 120 yards, 228 yards, 336 yards, 
in successive tenths of a second. Show that this is consistent with 
constant rate of change of speed, and find the numerical value if the 
units are a minute and a yard. 

Ans. 38880000 yards-per-min. per min. 

(17) Ajpoint is moving at the rate of 6 feet per sec., a quarter of a 
minute after at the rate of 50 feet per sec., half a minute after at 95 
feet per sec. Show that this is consistent with a constant rate of 
change of speed, and find its value. 

Ans. 3 ft.-per-sec. per sec. 




CHAPTER in. 

DISPLACEMENT. RESOLUTION AND COMPOSITION OF 
DISPLACEMENTS. 

Displacement. — The total change of position, measured in units 
of length, of a point, between its initial and final positions, without 
reference to the path described, is the linear displacement of the 
point. 
Ai<;;^ Thus if a point moves from the position Ai 

to the position Aa, the distance AiA% is the linear 
displacement, no matter what the path may 
^As have been from Ax to A^. 
The term displacement always means linear displacement unless 
otherwise specified. 

Line Eepresentative of Displacement. — The displacement of a 

{)oint is therefore completely represented by a straight line. The 
ength of the line gives the magnitude of the displacement, and the 
direction as denoted by an arrow gives the direction of the dis- 
placement. 

Thus the straight line AiA^ represents bv its ai 
length the magnitude of a displacement,, ana the 
arrow shows that the displacement is in the direction 
from Ai to Aa. ^ 

A displacement then has both magnitude and * 

direction, and such a quantity is called a vector quantity. All 
vector quantities can be represented thus by a straight line.* 

Eelative Displacement. — Since the displacement of a point is 
change of position, it can only be determined by reference to some 
chosen point of reference. 

Thus if Ai and A% are the initial and final positions of a moving 
point A, and Bx is some chosen point of refer- 

B,v K ence, we call AxA^ the displacement of A with 

N / \^ reference to 5i, because to an observer at Bx 

\ / \^ the point A would move from Ax to A^ in the 

\ / >4 direction AxA^, 

Bi' ^* But to an observer on the moving point A , 

the point Bx would appear to move from Bx to 

B% , and this is really the displacement of B relative to A, 

That is, any change in the relative position of two points A and 

* As we shall see hereafter, linear velocity and acceleration, angular ve- 
locity and acceleration, moment of linear velocity and acceleration, moment of 
angular velocity and acceleration, are all vector quantities, and the same prin- 
ciples apply to all of them as to displacements. 
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B may be regarded either as a displacement of A reUxtive to Bar as 
an equal ana opposite displacement of B relative to A. 

Relative Displacement — Two Poiiit8.~If then the straight line 
AB represents the displacement of a point A 
with reference to a pomt B, the equal and op- ^ * 

posite line BA represents the displacement of ^ 
relative to A. 

We shall always denote therefore relative 
displacement by a line, the length of which 
gives the magnitude of the displacement, the ** ^ 

arrow its direction, and the letters at the end the two i)oints. Thus 
in the figure one line gives the displacement of A relative to B, the 
other gives the displacement of B relative to A. 

Kelative Displacement— Three Points.— Triangle of Displace- 
ments.*— Let a moving point A have the dig- 
placement AB with reference to a point J5, 
and at the same time let B have the displace- 
ment BC with reference to a point C^ , and let 
Sj , B<t be the initial and final positions of the 
point B. 

Then it is evident that since the point has 
the displacement AB with reference to B, and 
at the same time B moves from -Bi to -Ba , the point moves from A to 
C and AC is the displacement of A with reference to (7. 

Conversely, from the preceding article, CA is the displacement 
of C relatively to A, 

Hence, if two sides of a triangle ABC taken the same way round 
represent the displacements of A relative to B and B relative to C 
respectively, the third side taken the opposite way round will repre- 
sent the displacement of A relative to O, and taken the same way 
round, the displacement of C relative to A. 

This is called the principle of the triangle of displacements. It 
evidently makes no difference whether the displacements are 
simultaneous or successive. The same principle holds true in 
both cases. 

Polygon of Displacements. — Let AB, 
BC and CD be the given displacement of 
A relative to B, B relative to (7, and C 
relative to D. Then if we lay off succes- 
sively AB and BC in given direction and 
magnitude, the line -AC gives the displace- 
ment of A relative to C. If we lay off 
CD, the line AD gives the displacement of 
A relative to D. 

Hence, if any number of displacements 
in the same plane are represented by the ^ 

sides of a plane polygon, ABCD, etc, taken d 

the same way round, the line AD which closes the polygon taken the 
opposite way round will give the magnitude and direction of the re- 
sultant displacement of the first point relative to the last, and taken 
the same way round, of the last point relative to the first. 

This principle is called the polygon of displacements, and it evi- 

* We shall see hereafter that all the principles which follow in this chap- 
ter relating to displacements hold equally good for linear and angular veloci- 
ties and accelerations, for the moments of linear and angulai* velocities and ac- 
celerations, and for forces and moments of forces. 
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dently holds good whether the displacements are aucceaaive or 
aimmtaneous, 

Eesolation of Displacements. — By the application of these prin- 
ciples a given displacement or any number of given displacements 
may be resolved into two components in any two given directions. 
Thus supi>ose the displacement of A relative 
to B to be given by the line AB. We can re- 
solve this displacement into components in any 
two directions given by the arrows a and 6, by 
drawing Lines £rom A and B parallel to these 
directions till they intersect at some point C. 
Then the displacements AC and CB t£kken the 
other way round are the component displacements 
of AB in the required directions. 
If any number of displacements AB, BC, CD, etc.,^ 
are given, we have the resultant displacement AD, - 
and this displacement can be resolved as before into 
any two directions required. X ^c 

Eectangular Components.— When a displacement 
is thus resolved into two directions at rignt angles, 
the components are called rectangular components. 
Unless otherwise specified, when we speak of the components of 
any displacement, the rectangular components are always under- 
stood. 

The Component of the Eesultant is equal to the Algebraic Sum 
of the Components of the Displacements. —It is evident that the 
resultant of any two given displacements is equal 
^B to the algebraic sum of their components in the 
direction of the resultant. 

For if AC and CBare the given displacements^ 
the resultant AB is equal to the sum of the com- 
ponents AD and DB, 

So also for any number of displacements, the 

resultant AE is equal to the algebraic sum of the 

components of the displacements in the direction 

of AE. 

The component in any given direction, of this 
resultant itself, is then equal to the algebraic sum 
of the components of the displacements in the 
same direction. 

Thus the prelection of the resultant AE upon 
the line OP, or tne component of AE in the direc- 
tion OP, is the algebraic sum of the components 
of AB, BC, CD and DE in 
the direction OP. 

Components not in the 
Same Plane.— The same principles apply for 
components not in the same plane. 

Thus if OA is a given displacement, and we 
draw AB perpendicular to the plane of XZ 
meeting it at B, we have the components OB 
and BA. 

Again, we can resolve OB into the compo- 
nents OC and CB. The components then are OC, CB and BA. 

Sign of Components of Displacement. — A sign of (-I-) or (— ) pre- 
fixed to the magnitude of a component displacement indicates 
direction. Thus for three rectangular axes OX, OY, OZ, a com- 
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ponent displacement in the directions OX^ OYy OZ is positive, and 
in the opposite directions negative. 

If polar co-ordinates are used, the com- 
ponentdisplacement along the radius vector 
IS positive when away from the pole, nega- 
tive when towards the pole. 

Evidently, then, we measure angles in 
the plane XY from OX around towards 
0Y\ in the plane YZ from OY around 
towards 0Z\ in the plane ZX from OZ 
around towards OX, as shown by tibie z 
arrows in the figure. 

Analytical Determination of the Besultant for Cononrring Dis- 
placements. — When the line representatives meet in a point they 
are called concurring. All displacements of a single point must be 
concurring. The magnitude and direction of any number of such 
oonciirring component displacements being given, to find expres- 
sions for the magnitude and direction of the resultant. 

(a) When there are Two Given Components.— Let OB = dx and 
• B —-r ^^ = di be two component displacements 
5i^,,.^*^--*\dJa making the angle a and in the indicated 
/^ ^^ directions. 
dr Then the resultant is OC = dr and is 

given at once in magnitude from the tri- 
angle OBC, 

dr* = {di + d% cos ay 4- (A sin ay = di* + 2did% cos a + d»'. . (1) 

The resultant dr makes with di an angle a, given by 



cosa = 



di 4- d% cos a% 
dr 



(2> 



(6) When there are Any Number of 
Components in any Given Direction. — 
Take three rectangular axes, OX, OY, 
OZ, through the point O, and let the 
component displacements di, da, ds, 
etc., make the angles on, P\,r \ oci, /?t, 
ra, etc., with the axes of X, F, Z respect- 
ively. 

Then we have for the sum of the 
components in the direction of X, F, 
andZ, 

dx = di cos ofi + di cos «•-!-...= 2d cos a; \ 

dy = diCOsA + diCosA + . .. = 2dcos/?; V. ... (3) 

dn = dx cosri + da COS ^i + . . . = ^dcos^. ^ 

In these summations we must take components with their proper 
signs as directed in the preceding Article. 

We have then for the magnitude of the resultant dr, 




dr = ^/dx^ -^-dy* '\- di?. 



(4) 

This resultant makes with the axes angles a, &, c, resi>ectively, 
given by 

cosa= V^, cos6 = :j^, cosc = ;^ (6) 

dr dr ^T 
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The projections on the planes XF, FZ, ZX make €aigles with X, 
F, Z, resi)ectively, whose tangents are 

^ Af ^f. /flx 

d^' dy' dn ^^ 

Cor. 1. If all the displacements are in one plane, make dz = 0. 

Then 

dr = l/d,« + dy» (7) 

I 

and, since cos & = sin a, 



cos a = 3^, cos h = -J^; (8) 

Or dr 



tQxia = ^ (9) 

a„ 

CoR. 2. When there are but two displacements, di and d, take 
OX corresponding with d, . Then dx^di + d cos a, dy = d sin a, and 
we have at once equations (1) and (2). 

CoR. 3. If the two displacements are in the same direction or in 
opposite directions, a = or 180°, and 

dr = di ± d. 

That is, the resultant is the algebraic sum of the displacements. 
COR. 4. If the two displacements are at right angles, cc = 90° and 

c^. = |/d,' + d*, sina = -j-, sin 6 = -- = cos a, tana = -v-' 

dr dr (*i 

CoR. 5. If the two displacements are equal, di = d and 
dr^ = 2d'(l + cos a) - 4d' cos' ^, 

hence dr = 2d cos -. 

A 1 . d sin a . a . a 

Also, sma = = sm-5, hence a = — 

2d cos^ ^ ^ 

2 

CoR. 6. If the two displacements are equal and a = 120% then 
dr = d, and a = 60*. 



EXAMPLES. 

• (1) A wheel whose radius is r rolls on a horizontal plane until it 
turns through a quarter revolution. Find the displacement of the 
point of the wheel initially in contact with 
the plane relative to the point diametric- 
ally opposite, 
p Ans. - Let C7 represent the initial point of con- 

* tact of the plane, A the point of the wheel in con- 
tact with C in the plane, B the point of the wheel 
diametrically opposite A, 
^ The displacement of B with reference to G is 
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given by BiBt, The displaoeinent of A with reference to C7 is given by AiAt, 

and therefore the displacement of C with reference to 

^^^ A is given by AaAi. We have then, by laying off 

r^^v^^^ these displacements, the displacement of A relative 

''i ^^^^^^^^^-v^ ^ ^ equal to 2r ^5", making an angle of 46° with 

N, 1^^^ the Vertical. 

\[/ • (2) Find the displacement of the end of 

J the minute-hand with reference to the end of 

the hour-hand of a clocks between 3 and 3.30 
o'clock, the length of each hand being r. 

Ans. The displacement of the minute-hand with reference t© XII is 
MiMi , and of the hour-hand with reference to XII, ffiHt . 
Therefore the displacement of XII with refer- 
ence to HisHiHi. Laying off these displace- 
ments, we have 





MR= r V6 - 2 cos 15° - 4 sin 15% 
and for the angle of ifJJwith the vertical 

V6- 2 cos 15° -4 sin 15° 

(3) A river now8 in a direction N. 33" E. , and a boat headed directly 
a^88 at right angles to the current reaches a point on (he other 
shore from which the starting-point is found to bear S. 3" W, If the 
distance from the starting-point is bOO ft,, how far has the boat been 
carried by the current, ana what is the distance across the river if the 
banks are parallel f 

Ans. The course of the boat makes an angle of 30° with the bank. The 
distance across is 250 ft. ; the distance parallel to the bank 433 ft. 

(4) A point A m^wes SO ft. in a given direction relative to a fixed 
point O. Another point B moves relative to O 40 ft, in a direction 
at right angles to j€s motion. Find the di^lacemmt of A relative 

Ans. 50 ft. in a direction inclined to A*& motion by an angle whose sin 



n- 



' (5) Two points move in the circumference of two circles of radius 
r and 2r respectively. Both start from the point of contact. One 
moves through an angle of tc radians, the other through an angle of 

- radians. Find the displacement of either relative to the other, 

Ans. If one point moves through the angle 7t in the small circle and the 
other through ~ in the large, the displacement is 2r 4/5", making an angle 
with the vertical whose tangent is 2. 

If one point moves through the angle tt in the large circle and the other 

through ^ in the small, the displacement is rV26 and it makes an angle with 
the vertical whose tangent is 5. 

(S) In the preceding example let the radius of the small circle be 
r, and of the large circle r,. Find the displacement as before. 
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2r, + r, 



-|^4r,« + 4r,ri + ar»« and tangent 



ri 



^ ^ 



i^4r,« + 4r,ri4-ari« and tangent -JL+Ti.. 

(7) The displacement of A relative to B is a distance a towards 
the south, and relative to O, c towards the west. If C is initially a 
distance b south of B, find ths final position of C relative to B. 

Ans. We have CB for the displacement of 
C relative to B. Therefore if Oi is the initial po- 
sition, Ct will be the final position, C^C* being 
equal to CB. Hence the di stance of C'b final 
position from B is BGt = Vip-^af-fd', and 
the direction from Bto C^ is east of south an 

— angle whose tangent is , ^ . 

(8) A^s displacement relative to B is a to the ivest CPs displace- 
ment relative to B is c in a direction 30° west of south. Find the 
displacement of A relative to C. 

Ans. Displacement is |/a* — ac-\-c*. Tangent of the angle with the merid- 
ian is — ^. If this is positive, the angle is west of north; if negative, east 

cV3 
of north. 

(9) Two trains A and B start from the same point and A runs 
60 miles north and 50 miles northeast. Find the dispUicement of B 
relative to A. 

Ans. 43.104 miles in a direction 34° 52^ south of east. 

(11) A point undergoes two component dispUicements, 100 feet W. 
30° S. and SO ft. N. What is the resultant f 

Ans. 88.88 ft. 13" south of west. 

(12) Three component displacements have magnitudes represented 
by 1, 2 and 3 and directions given by the sides of an equilateral tri- 
angle, taken the same way around. Find the magnitude of the re- 
sultant. 

Ans. 4/3. 

(13) Two railway trains run on parallel roads, one 5 miles north, 
the other 6 miles south. Find the displacement of the last relative 
to the first. 

Ans. 11 miles south. 

(14) Two railway trains run, the one northeast a distance d, the 
other southeast the same distance. Find the displacem>ent of the 
first relative to the last. 

Ans. d ^y direction north. 

(15) A point undergoes three component displa^cements, N. 60** E. 
40 ft., S. 50 ft., W. WN. 60 fl;. Find the resultant. 

Ans. 10 |/3'ft. W. 

(16) If the diagonal AC of a quadrilateral ABCD is produced to 
E, so that CE is equAxl to AC, show that AE is the resultant in the 
direction AC of the displacements AD, DB, BC and AC. 

(17) ABCD is parallelogram. E is the middle point of AB. Find 
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the components, in the directions of AB and AD, of a displacement 
which has the direction and half the nuignitvde of the resvltant of 
component displacements represented by AC and AD. 
Ans. AS and AD, 

(18) Prove that the resultant of two equal displacements of mag- 
nitude a, inclined 60% is equal to the resultant of a and 2a inclined 
120^ 

(19) Prove that if two component displacements are represented 
by two chords of a circle drawn from a point P in the circumference 
perpendicular to eaxih other ^ the resvltam is represented by the diame- 
ler through the point 

(20) To an observer in a balloon the starting-jxnnt bears N. 20° E., 
and is depressed SO"" below the horizontal. A point at the same level 
as the starting-point and 10 miles from it is vertically below him. 
What are the component displacements of the balloon with reference 
to the starting-point f 

Ans. 9.89 miles soutli, 8.42 miles west, and 5.77 miles up. 

(21) A point has the component displacements in the same plane, 
dj = 4^ ft., dt = 50 /if., d% = 60 ft., m^Jcing the angles with X and F, 
a, = 60% /? = ISO** ; a, = 120% fit = 30' ; «• = 120% fit = 150^ Find the 
resultant displacement. 

Ans. rfa» = -f a0-26-80 = -.85ft.; 

d„ = - 84.64+43.3 - 51.96 = - 43.8 ft.; 



dr = Vd^+d? = 55.67 ft. 

««« = T^=S¥^. or a = 128^57' 17"; cosft = ^==^, oib = UV2' 48". 
Or 05,67 dr 55.67 

(22) A point hoe the component displacements di = 40 ft., d, = 50 
ft.,d% = QOft., making unth X, Y, Z, the angles a, = 60% fi^ = 100% 
ri cbtuse; or, = 100% /?, = 60% Xt acute; tr, = 120% fi» = 100% r% 
€wute. Find the resultant displacement. 

Ans. We find the angles y^ (page 12) by the equation 
cos* y =i — cos (a 4- /S) cos {a — fi). 
Hence y, = 148' 2' 31".7, y^ = 81' 57' 28".8, y^ = 31* 57' 28".8. 

d;„ = + 20 - 8. 6824 - 80 = - 18. 6824 ft. 

(?,,=- 6.946 + 25 - 10.419 = + 7.635 ft. 

<?e = - 88.987 + 42.421 + 50.907 = + 59.391 ft. 

dr = VdJ+'dy^ 4- d^ = 62.73 ft. cos a = ""^^l^^ , or a = 107' 19' 36" ; 
C06d = ±~:g5, or 6 = 88' 0' 38"; cos c = '^^^, or c = 18' 46' 42". 



CHAPTER IV. 



VELOCITY. EESOLUnON AND COMPOSITION OF 
VELOCITIES. 



BEGTANOUIiAB COMPONENTS OF VELOCITY. SIGN OP COMPONENTS OF "VELOCITY. 
ANALYTIC DETERMINATION OP RESULTANT VELOCITY. 

Mean Velocity. — The distance described by a moving point per 
unit of time we have called the mean speed of the point (page 15). 

The displacement (page 34) of a point per unit of time we call 
the mean Imear velocity. Therefore the number of units in the dis- 
placement of a point in any given time, divided by the number 
of units in that time, gives the number of units of mean linear 
velocity — or the magnitude of the mean linear velocity — ^while the 
direction of that velocity is the same as that of the displacement. 

The term velocity always signifies linear velocity unless other- 
wise specified. 

Mean speed, then, is mean time-rate of distance described (page 
IB). Mean velocity is mean time-rate of displacement. 

Thus if a point moves' in any path P,APa from 
the initial position Pi to the position Pa in the time t 
units, the magnitude of the mean speed is given by 
vath P AP r o J 

•*-- — T-^ ?, while this magnitude of the mean ve- 

locity is given by ^^^"T"^ ^■^', and its direo- 
tion by the direction of P^P^. 

If a point moves with uniform speed in a circle of radius r units and the 
time of revolution is t units, the mean speed is —j- units of speed. But the 
mean velocity in the time of one revolution is zero, because the displacement 
in that time is zero. Again, the mean speed in one half a revolution is --> or 

units of speed, as before, but the mean velocity for the same time has for 

^ 4?* 
its magnitude rr or -— units of velocity, and the direction is that of a diameter 

^t t 
from the initial to the final position of the point. 

Instantaneons Velocity.— The limiting magnitude of the mean 
speed when the interval of time is indefinitely small we have called 

42 
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(pa^e 15) the instantaneous speed. In the same way, the limiting 
magnitude and direction of the mean velocity when the interval of 
time is indefinitely small is called the instantaneous velocity. 

The terms speed and velocity should always be imderstood to 
mean instantaneous speed and instantaneous velocity imless other- 
wise specified. 

Using the terms thus, we see that when ^ is in- 
definitely small, distance described and displacement l a 

coincide and hence the speed at Pi is the magni- \/'^^^^^^^% 
tude of the velocity at P, , while the direction of this u--^^ 
velocity at any instant is that of the tangent to the ^\ 
path at that instant. Velocity is directed speed. Speed is magni- 
tude of velocity. 

Unit of Velocity. — Since, then, the magnitude of the velocity at 
any instant is the speed in the direction of the velocity at that in- 
stant, it follows that the unit of velocity is the same as the unit of 
speed (page 15), or one unit of length per unit of time, as, for 
instance, one foot per second. For this reason we have used (page 
25) the letter v for the nimieric for speed. 

Uniform Velocity. — ^When the velocity has the same magnitude 
and direction whatever the interval of time, it is nniform. 

Uniform velocity, then, is necessarily uniform speed in a straight 
line in a given direction. The velocity in such case is the same as 
the mean velocity for any interval of time. 

Variable Velocity,— When either the magnitude or direction of 
the velocity changes it is variable. 

When tne magnitude alone changes, we have variable speed in 
a straight line. When the direction only changes, we have uniform 
speed in a curved line. When both change, we have variable speed 
in a curved line. In all these cases the velocity is variable. 

Thus we can speak of a point moving in a circle with uniform speed, but 
we cannot speak of a point moving in any curve at all with uniform velocity. 
If the velocity is uniform, the path must be straight, as well as speed constant. 

A point can be projected with the same speed in many different directions, 
but we cannot speak of the same velocity in different directions. A change of 
direction is a change of velocity whether the speed changes or not. 

Velocity a Vector Quantity.— Since velocity is speed directed, or 
time-rate of displacement, it has not only sign and magnitude like 
speed (page 15), but also direction like displacement, and is there- 
fore a vector quantity. 

Line Eepresentative of Velocity. — ^Velocity, then, can be repre- 
sented like displacement (page 34) by a straight line. The length 
of this line represents the magnitude of the velocity, and the direc- 
tion as denoted by an arrow gives the direction. 

Thus the straight line AiA^ represents by its 
Ai\^ length the magnitude of a velocity, and the arrow 

shows its direction. 

Triangle and Polygon of Velocities.— The prin- 
^^* ciples therefore of page 35 hold good for velocities 
as well as displacements. We have then the 
triangle and polygon of velocities. 

Eesolntion and Composition of Velocities. — ^We can also combine 
and resolve velocities in the same way precisely as displacements, 
and the principles of page 36 apply here also. 
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Beotangnlar Components of Velocity.^-If a point moves in any 
path from Pi to P in the time t, the dis- 
placement is the chord PiP, cmd the mean 

vaocUyiBV = ^!!^^^. 

t 

If Xi and yi are the co-ordinates of Pi, 
and X and y of P, then the horizontal and 
vertical components of the mean velocity 
vare 




If the time is indefinitely short, we have in the notation of the 
Calculus, for the instantaneous velocities, 

dx dy 

Sign of Components of Velocity.— We see that if Vx is directed 
towards the right, we have in the 1st and 4th quadrants x numeric- 
ally greater than Xi and both are positive. In the 2d and 3d quad- 
rants, if Wa: is directed towards the rieht, a?, is numerically greater 
than X and both are negative. In all quadrants, then, Vx will be 
positive when directed towards the right. In the 1st and 2d quad- 
rants, if Vy is directed upwards, y is numerically greater than yi 
and both are positive. In the 3d and 4th quadrants, if Vy is directed 
upwards, Vi is numerically ^eater than y and both are negative.. 
In all quadrants, then, Vy will be positive when directed upwards. 

We have then the following general rule for the signs of the 
components of the velocity in any quadrant : 

]j the direction of the line representative is towards the rights 
Vx is positive ; if towards the left, Vx is negative. If upwards, Vy is 
positive ; if downward^, negative. 

The sign then as applied to component velocities indicates direc- 
tion of motion. For rectangular co-ordinates (-H) signifies towards 
the right or upward, (— ) towards the left or downward. 

For three rectangidar axes OX, OY, OZ, let a point P be given 
Y by the space co-ordinates a?, y, z. Let the 

velocity v of the point make the angles ^r, 
v,^ fi and r with the axes of X, Fand Z. 

^ Then we have 

P^^^'^""'^ rx = t?cosa, Vy = vQOQP, rz = rcosr 

I X ^ for the components in the direction of the 

X axes. When the angles a, fS, y are acute 

or less than 90% these components are i)osi- 

tive; when the angles are obtuse or more 

than 90^*, these components are negative. 

Therefore, as before, Vx towards the right is positive, towards 

the left negative, Vy upwards is positive and downwards negative, 

and Vz in the direction OZ is positive, in the opposite direction 

negative. 

If polar co-ordinates are used, the component velocity along the 
radius vector must he taken as positive when it acts away from the 
pole, and negative when it acts towards the pole.* 

* Evidently, then, we measure angles in the plane XFfrom OX around to- 
wards 0T\ m the plane TZ from T around towards OZ ; in the plane ZX, 
from OZ around towards OX, as shown by the arrows in the figure. 



/ 
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Analytical Determination of the Resultant for Concurring Yeloci- ' 
ties. — When the line representatives meet in a point they are 
called concurring. We have then the same expressions for the 
magnitude and direction of the resultant of any niunber of concur* 
ring component velocities as for displacements (pages 36 and 37). 
We have only to substitute v in place of d. 



EXAMPLES. 

(1) To a man driving eastward with a speed of 4 miles an hour^ 
tha wind blows apparently from the north, but when he doubles his 
speed the unnd appears to blow from the northeast. Find the real 
direction and velocity of the wind, 

Ans. The wind blows from the northeast with a velocity of 4 ^ miles an 
hour. 

(2) A point moves in a straiqht line from A to B, 60 ft. W, 30" S-, 
in 10 sec, and thence in a straight line to C, SO ft. N., in 20 sec. Find 
the mean speed and the mean velocity. 

Ans. The length of path is 90 ft. traversed in 30 sec., or mean speed is 3 ft. 
per sec. The displacement is 30 |/3 ft. W., or the mean velocity is V3^ft. per 
sec. W. 

(3) A ship sails N, S0° E. at 10 miles an hour. Find its easterly 
velocity ana its northerly velocity. 

Ans. 5 miles an hoar; 5|^3 miles an hour. 

(4) A river 1 mile broad has a current of 5 miles per hour, and 
a boat capable of making 10 miles an hour in Stillwater is to go 
straight a^cross. In what direction must the boat be steered f 

Ans. Up stream in a diiection inclined 60" with the bank. 

(5) Find the vertical velocity of a train moving up a 1-per-cent 
gradient at a speed of 30 miles per hour. 

Ans. 0.3 mile per hour. • 

(6) A m^n travelling 4: miles per hour east finds the wind to corns 
from the southeast. When he stands still it shifts 5° to the south. 
Find its velocity. 

Ans. 32.52 miles per hour N. 40" W. 

(7) A point m^oving with uniform speed in a circle of radius 30 
ft. descrwes a quadrant in 10 sec. Find the mean speed, the msan 
velocity, the instantaneous speed and the instantaneous velocity. 

7tr 
Ans. The length of path described in 10 sec. is -jr- = 47.12 ft. The mean 

speed is then 4.712 ft. per sec, and since this is uniform it is also the instan- 
taneous speed. The displacement is r i^= 42.42 ft. at an angle of 45" with 
the diameter through the starting-point. The mean velocity is then 4.242 ft. 
per sec. in the same direction. The instantaneous velocity is at any instant 
tangent to the circle at the point at that instant, and equal in magnitude to the 
instantaneous speed, or 4.712 ft. per sec. 



J 8) A Tiian walks at the rate of 4 miles per hour in a rain-storm, 
the drops fall vertically with a speed of 200 ft. per sec. In what 
direction will they seem to him to fall f 
Ans. Inclined 1" 40'.8 to the vertical. 



andi 
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(9) A ship sails east with a speed of 12 miles an hour, and a shot 
is fired so as to strike an object which bears N,E. If the gun gives 
the shot a mean horizontal velocity of 90 ft per sec., towards what 
point of the compass must it point f 

Ans. N. 37^ 3' E. 

(10) A maw 6 ft. tall walks at the rate of 4 miles per hour directly 
away from a lamp-post 10 ft. high. Find the velocity of the ex- 
tremity of his shadow. 

Ans. 10 miles per hoar in the direction he Is walking (see Ex. 14, page 19). 

(11) Two points moving with uniform speed v start at the sams 
instant in the same direction from the point of contact of their 
paths. The one moves in a circle of radius r, the other in a tangent 
to the circle. Find their relative velocity at the end of the time t. 

Ans. 2d sin ^ radians in a direction inclined to the tangent at an angle 



1 / f>t\ 
2(^-7) 



radians. 



(12) A moves N.E. with a velocity v, and B moves S. 15° E. with 
the same velocity. Find A^s velocity relative to B. 

Ans. -» i/3i direction N. 15° E. 

(13) A railway train runs 30 miles per hour north. Another 
running 15 miles per hour appears to a passenger in the first to be 
running at 25 mites per hour. Find the direction of the velocity of 
the latter. 

Ans. N. 56° 15' E. or N. 56° 15' W. 

(14) Two candles A and B, each 1ft. long and requiring 4 and 6 
hours respectively to bum out, stand vertically at a distance of 1ft. 
The shadow of B falls on a vertical wall at a distance of 10 ft. from 
B. Find the speed of the end of the shadow. 

Ans. 8 Inches per hour. 
* 

(15) A ship has a northeasterly velocity of 12 knots- per hou r- 
Find the magnitude of her velocity (a) in an easterly direction ; 
(b) in a direction 15° W. of N. 

Ans. (a) 6 4/2~; {b) 6 knots per hoi». 

(16) A boat-crew row 3i miles dovm a river and ba^k again in 1 
hour 40 minutes. If the river has a current of 2 miles per hour, 
find the rate at which the crew vxmld row in Stillwater. 

Ans. 5 miles per hour. 

(17) A steamer goes 9.6 miles per hour in still water. Haw long 
will it take to run 10 miles up a stream and return, the velocity of 
the stream being 2 miles an hour f 

Ans. 2 hours 11 minutes. 

(18) A steam tug travels 10 miles an hour in still water, but 
draws a barge 4 mites an hour. It has to take the barge 10 miles up 
a stream which runs 1 mile an hour, and then return unthout the 
barge. How long will it take for the job f 

Ans. 4^ hours. 

(19) A vessel makes two runs on a measured mile, one with the 
tide in a minutes and one against the tide in b minutes. Find the 
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velocity of the vessel through the tvater, and of the tide^ supposing 
both uniform. 

Ana. 30 ~\ and 30 — r- miles per hour. 
ab ab 

(20) A point receives simultaneously three velocities^ ^ ft. per sec, 
N.y 88 ft. per sec. W. 30' 5., and 60 ft, per sec, E, 30° S, Give the 
magnitude and direction of the resultant velocity, 

Ans. 28 feet W. 30' S. 

(21) A ship sailing due north at the rate of 8 miles per hour is 
carried to the east by a current of 4 miles per hour. Find the ve- 
locity vnth reference to the land, 

Ans. 8.94 miles per hour N. 26° 34' E. 

(^2) A ship is sailing E. 22^"" S, at the rate of 10 miles an hour 
and the wind seems to blow from the N. W, with a velocity of 6 miles 
an hour. Find the actual velocity of the wind, 

Ans. 15.7 miles an hour W. 30° 55' N. 

(23) A point moves in t seconds from A to By the positions being 
given by the co-ordinates Xi , yi and x^ , y^. What %s the mean ve- 
locity f 



j^Q^ ^ _- i^(^»-^0* + (ya-yi)\ making an angle a with the axis of x 
t 

given by tan a = ^. 

* '' Xi — Xi 

(24) A point has four component velocities in the same plane, of 
12, 24, 36, 48 ft. per sec., making with the axis of X the angles of 
16% 29°, 33% 75° respectively. What is the resultant velocity f 

Ans. Vx = 75.14; Vy = 80.915; Vr = 110.424; angle with axis of a?, a = 47° 
r 10"; angle with axis of y, ft = 42° 52' 50". 

(25) A point has three component velocities in the same plane 
given by v. = 40, t?a = 50, Vs = 60 ft. per sec, making with the axes 
of X and Y angles given by a^ = 60°, /?i obtuse ; A = 30°, aa obtuse ; 
ocz = 120°, /?8 obtuse. Find the resultant velocity- 

Ans. We have /?i = 150°, a, = 120°, /?, = 150°. Hence «aj = - 35 ft. per 
sec, ©« = — 43.3 ft. per sec. , Vr = 55.67 ft. per sec, making the angles with X 
and rgiven by a = 128° 57' 17", b = 141° 2' 43'. 

(26) A point has the component velocities r, = 40, Vi = 50, v* = 60 
ft, per sec.y making the angles vnth X, F, Z, a. = 60°, fix = 100% yi 
obtuse ; a^ = 100°, /?a = 60°, y% acute ; a, = 120°, /?« = 100°, r« acute. 
Find the resultant velocity. 

Ans. We find the angles y (page 12) by the equation 
cos* y = — cos (a + y^ cos (a — fi). 
Hence ^i = 148' 2' 31".7, r« = 3r 57' 28'.3, r» = Sr 57' 28''.3. 
«;k = — 18.6824 ft. per sec, «» = + 7.635 ft. per sec. , «, = + 59.391 ft. per sec, 

«r= 62.73 ft. per sec, 
making with the axes of X, F, Z^ angles given by 

a = 107° 19' 36', 6 = 38° 0' 33", c = 18° 46' 42". 



CHAPTER V, 



ACCELERATION. RESOLUTION AND COMPOSITION OF 
ACCELERATIONS. 



ANALYTICAL DETERMINATION OF RESULTANT FOR CONGURRINa ACCBLBRA* 
TIONS. EQUATIONS OF MOTION. THE HODOORAFH. TANGENTIAL ANI> 
NORMAL ACCELERATION. 

Mean Acceleration.— Let P,, P^, etc., Fig. (a), be the path of a 
moving point P, and let the corresponding inst£kntaneous velocities 

Fig. (a), be Vi , Va , CtC. 

Each velocity is tangent to the path 
at the corresponding point and is equal 
in magnitude to the speed at that pomt. 

If t is the number of units of time in 
passing from Pi to Pa , the mean speed 

for that time (page 15) is J^^^^'-P' 

units of speed. The integral change of 

speed in the time t is t?a — Vi (page 24), 

Y^ ^y and the mean rate of change of speed 

in the time f is a = ^'7"^' (page 24). 

If now in Fig. (6) we draw OQi parallel and equal in magnitude 
to Vi and OQ^ parallel and equal to Va , then the mtegral change of 
speed is represented by OQ, — OQi and the mean rate of change of 

speed by ^g-^^- . 

The change of velocity, however, in the time t is represented in, 
magnitude and direction by QiQt , and this we call the integral ac- 
celeration. 

The mean time-rate of change of velocity is given in magnitude 

by ^^, and in direction by QiQ^. We call this the mean linear 

acceleration. The term acceleration always means linear accelera- 
tion unless otherwise specified. 

Mean accderation is then time-rate of change of velocity, whether 
that change takes place in the direction of motion or not 

Instantaneous Acceleration. — The limitmg magnitude and direc- 
tion of the mean axjcelerationi, when the interval of time is indefi- 
nitdy small, is the instantaneous acceleration. 

The limiting direction is not necessarily tangent to the path 

48 




CHAP, v.] AOCBLEBATION. 49 

except in the case of rectilinear motion, and the limiting magnitude 
is not the rate of change of speed in the path, except in the case of 
rectilinear motion. 

The term acceleration always signifies instantaneous accelera- 
tion unless otherwise specified. It is the limiting time-rate of 
change of velocity, whether that change take place in the direction 
of the motion or not. 

Acceleration may be zero, uniform or variable. When it is zero 
the velocity is uniform, and we have uniform speed in a straight 
line. 

When it is uniform, it has the same magnitude and the same 
unchanged direction, whatever the interval of time. In such case 
the acceleration at any instant is equal to the mean acceleration for 
anv interval of time. If its direction coincides with that of the 
velocity, we have uniform rate of change of speed in a straight line. 
If it does not so coincide, we have uniform acceleration and motion 
in a curved line. 

When it is variable, either direction or magnitude changes, or 
both change. 

Unit of Acceleration. — The magnitude of the unit of acceleration 
is evidently the same as that for rate of change of speed, viz., one 
unit of length-per-sec. per sec, as for instance one foot-per-sec. per 
sec. We denote the magnitude of the acceleration thus measured 
by the letter/, to distinguish it from rate of change of speed, which 
we have denoted by a (page 25). 

Line Eepresentative of Acceleration. — Since acceleration is time- 
rate of change of velocity, and is therefore, like velocity and dis- 
placement, a vector quantity, it can be represented like them by a 
straight line, whose length and direction give the magnitude and 
direction of the acceleration (pages 34, 43). Eate of change of speed 
is given. by stating sign and magnitude only. It is a scalar quantity 
(page 25). 

Triangle and Polygon of Accelerations.-— The principles, there- 
fore, of page 35 hold good for accelerations also, as well as dis- 
placements. We have then the " triangle and polygon of accelera- 
tions." 

Composition and Besolntion of Accelerations. — For the same 
reason we can combine and resolve accelerations in the same way 
as displacements, and the principles of pages 
36, 36 apply. 

Let UB and OD be the initial and final 
velocities of a point in any given time t. 

Then BD is the integral acceleration and 

BD 

—— is the mean acceleration, or the instan- 
z 

taneous acceleration if it is uniform. If not 

BD 

uniform, , where t is indefinitely small, gives the acceleration. 

z 
Draw OA and DC at right angles to any line AC through jB in 
any given direction. 

BG 
Then — is the component of the acceleration in this direction. 

BC A.C >4 R 

But — ^ = , and AC and AB are the components of the 

z z 

velocities in the direction AC. 

Hence the component in any direction of an acceleration is equal 
to the acceleration of the component velocities in that direction. 
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Sign of Components of Acceleration. — We have the same rule for 
the signs of the horizontal and vertical components /« and /y of any 
acceleration/, as for the horizontal and vertical components of Vx 
and Vy of any velocity v (page 44). 

If the direction of the linear representative is towards the right 
or upwards, fx and fy are positive; if towards the left or down- 
ward, fx andfy are negative. 

The sign, tnen, applied to component accelerations indicates di- 
rection of action. For rectangular co-ordi- 
nates (+) signifies in the direction OX, OY, 
OZ, (— ) in the opposite directions. 

If polar co-ordmates are used, the compo- 
nent acceleration along the radius vector is 
positive (+) when it acts away from the pole, 
and negative (— ) when it acts towards the 
pole. 

Evidently, then, we measiu*e angles in the 
plane XY from OX aroimd towards OY, in 
the plane YZ from OY around towards OZ, 
in the plane ZX from OZ around toward OX, as shown by the ar- 
rows in the figure. 

Take, for instance, the case of a particle projected vertically away from the 
earth with the initial velocity v^ and attaining the final velocity «. 

As long as the particle ascends, the direction of i) is upwards, and % Vi are 
both positive. The acceleration due to gravity is always downwards, and 
hence is negative. 

When the particle is descending with the initial velocity «i , then both «i 
and f) are negative, and the acceleration is negative as before. 

Analytical Determination of the Besnltant for Concurring 
Accelerations. — ^When the line representatives meet in a point, they 
are said to be concurring. We have then the same expressions for 
the magnitude and direction of the resultant of any number of con- 
curring component accelerations as for displacements (pages 37 and 
38). We have only to substitute/ in place of d. 

Equations of Motion of a Point under Different Accelerations. — 
The magnitude of the acceleration in general is not the same as 
rate of change of speed, except in the case of rectilinear motion. 
We have therefore denoted it by/, to distinguish it from rate of 
change of speed, which we have denoted by a. If, then, we denote 
hj ft the magnitude of the tangential acceleration, or the tangential 
component of/, we have/e = a, or the magnitude of the tangential 
acceleration is e^iual to the rate of change of speed. 

(a) Acceleration Zero. — We have in this 
case the line representative Q\Qi = 0, and ^j^ 

hence the line representative of the velocity ^^^'^^Kf^ 

does not change either in direction or magm- ^"^ 

tude. 

We have then rectilinear motion with constant velocity, and for 
any interval of time 

^=-r' (« 

where «, and s are the initial and final distances of the point from 
any fixed point in the line. This equation is general if we pay 
attention to the sign of displacement and velocity (pages 37 and 44). 
(&) When the Direction of the Acceleration coincides with the 
Direction of the Velocity.— In this case the line representative QiQt 
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coincides in direction with PQi = Vi. We have then rectilinear 
motion with varying velocity. 

If / is uniform, the instant£kneous acceleration is equal to the 
mean acceleration for any interval of time. 

Hence, if v, is the initial and v the final velocity, we ha,Yeforf 
constant 

r — Vi 
/=-7- (2) 



t 
general whei 
btion (pa^es i 
From (2) we have 



This value of/ is general when we pay attention to the sign for 
velocity and acceleration (pages 44 ana 50). 



v=ivi +ft. (3) 

The average speed is 

V + Vi 1 

-^ = ^^+lft (4) 

The displacement is 

s-s,='^±^t = v^t + \ft' (^> 

Inserting the value of t from (2) we have 

g-^.= 2f! (^^ 

Hence r* = r,* + 2/(« — «i) (7) 

[Iff is wJMriable, we have from (1), in Calculus notation, 

ds 

" = «• (8) 

and from (2), 

'^^ dt dt** ^ ' 

and from (8), 

9-81= /i>dt. (10) 



• «i = / "Ddt 



The preceding equations can be deduced from these as on page 28.] 
All these equations are precisely similar to those on page 28, except that 
, we have /in place of a, 

(c) When the Acceleration is Constant in Magnitude and Direction, 
bnt makes an Angle (p with the Initial Velocity. — In this case we 
have motion in a curve, and QiQt =ft. Hence 

v^ = (vi +ft cos <f>y + (ft sin (py = vi* + 2viA cos ^ + /H\ . (11) 

The tftngent of the angle QiPQ% is 

ta^g,pg,= f^^. (12) 

The displacement in the time t is given by 

d':=(vit + ^ft'coB<py+(^ft'Bm0y; . . • . (13) 
and the tangent of its angle of inclination to t?i is 

ift'&UKp ^ . 

Vit + ift'co80 ^^ 
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Th^ Hodograph. — Let a point P moving in anv curve have the 
positions Pi , P« , P« , etc., and let the magnitude of the corresponding 

velocities be ri, Vj, Vt, etc. These 
velocities are tangent to the path at 
Pi, Pa, P«, and are equal in magni- 
tude to the speed at these points. 

If from a point O we draw lines 
OQi, OQiy OQt, etc., parallel and 
equal to Vi, r^, Vt, the extremities of 
these lines will form a polygon. 

If, however, the pomts P, Pa, Ps 
are indefinitely near, the polygon be- 
comes a curve QiQ^Qa, such that when 
the point P describes the path PiPaPt, 
we can conceive another point Q to describe the curve QiQiQ*. 
This curve is called tiie hodog^iraph.* The point O is called tne pole 
of the hodograph. The points Qi, Qi, Q» are called the points cor- 
responding to Pi , Pa, Ps. 

Any ramus vector, as OOi, OOa, in the hodograph, represents in 
magnitude and direction the velocity at the corresponding point 
Pi, Pa, etc., of the path. The magmtude of OQi, OQi, etc., is the 
speed Vi, Va, etc., at P., Pa, etc. The direction of O^i, OQi is the 
direction of Vi , Va, or that of the tangent to the path at Pi , Pa. 

If t is the interval of time in moving from P, to Pa, then the 
chord QiQi in the hodograph gives the magnitude and direction of 

the integral acceleration for that time, and ^ ^ V^V* ^ which is 

T 

the mean velocity in the hodograph, gives the mean acceleration in 
the path. 

When the time is indefinitely small, QiQ^ becomes tangent to 

the hodograph and ^i^, which is now the instantcmeous velocity 

T 

in the hodograph, gives the instantaneous acceleration in the path. 

The tangent to the hodograph at any point, therefore, gives the 
direction of the instantaneous acceleration at the corresponding 
point of the path. The instantaneous speed in the hodograph gives 
the magnitude of this acceleration. 

Hence, the velocity at any point of the hodograph is the accelera- 
tion at the correspoThding point of tne path. 

Tangential and Normal Acceleration.— The entire resultant ac- 
celeration / at any point of the 
path may be resolved into a com- 
ponent tangential to the path ft 
and a component no rmal to the 

path fn , so that / = Vfe + fn\ 

The magnitude of the tangential 
component ft is the rate of change 
of speed in the path. Its direction 
is always tangent to the path, or 

garallel to the radius vector of the 
odograph at the corresponding 
point of the hodograph. 

In order to find the normal com- 
ponent /« , let us first suppose a point to move in a circle with con- 
stant speed V, 

* Invented by Sir W. B. Haimltoxi. 
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Let the radius of the circle be r, and take any two points Pi and 
Pa on the circle. Then the velocity at Pi is v tangent at Pi or per- 
pendicular to r at that point, and the velocity at Pa is v tangent at 
Pa or perpendicular to r at Pa. 

Now construct the hodograph by making OQi parallel and equal 
to the velocity at Pi and OQj, parallel and equal to the velocity at 
Pa, etc. 

Evidently the hodograph is also a circle of radius v, and the 
speed in the hodograph is also constant, since the point P moves 
with constant speed and makes a revolution in the same time as its 
corresponding point Q in the hodograph. Let t be the time of revo- 

lution ; then —7- is the speed of @ in the hodograph or the accelera- 

V 

tion of P in the path ; and since this sx>eed at any point Q. is at right 
angles to OQi or v, it is normal to the path, at Pi or parallel to CPu 

Wehave then/n = -~-. But the speed in the path is v = -^, 
Hence t = -^, and substituting, we have 

V 

We can obtain the same result as follows : Since the point P 
moves from Pi to Pa in the same time that Q moves from Qito Qn, 
and the angle PiCPa is equal to the angle QiOQ% , we have 

fn:v::v:r, or fn= — . 
r 

Since we have supposed v constant in magnitude, the tangential 
acceleration/* is zero, and therefore /» in this case is the magnitude 
of the total resultant acceleration /. 

A normal acceleration, then, has no effect upon the speed, hut 
only changes the direction of motion. 

Let us now suppose that the speed v is not constant, the point 
still moving in a circle. Then thehodograph will not be a circle. 

But if the two points Pi and Pa are indefinitely near, so that the 
arc Pi Pa is indefinitely small, the velocities at Pi and P can be 
taken as equal still, and we shall still have 

fn:V::V:r, or fn= —. 
r 

Again, if the point P moves in any curve whatever, a circle can 
always be described whose curvature is the same as that of the 
curve at any given point. The radius of this circle is the radius of 
curvature p at the point. 

In this case, then, we should have 

fn:v::v:p, or /tt = --. 
P 

Therefore, in general, whatever the path may be and whatever 
the speed in the path — 

The magnitude at any instant of the normal component of the 
acceleration is equal to the square of the speed at that instant 
divided by the radius of curvature. 
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EXAMPLES. 

(1) A point moveawith uniform velocity in a straight line. What 
is the hoaograph f 

Ans. A point. 

(2) A point moves with uniform acceleration either in a straight 
line or a curve. What is the nodograph f What is the speed in the 
hodograph f 

Ans. A straiglit line. Uniform. 

(3) Show that the direction of motion of any point B on the cir- 
cumference of a circle rolling with velocity v on a straight line is 
perpendicular to AB at any instant^ when A is the point of contact 
of the circle with the straight line at the instant considered, 

(4) AB is a diameter of a circle of which BC is a chord. When 
is the moment about A of a velocity represented by BC the greatest f 

Ans. When BG and AC are equal. 

(5) A point is moving with uniform speed of a mile in 2 min* 
40 sec. round a ring of 100 /f. radius. Find the acceleration. 

Ans. 10.89 ft.-per-sec. per sec. towards the centre. 

(6) A point moves in a horizontal circle with uniform speed v, 
starting from the north point and moving eastward. Mnd the 
integral acceleration when it has moved (a) through a qvxidrant ; 
(b) a semicircle ; (c) three quadrants. 

Ans. {a) f> 4/2; 8W.; {h) 2«, W.; (c) v ]/2, NW. 

(7) If the component velocities of a moving point are represented 
by the sides of a plane polygon,' taken the same way rounds the 
cdgebraic sum of their moments about any point in their plane is 
zero. 

Ans. If the polygon closes, the resultant velocity is zero. If it does not 
close, the line necessary to make it close taken the other way round is the re- 
sultant. In either case the algebraic sum of the moments is zero. 

(8) Show that the hodograph of a point moving with uniform 
speed in a circle is a circle in which the corresponding point moves 
also with uniform speed. 

(9) Show that the locus of the eoctremity of a straight line repre- 
senting either of the two equal components of a given acceleration 
is a straight line perpendicular to the straight line representing the 
given acceleration and through its middle point. 

(10) Let the velocity of a point moving in a straight line vary as 
the square root of the product of its distances from two fixed points 
in the line. Show that its instantaneous acceleration varies as the 
mean of its distances from the flexed points. 

Ans. Let 8 be one distance and a-^s the other. Then from page 51, Chap» 

V, « = — = A; yi{(i + «), where A; is a constant. 
at 

-,, _ do _ kads + 2k8ds _ k*a + 2k*s _ k^a + 28) 

inena_^_2^^___..-. 2 "" 2 * 

But the mean of the distances is * + (^ + ^) ^ ?+£i. 
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(11) If the algebraic sum of the momenta of the component ve- 
locities of a mxytnng point about any two points P and Q are each 
zero^ show that the algebraic sum of their mxyments about any point 
in the line PQ will be zero. 

(12) A m^oving point P has two component 'velocities one of which 
is double the other. The moment of the smaller about a point O in 
the xflane is double that of the greater. Mnd the ma^gnitiuie and di- 
rection of the resultant velocity. 

Ans. If a is the smaller component and a, fi are the inclinations of the 
gre ater and smalle r components respectively to PO, the resultant is 
a |/5-t-4cos (/5 + a), and it is inclined to PO at an angle whose sin is 

2 sin a 4- sin fi 
i/5 4-4cos(/J+aj 

(13) The velocity vofa point moving in a straight line varies as 
the square root of its distance sfrom a fixed point in the line. What 
is its instantaneous acceleration f 

Ans. We have v = -=r-= k ^, where A; is a constant. Hence 
(it 

__ dv_^ Ms __ kv _ «^ __ -^ 
^ ^ ^^ Mt Vi" 2 Vi~ ^^ ^' 

(14) Two railway trains move in directions inclined 60*. The 
one^ A, is increaMng its speed at the rate of 4: ft.-per-min. per min. 
The other, B, has the brakes on and is losing speea at the rate of 8 
ft.'per-min. per min. Find the relative acceleration. 

Ans. 4 ^Tit. per min. per min., inclined to the direction of A at an angle 
whose sin is V^and to the direction of J? at an angle whose sin is \ 4/f . 

(15) The initial and final velocities of a movinq point during an 
interval of two hours are 8 miles per hour E. 30" N. and 4 miles per 
hour N. Find the integral and trie mean acceleration. 

Ans. 4 |/3^miles per hour W., 2 V3^miles-per-hour per hour W. 

(16) A point moves in a circle of radius 8 inches and has at a 
given position a speed of 4 in. per sec, which is changing at the 
rate of 6 in.-per-sec. per sec. Find (a) the tangential acceleration ; 
(b) the normal acceleration; (c) the resultant a>cceleration. _ 

Ans. (a) 6 in.-per-sec. per sec.; (&) 2 in.-per-sec. per sec.; (c) 2 |/lO in.-per- 
sec. per sec. 

(17) Newton assumed that the acceleration of gravity varied in- 
versely as the square of the distance from the earth*s centre. He 
then tested this assumption by applying it to the moon. Assuming 
the acceleration at the earth/s surface 32.2 ft. -per -sec. per sec, the 
radius of the earth 4000 miles, the distance between centres of earth 
and moon 240,000 miles, and the speed of the moon in its orbit 
around the earth 3S75 ft. per sec, show that Newton's assumption is 
in accord with fa/ct. 

Ans. The acceleration of the moon's centre towards the earth is — , or 
(8375)« ^ __ ^^^g^ ft..per-8ec. per sec. 



240000X5280 

But according to Newton's assumption, if & is the acceleration at the dis- 
(f (4000)* 1 

twice of the moon, ^ = -^^^^^ = ^^. Hence g" = 0.0089 ft-per-sec. 

per sec. 
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(18) Mnd the resultant of four coryoonent aceelerationa repre- 
sented by lines drawn from any point P within a parallelogram to 
the angular points. 

Ans. If mB the intersection of the diagonals, PG represents the direction 
of the resultant, and 4^(7 its magnitude. 

(19) A hall is let fall in an elevator which is rising with an ac- 
celeration of 7.2 kitometers-per-min per min. The acceleration of 
the ball relative to the earth is 981 cm,-per-sec. per sec. Find its ac- 
celeration relative to the elevator, 

Ans. 1181 cm.-per-sec. per sec. towards the floor. 

(20) Assuming the mean radius of the earth 6370900 meters, the 
speisd of a point on the eqvxitor 465.1 m, per sec., acceleration of a 
falling body 9.81 m,-per-sec. per sec, find with what velocity a shot 
must be fired at the equator vnth either a westerly or easterly direc- 
tion in order that, if unresisted, it shall move horizontally round 
the earth, completing its circuit in H or H hours respectively. 

Ans. Westerly velocity, 8370.7 meters per sec. ; easterly velocity, 7440.5 
meters per sec. 

(21) If different points describe different circles with uniform 
speeds and vnth accelerations j^roportional to the radii of their 
paths, show that their periodic times unll be the same. 

(22) The resultant of two accelerations a and a' at right angles to 
one another is R. If a is increased by 9 units and a' by 5 units, the 
magnitude of R becomes three times vts former value, and its direc- 
tion becomes inclined to a at the angle of its former inclination to a'. 
Find a, a' and R, 

Ans. 3, 4 and 5 units respectively. 

(23) If a tangent be drawn at any point of a conic section, the 
locus of the foot of the perpendicular let fall from a focus on this 
tangent is a circle in the case of the ellipse and hyperbola, and a 
straight line in the case of a parabola. Also the locus of the foot of 
a perpendicular from the vertex of a parabola on a straight line 
drawn through the focus is a circle. 

Assuming these properties, show that if a point move in either a 
circle, ellipse, hyperbola or parabola, so that the moment of its ve- 
locity about a focus is constant, the hodograph is a circle, 

(24) Show that if a point moves in an ellipse so that the moment 
of its velocity about the centre is constant, the hodograph is an 
ellipse. [Note that the area of the parallelogram formed by drawing 
tangents to an ellipse at the extremities of a pair of conjugate 
diameters is constant] 

(25) A bullet is fired in a direction touxirds a second bullet which 
is let fall at the same instant. Show that the lineioining them wiU 
move parallel to itself and that the bullets unll meet 

(26) Determine whether any of the following equations are pos- 
sible or not : 

(1) lOavsf + 8v»8 = 3flf»f * ; 

(2) t?*f — 4as + 3a = ; 

(3) 6t? + 2g'asH^ = 3a««**. 

Ans. The first gives us p=^ in each term and is therefore possible. The 
second gives us L-J-, LJ and —J, or each term refers to different kinds of 
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quantities, and the equation is nonsense on its face. The third gives us —i, 
[X]* and [X]', and is also nonsense. 

(27) A point moves in a straight line so that the number of units 
of distance sfrom the origin at the end of any number of seconds t 

is given by s = 2 + -t + -t"" + -*■. Find (a) the number of units of 

distance from the origin at the start; (b) the velocity v at any in- 
stant; (c) the accelerafion a at any instant; (d) the velocity ai the 
start; (c) the a^cceleration at the start. 

Ans. (a) 2 units of distance; (&) « = ^ + ^t + ^t* ; (c) a = | + t«; 
(d) 5 units of distance per sec. ; (e) ^ units of distance-per-sec. per sec. 

(28) A point moves in a straight line so that the number of units 
of ax^celeration a at the end of any number of seconds t is given by 

a = 7 — ^t + 2t^. If Vi is the number of units of velocity at the 

start y and «, the number of units of distance from the origin at the 
starts find the velocity and the distance from the origin at any in- 
stant. 

Ans. D = t,,+7e-~«« + |^; 

(29) A point m,oves in a straight line so that the number of units 
of velocity v at the end of any number of seconds t is gtt)en by 

V = 5 — -f + -f'. Find the acceleration a and the distance », if Sx is 

the initial distance. 

(30) A point has three component accelerations in the same plane 

'•the 




Ans. We have /?, = 150% «« = 120°, /?, = 150% Hence 

/a; = — 85 ft.-per-sec. per sec.; /y = — 43.3 ft.-per-sec. per sec., and 
fr = 55.67 ft.-per-sec. per sec., 

making the angles with X and T given by 

a = 128° 57' 17", b = UV 2' 43". 

(31) A point has three component a4H^lerations,fi = 40, fa = 50, 
ft = 60 ft.-per-sec. per sec.y making with the axes of X^ F, z angles 
given by a^= 60% % = 100% r i obtuse ; a, = 100% fi^ = 60°, y^ acute ; 
az = 120°, fit = 100% yi acute. Find the resultant acceleration. 

Ans. We find the angles y (page 12) by the equation 

cos';' = — cos(a+/3)cos(a — /S). 
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Hence >^i = 148" 2' 81".7, ^i = Sr 67' 28".8, r« = 8r 57' 28".8; 
/« = — 18.6824 ft.-perwsec. per sec., fy = + 7.635 ft.-perH3ec. per sec, 
fg =: + 59.891 ft.-per-sec. per sec., fr = 62.78 ft.-per-sec. per sec., 

making with the axes of X, Y, Z angles given by 

o= 07M9'86". 6 = 83°0'88", c = 18° 46' 42". 

(32) Investigate the motion of a point whose initial velocity in a 
horizontal direction is 0, and in a vertical direction — 32 ft per sec. 
Thehorizontal acceleration isfx^ + IQ ft.'per-sec. per sec.^ and the 
vertical a>cceleration fy = + U ft,-per-sec, per sec, 

Ans. The resultant acceleration is (page 51) 



and it makes an angle A with the horizontal whose cosine Is 

16 



cos A= . 



4/(16)« + (4<)« 
and an angle /i with the vertical whose cosine is 

4t 



cos /I = 



V(16)« + (4<)« 
The horiasontal velocity at the end of any time is 

«)aj=16«. 
The vertical velocity at the end of any time is 

«„=-32 + 2<*. 
The resultant velocity is 



«= V(160« + (2«« - 82)» = 2«« + 8at 
and it makes an angle a with the horizontal whose cosine is 

St 

and an angle fi with the vertical whose cosine is 

^ <» - 16 
^^ = ? + 16- 
The distance 8 described in any time is 

The tangential acceleration is 

/, = a =/. COS a +/,coe /» = 18 X ^^ + 4< X J^J = 4t 
The normal acceleration is (page 52) 

fn=vr^^ = '^^ 

The radius of curvature is (page 53) 

«« (2 <«+32)« 

^■-A""~i6 • 

The horizontal distance described is 
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The vertical distance described is 

EliTninating t, we have for the equation of the path 

(33) Investigate the motion of a point whose initial velocity in 
the direction of the cuds of x is +2 ft* per sec.; in the direction of 
the axis of y, 0; in the airection of the a^xis of z^ +4 ft, per sec. 
The acceleration in the direction of the aods ofxisfx = 0;in the di- 
rection of the axis of y,fv= + Zft.-per'Sec. per sec.; in the direction 
of the aocis of z,fg=+ & ft.'per-sec, per sec. 

Ans. The resultant acceleration is (page 51) 



which makes an angle X with the axis of x whose cosine is 

cos A = — ■—= =0; 

with tho axis of y an angle jii whose cosine is 

8 
cos )U = — 7=r; 
4/34 

with the axis of s an angle r whose cosine Is 

6 

cos V = — rrr. 
V34 

The velocities in the direction of x^ y and z are 

Vet = 2; «y = 3<; «, = 4 + 5fc 
The resultant velocity is 

«= i/2. + (3«)» + (4 + 5Q» = V34««+ 40^ + 20, 
which makes angles a, fi and y with the axes of Xy y and z given by 

2 M ^ 

COS a =: ; cos p = . ; 

V34«« + 40«+20 V34<«+40« + 20 

4 + 5^ 
cosy = — , 

4/^84«« + 40^+20 

The distances described in tho direction of x, y and z are 

aj==2<; y = |<«; S = 4* + |<«. 
If we eliminate t, we have 

« = 2aj + g<r«. 

These are the equations of the projection of the path upon the planes of o^ 
andflse. 
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MOMENT OP DISPLACEMENT, VELOCrTY, AOGELEBATION. 
LINE REPRESENTATIVE. 



BBSOLUnON AND GOlfPOBITION OF MOMBNTB OV DISFLAGBMBNT, YELOCITT, 
ACCBLBRATION. ANALYTICAL DBTERMINATION OF RESULTANT VELOCITY 
AND MOMENT FOR CONCURRING YELOCITIBS, ACCELERATIONS AND DIS- 
PLACEMENTS. 

Moment of Displacement, Velocity or Acceleration about a Given 
Point. — ^The product of the magnitude of a displacement, velocity 
or acceleration by the magnitude of the perpendiculskr let fall from 
any given point upon its direction gives the magnitude of the 
moment of the displacement, velocity or acceleration with reference 
to that point. 

The perpendicular is called the lever arm, and the x>oint is the 
centre of moments. 

Thus if AB is the line representative of any displacement, ve- 
locity or acceleration, and the perpendicular 
from any point O is p, the moment relative to O 
is ± AB X p. If Ai is a displacement d, we 
have ± dp. If it is a velocity v, we have ± vp, 
i If it is an acceleration/, we have ± fp. 
U The (+) sign indicates that the radius vector 
I moves around O counter-clockwise as in the* 
figure. The (— ) sign denotes clockwise rota- 
tion. 

If we draw a line 0(7 through O parallel to AB, it is evident 

that the moment of AB is the same relative to any point in this line. 

Hence, so far as the moment is concerned, a displacement, 

velocity or acceleration may be considered as laid off from any 

X)oint in its line of direction. 

Moment of Displacement, Velocity or Acceleration about a Given 
Axis. — Let OF be a given axis and 
AB any displacement, velocity or ac- 
celeration. 

Take any plane XZ perpendicular 
to the axis oV, intersecting this axis 
in O. Project AB upon this plane in 
A'B'. Now AB can oe resolved at A 
into a component parallel to A'B' and 
a component perpendicular to A'J5' 
and therefore parallel to the axis OY. 
The component parallel to OY 
causes no rotation about Y. The *-,,*, i_ ^.-li. 

moment of AB about the axis is then the moment of A'R aDOuttne 
intersection O of the plane XZ with the axis. 

CO 
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Hence the moment of a displacement^ velocity or deceleration 
about a given aacia is the moment of the component in a plane per- 
pendictUar to the axis about the point of intersection of that plane 
with the axis. 

Here again, so far as moment about any axis is concerned, a 
displacement, velocity or acceleration may be taken as laid off from 
any point in its line of direction. 

Moment of Displacement. — If AB = d is a displacement, we have 
then for its moment about any point O, 
M= ±dp, and dp is twice the area of 
the triangle AOB. 

Hence the moment of a displacement 
about any point is twice the area swept 
through by the radius vector from tJuit 
point. 

The unit of moment of a displace- 
ment is then the square of the unit of 
length, as one square foot. 

If we draw DO' parallel to AB and 
erect a perpendicular DCy at the middle 
point of AB, then DO' =p and the moment about O is equal to the 
moment about any point in the line 0(7. If O'A = O'B = r, and 
the angle AO'B = 5, then we have for the displacement d 

Q 

d = 2r sin ^ . 

Moment of Velocity — Acceleration.— If AB = t; is a velocity, we 
have for its moment about any point O, M=^ ±vp. 

Hence the moment of a velocity about any point is 'twice the 
areal velocity of the radius vector. 

The unit of moment of a velocity is then the square of the unit 
of length per unit of time, as one square foot per second. 

If AB =/is an acceleration, we nave for its moment about any 
point O, M= ±fp. 

Hence the moment of acceleration about any point is tunce the 
areal acceleration of the radius vector. 

The imit of moment of an acceleration is then the square of the 
unit of length per unit of time squared, or one square ft.-per-sec. 
per sec. 

Line Eepresentative of Moment of Displacement — Velocity — Ac- 
celeration. — Since moment of displcwjement, velocity, acceleration, 
has thus both magnitude and direction, it is a vector quantity like 
displacement, velocity, acceleration themselves, and like them can 
be completely represented bj a straight line. 

Thus the length of a Ime represents the magnitude of the 
moment dp, vp orfp. This Hne is always taken perpendicular to 
the plane of rotation of the radius vector, which is therefore known 
when the direction of the line representative is known. Finally we 
denote the direction of rotation in the plane by placing an arrow- 
head on the line, so that when we look along the line in the direction 
of this arrow, the rotation is always seen clockwise. 

Thus the line AB denotes by its length the ma^i- 
tude of the moment dp, vp orfp. The plane of rotation 
of the radius vector is at right angles to this line, which 
is therefore coincident with the axis of rotation. The 
direction of rotation is clockwise in this plane when 
K we look from Ato B. 
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Resolution and Composition of Moments. — The principles, there- 
fore, of pages 35 and 36 hold good for moments of displacements, 
velocities and accelerations, as well as for displacements, velocities 
and accelerations themselves. We have then the triangle and 
polygon of moments. 

Sign of Components of Moments. — ^The signs of the line repre- 
sentatives of the components along the axes of X, F*, Z of a moment 
of displacement, velocity or acceleration 
follow the same rule as for comx)onents of 
displacement, velocity or acceleration (pages 
36, 44, 50). 

Hence components in the directions OX, 
OY, OZ are positive (+), in the opposite 
direction negative (— ). If then we look 
along the line representatives of the compo- 
nents towards tne origin O, the rotation is 
always seen counter-clockwise. Therefore 
rotation from X towards F, F towards Z, Z 
-towards Xis positive, in the opposite direc- 
tions negative. 

For polar co-ordinates, directions away from the pole are posi- 
tive, towards the pole negative.* 

The algebraic sum of the moments of any number of component 
displacements, velocities or accelerations, about any point in their 
plane, or about any axis, is equal to the moment of the resultant 
displacement, velocity or acceleration about that point or axis. 

Let AB^ AC represent 
two component displace- 
ments, velocities or acceler- 
ations of a point A. Then 
the resultant is AM, Let O 
be any point in the plane of 
the components either out- 
side or inside the angle be- 
tween the resultant and either component. 
Then in the fb*st case 

area OAB = area OAB + area BAB — area iSOB, 
cmd in the second case 

area OAB = area OAB + area BOB — area BAB. 
In both cases 

area BAB = area BOB + area OAC, 

since all three triangles have equal base BB^ and the cdtitude of 
BAB is the sum of the altitudes of BOB and OAC. 
We have then in the first case 

area OAB = area OAB + area OAC, 

cmd in the second case 

area OAB = area OAB — area OAC. 

♦Evidently, then, we measure angles in the plane XF from OX around 
towards F ; in the plane TZ from O T around towards OZ ; in the plane ZX 
from OZ around towards OX, as shown by the arrows in the figure. 
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But twice the area OAR is the moment of the resultant AR, and 
twice the areas OAB and OAC are the moments of the components 
AB and AC about O. Hence the moment of the resultant is equal 
to the algebraic sum of the moments of the components. 

If we have a third displacement, velocity or acceleration at A, 
the resultant of this and AB would be the resultant for all three. 
Hence the principle holds for any number of components. 

Again, let AjB, BC, CD represent 
the components of a point A. Then 
the resultant is AD. Let OF be an 
axis and XZ a plane perpendicular to 
the axis. Let a6, fee, cd be the projec- 
tions on this plane of the component 
velocities. 

We have just proved that the mo- 
ment of ad about O is the algebraic 
siun of the moments of the compo- 
nents afe, fee, cd. 

But the moment of each of these 
about O is the moment of AB, BC, CD about the axis (page 60). 
Hence the moment of the resultant AD about the axis is equal to 
the algebraic sum of the moments of the components AB, BC, CD. 
The moment of acceleration of a moving point relative to any 
fixed point in the plane of its motion is eqnal to the time-rate 
of change of the moment of its velocity about the same point. 

Let AB = Vi be the instantaneous velocity of 
a point A and f its instantaneous acceleration. 
Then in anv indefinitely small time dt the 
change of velocity is BC =^fdt, and the resultant 
velocity is AC = v in the plane of Vi and /. Take 
a point O in the same plane and drop the per- 
pendiculars h , I and p upon the directions of 
Vi, t; and f. 

Then, since the moment of the resultant is equal to the algebraic 
sum of the moments of the components, we have 





vl = vili +fdt . Pj or fp-- 



Vl — Vili 

dt ' 



If the path is a circle of radius r, then l = li=r, and we have 
relative to the centre 

fP=M 
We obtain the same result as follows : 
Resolve the acceleration / into components /* 
tangent to the circle and A normal. The latter 
component passes through the centre, and its 
moment is zero. We have then the moment of / 

equal to the moment 
of the other com- 
ponent, or 

fp =:ftr. 

General Analjrtical Determination 
of Resultant Velocity and Moment 
for Any Number of Concurring Com- 
ponent Velocities in the Same Plane. 
z —Let the point P be given by the 

oo-ordinates x, y. Let the component velocities of P be t?i , «« , t?t t 
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etc., ell in the same plane XY and making with the axes of X and 
Fthe angles «i , /^i ; a, , /?, ; a, , /?« , etc. 

Let V De the resultant velocity making the angles a and h with 
the axes of X and Y respectively. 

For the component velocities parallel to Xand F we have 



•}• ^'> 



Vy = V\ COS Pi + Va COS fi^ + Va COS fit ■{- . , , = 2v COS A 

In these summations components towards the right or upwards 
are positive, towards the left or downwards negative. 
The resultant velocity is then 



Vr^VVx^ + Vy", (2) 

making with the axes of Xand F angles a and h given by 

cos a = — , cos 6 = -^ ; (3) 

Vr Vr 

The moment of the resultant velocity with reference to O is the 
algebraic sum of the moments of the component velocities Vx and 
Vy, lip is the lever arm of Vr , we have, paying regard to the sign 
for direction of rotation, for the moment Mt about the axis OZ^ or 
the moment in the plane XF, 

Mz = VrP = VyX — Vafy (4) 

Hence the lever-arm is 

p = ^ (5) 

^ Vr 

In these equations Vx, Vy, x and y are positive in the directions 
OX, OF and negative in the opposite directions. With these con- 
ventions the equations are general. 

If Mz comes out positive, the direction of rotation about O is 
counter-clockwise ; if negative, the direction of rotation is clock- 
wise as shown in the figure. 

In the first case the line representative is positive and therefore 
passes through O in the direction OZ. In the second case it has 
the contrary direction. In both cases, if we look along the line rep- 
resentative towards the origin, the direction of rotation will be 
seen as counter-clockwise. 

Since Vr may be considered, so far as the moment at O is con- 
cerned, as acting at anjrpoint in its line of direction (page 60), 
let us take it acting at E, the intersection of the line of direction 
of V with the axis of F Then we have for the distance OE, 

Vx X OE = ^ Mzj or OE = -, The tangent of the angle which 

Vx 

Vr makes with the axis of Xis -— . Hence the equation of the line 

Vx 

of direction of the resultant velocity v is 

1^ = ^-0^-^ (6) 

Vx Vx 

If in this equation we make a; = 0, we find the ordinate of the 
point in which the direction of the resultant velocity Vr intersects 
the axis of F, viz., 

OE = y'=--^ (7> 

Vx 



/ 
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If we make y = 0. we find the abficissa of the point in which the 
direction of the resultant velocity Vr intersects the axis of JT, viz., 

0^ = ^ (8) 

Vy 

General Analytic Determination of Eesnltant Velocity and Mo- 
ment for Concurring Component Velocities not in the Same Plane. — 

Let the point P be given by 
the space co-ordinates x, y, z, 
and let the component velocities 
of P be Vi, t?a, vs, etc., making 
with the axes of X, F, and Zthe ♦») 
angles a,, fii, y^ ; ai, /?i, r% ; a,, 
/?s, r»» etc. 

Let IV be the resultant velocity 
making the angles a, &, c with 
the axes. 

We have then for the compo- 
nent velocities parallel to X F, «. r^. 

andZ , **•» 

t>« = t>iCOflai -h Vvcosas + Vscosat =2vcosa; \ 

Vy = Vi cos fii + ra COS /?! -f- VsCOS /5s = 2vCO&fi; ( . . (1) 

Vz = t?iCosri + wacosri + rtcosr* = ^vcosr. ) 

In these simmiations components in the directions OX, OY, OZ 
are positive, in the opposite directions negative. 
The resultant velocity is then 

Vr = Vvx^ -h V + ^z\ (2) 

making with the axes of X, Fand Z angles a, h and c given by 

cosa=— , cos 6 = ^-, cosc=— (8) 

Vr Vr Vr 

The moment of the resultant velocity Vrwith reference to O is 
the algebraic sum of the moments of the component velocities Vx , 
Vy eaiavz* 

We take the positive direction of rotation in each of the co- 
ordinate planes in the direction indicated by the arrows in the 
figure. Thus, 

rotation about Z from -2 to F ) 

*' X " F " Z }• are positive; 

(t " F " Z " X) 

in the contrary directions, negative. 

We have then for the moments about the axes 

moment about Zptwallel to plane XF, Mz = Vyx — Vxy; ) 

" X *' ** '' YZ, Mx^vzy-vyz;}. . . (4) 

** F '' '' " ZX, My=zVxZ -VyX.) 

In these equations Vx^Vy^Vz and x, y, z are positive in the direc- 
tions OX, OF, OZ, and negative in the opposite directions. With 
these conventions the equations are general; and ii Mz Mx, My 
come out positive, we have rotation in each plane counter-clock- 
wise as indicated by the figure; if negative, clockwise. 

In the first case the Ime representatives pass through O and 
have the directions OZ, OX, Ox, In the second case they have 
opposite directions through O. In any case the direction of rota- 
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tion is always counter-clockwise wTien we look along the line repre- 
sentative tovmrds O. 

The equations of the projections of the line of direction of the 
resultant velocity Vr upon the co-ordinate planes are found as in 
the preceding Article, since each may be considered as acting at 
any point in its line of direction : 



on plane XF, y = ~^a? ; 

Vx Vx 

Vy Vy 

Vz Vg 



(6) 



If in these equations we make z = 0, we find the co-ordinates of 
the point in which the direction of the resultant velocity Vr pierces 
the plane XY, viz., 

af = -^, y'=^ (6) 

Vz Vz 

If we make a; = 0, we have for the co-ordinates of the point 
where it pierces the plane FZ, 

Vx Vx 

If we make j/ = 0, we have for the co-ordinates of the point 
where it pierces the plane ZX, 

z'^^^, x''^^ (8) 

Vy Vy 

Ck)mbining the line representatives of the moments given by 
(4) we have 

Mr = VrP=VMx'+My* +Mz' (9) 

Hence 

P=^ (10) 

Vr 

The line representative for the resultant moment ilfr passes 
through O ana makes the angles d, e, / with the axes of X, Y, Z 
given Dy 

COSd = ^, COS6 = ^, cos/=5^ (11) 

Mr M.r -olr 

Looking along this line representative towards O, the direction 
of rotation is always counter-clockwise. 

The projections of this line representative upon the co-ordinate 
planes make angles with the axes given as follows: 

projection on XF tangent of angle with X= =^; 

Mx 



YZ ** " ** ** Y^--^* 

My 

ZX " " " " z=^- 

Mz 



(12) 



If we make Vz = 0, we obtain the equations of the preceding 
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article. If we make x,y^ z zero, we have the equations of page 37 
if we put V in place of a. 

General Analytic Determination of Besnltant Acceleration and 
Moment for Concurring Component Accelerations. — The equations of 
the last two Articles hold good for a point havmg component accel- 
erations as well as for component velocities. We have only to sub- 
stitute/in place of V, 

General Analytic Determination of Resultant Displacement and 
Moment for Concurring Component Displacements. — The same equa- 
tions hold for a point having component displacements. We have 
only to substitute d in place of v. If we then make a?, y, 2? = we 
have the equations of i>age 37. 



EXAMPLES. 



(1) A point P given by the co-ordinates x= + Sft.^ y=+ ^ft., 
z =0 has the component velocities t;, = 40, Ui = 50, Vt = 60 ft. per 
sec.y making the angles with X, Y and Z, a^ = 60**, fii = 150°, yi = 
90°; a^ = 120°, /?, = 30°, r« = 90°; a» = 120% /?. = 150°, yz = 90°. 
Find the resultant velocity and the resultant moment about the 
origin. 

Ans. The component velocities are in one plane and 

i>a? = + 20 — 25 — 80 = — 36 ft. per sec.; 

«y = - 34.64 -f 43.8 - 51.96 = - 43.8 ft. per sec. 



TThe resultant «r = V'^x^ + %' = 55.67 ft. per sec, making with the hori- 
zontal the angle cos a = — = ^^ or a = 128*' 57' 17", and with the vertical 

angle cos ft = !5i = ^Z^, or 6 = 141° 2' 48". 
«r 00.07 

The moment of the resultant velocity «r with reference to is Jfi ~ — 180 
+ 140 = + 10 sq. ft. per sec. 

The direction of motion of the radius vector in the plane XT]& therefore 
counter-clockwise. 

The lever-arm p = ^grjnj = about 0.18 ft. 

The equation of the line of direction of the resultant velocity is v = 1.287a; 
+ 0.286 ft. 

The intercepts on the axes are y' = + 0.286 ft., a/ = — 0.231 ft. 

(2) A point P given by co-ordinates a? = + 3/f., y=+ 4ft.y z = 
+ 5 ft has the component velocities Vi = 40, ri = 50, Vt = 60 ft. per 
sec.j making the angles with X, F, Z, an = 60°, A = 100°, yi obtuse; 
a. = 100°, p% = 60°, xi axiute; a. = 120°, fit = 100°, yt apute. Find 
the resultant velocity and the resultant moment about the origin 

Ans. We find the angles y (page 12) by the equation 

cos* ^ = — cos (a + /^ cos (a — y5). 

Hence y, = 148° 2' 31".7, r» = 31" 57' 28".3, yt = 31* 67' 28".8. 

««= +20 - 8.6824-80= - 18.6824 ft. per sec. 

«» = - 6.946 + 25 - 10.419 = + 7.635 ft. per sec. 

«. = - 83.937 + 42.421 + 50.907 ^ + 59.391 ft. per sec 
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The resaltaat yelodtj is 



dr = i^«a»' + V + V = ^2.73 ft. per sec, 
makijig with the axes of X, F, Z angles given by 



4-7 685 
cos6 = ^ti^. or ft= 88- (/ 88"; 

oosc^rigf, or c= 18- 46' 42"- 

The moments in the co-ordinate planes are 

Jf. = + 22.905 + 74.7296 = + 97.6346 sq. ft. per sec. 
Jf„=: + 287.564 -88.175 = + 199.889 " " " " 
Jf, = - 98.412 - 178.178 = - 271.585 " " " " 

The resultant moment is 



Mr = V Jfa^ + M^ + Jf*» = 850.78 sq. ft. per sec. 
The line representatiye makes with the axes of X, T, Z angles given l^ 

^^ = ^ = ^407.'f^ ' ord= 55'21'87"; 

Looking along this line towards 0, the motion of the radios vector 1b 
counter-clockwise. 

The equations of the projections of the direction of the resultant velocity iv 
upon the co-ordinate planes are : 

on plane XF, y = — 0.408aj + 5.226 ft. ; 

on plane FZ. e = -f 7.77% - 26 115 ft.; 

on plane ZX, a? = - 0.314« + 4.572 ft. 

The point in which the direction of the resultant velocity pierces the plane 
XFis given by «' = + 4.572 ft., y' = + 8.357 ft. 

The point in which the direction of the resultant velocity pierces the plane 
YZ is given by y' = + 5.226 ft., «' = 4- 14.56 ft. 

The point in which the direction of the resultant velocity pierces the plane 
ZXis given by «' = - 26.115 ft., aj' = + 12.788 ft. 

(3) A paint given by the co-ordinates a? = + 3 ft,, y = + 4 /t, 
j2 = 0, hasthecomponent aocelerationafi = 40, f, = 50, ft = ^ ft. -per- 
sec. per sec., making the angles with X, 7 ana Z, «i = 60"*, fii obtuse^ 
y^ = 90" ; /?, = 30% a^ obtuse^ r« = 90** ; as = 120% /?. obtuse, r% = 90'. 
Find the resultant acceleration and the resultant moment about the 
origin. 

Ans. (page 64). The component acoelerations are in one plane and 
/a.= + 20 - 25 - 80 = - 85 ft.-per-sec. per sec 
fyz= ^84.64 + 48.8-51.96 = - 48.8 ft. -per sec. per sec. 

The resultant fr = Vf^+f^ = 55.67 ft.-perHS»c. per sec., making with 
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the horiaontal the angle cos a = 4^= ^^, or a = 128* 87' 17", and with 

/ 00.07 

the rertdcal the angle cos 6 = 4^ = ^i^. otb = 141* 2' 48". 

/ 00.07 

The moment of the resultant acceleration with reference to is 
Jfs = — 180 -f- 140 = -|- 10 square feet-per-sec. per sec. The direction of mo- 
tion of the radius vector in the plane XT is therefore counter-clockwise. 

The lever-arm p of the resultant is p = = about 0.18 ft. 

The equation of the line of direction of the resultant acceleration is 
^r=1.2d7a;-f- 0.286 ft. 

The intercepts on the axes are y' = + 0.286 ft., «' = — 0.281 ft. 

(4) A point aiven by the co-ordinates a? = -f 3/f., y = + 4/t., 
= -f 6 /t. has the component accelerations A = 40, /, = 50, f» = 60 
/t.-per-aec, per eec., making the angles with X, r, Z, ai = 60°, 
fix = 100% ri obtuse; a, = 100% /J, = 60% ri acute; a, = 120% 
fit = 100"*, yt acute. Bind the resultant acceleration and the resvM- 
ant moment about the origin. 

Ans. (page 65). We find the angles y (page 12) by 

coa^y = — cos (a -f- /^) cos (a — /^. 

Hence yi = 148° 2f 3r'.7, y, = 81° 57' 28".8, y^ = 81' 67' 28".8. 

/a»= + 20 - 8.6824 - 80 = - 18.6824 ft.-per-sec. per sec; 

/,= - 6.946 + 26- 10.419 =-f 7.686 *' «' ** " ** • 

/. = -88.937 +42.421 + 50.907 = -f 59.391 '* " " " " . 

The resultant acceleration is 



fr = Vfx*+fv^+J^ = «2.78 ft.-per-sec. per sec., 
making with the axes of X, 7 and Z angles given by 
- 18.6824 



62.78 



or a = 107° 19' 86"; 



cos6=±Jg5., or6=88° 0'88''; 

cosc = ±gg^, orc= 18- 46' 42". 

The moments in the co-ordinate planes are 

Jf, = + 22.905+74.7296 = + 97.6846 sq. ft.-per-sec. per sec. 
Jfa, = + 287.564- 38.176 = + 199.889 " " " " " " 
Jf„=- 98.412 - 178.173 =- 271.585 " " " " • - 

The resultant moment is 



Mr = yM^+Mi^+M^= 850.78 sq. ft.-per-sec. per sec. 
The line representative makes with the axes of X, T, Z angles given by 

coeg=^ = +^;f" .ord= 66"81'8r'; 

cose = ^=:^^^,ote = 140'4^' 8"; 
^ M, +97.6846 ^ »„, ■,.>,„.„ 
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Lookinfif along this line towards 0, the motion of the radius vector is coon- 
ter-dodLwise. 

The equations of the projection of the direction of the resultant acceleration 
/upon the co-ordinate planes are : 

on plane XT, y = - 0.408« + 5.226 ft.; 
on plane TZ, « = + 7.77% - 26.115 ft.; 
on plane ZX, a? = - 0. 314f + 4.572 ft. 

The point in which the direction of the resultant acceleration pierces the 
plane XFis given by a?' = + 4:572 ft., y* = + 8.857 ft. 

The point in which the direction of the resultant acceleration pierces the 
plane 7Z is given by w' = + 6.226 ft., «' = - 14.56 ft. 

The point in whicn the direction of the resultant acceleration pierces the 
plane ZXia given by «' = - 26.115 ft„af= + 12.788 ft. 

(5) A point given by the co-ordinates a? = + 3 ft., « = + 4 /f., 
z = has the component displacements di = 40 ft, Ss = 50 ft., 
d, = 60 /^, making the angles with X, Y and Z, a, ~ 60% ft^ obtuse^ 
yi = 90*^; ft^ = 30% a, obtuse, y, = 90 ; art = 120% fi, obtuse, y* = 90*. 
Find the resultant dispUicement and moment about the origin. 

(6) A point given by the co-ordinates a?=+3/^.,j/=+4 ft., 
z = •{- hft. has the component di^lacements di = 4lbft,, dt = 60 ft.,, 
dt = 60 ft., making the angles with X, Yand Z, ai = 60% fix = 100% 
yx obtuse; at = 100% /J. = 60% yt acute; a. = 120% fi, = 100% rs acute. 
Find the resultant displacement and moment about the ortgin. 






CHAPTER Vn, 
ANGULAR REVOLUTION OF A POINT. ANGULAR SPEED. 

RATE OF CHANGE OF ANGULAB BFEED. EQUATIONS OF MOTION OF A POINT 
UNDEB DIFFERENT BATES OF CHANGE OF ANGULAB SPEED. ANGULAB 
SPEED IN TBBMS OF LINEAB VELOCITY. BATE OF CHANGE OF ANGULAB 
SPEED IN TEBMS OF LINEAB. MOMENT OF LINEAB VELOCITY IN TEBMS 
OF ANGULAB SPEED. MOMENT OF TANGENTIAL ACCELEBATION IN TEBMS 
OF BATE OF CHANGE OF ANGULAB SPEED. NOBMAL ACCELEBATION IN 
TEBMS OF ANGULAB SPEED. MOTION IN A CIBCLB. 

Angular Revolution of a Point about a Given Point^When a 
point moves in any path whatever from the initial position Pi to 
the final position Pa in any given time, we have called the distance 
P1P9 the linear displacement (page 34). 

If we choose any point in space O as a pole 
and draw the radius vector OPi to the initial 
and OPi to the final position, we call the anele 
P1OP9 = Q the angular revolution of the pomt 
P about O. 

Since the angle B is measured in radians, it 
is independent of the length of the radius vec- 
tor, or the distance of Pi and P. from O (page 6). 

It is also independent of the position of the plane of revolution 
PiOPa in space, or of the direction in space of the angular revolu- 
tion. 

It has, however, magnitude and sign (+) or (— ), according as the 
radius vector moves in this plane in one direction or the other. 

Angular revolution has then magnitude and sign, but not direc- 
tion« It is therefore a scalar quantity like distance described by a 
point, and cannot be represented by a straight line. 

The student must not confound angular re volution with "angular displace- 
ment," which, as we shall see hereafter (page 170), has like linear displacement, 
direction as well as sign and magnitude, and is therefore a vector quantity 
which can be represented by a straight line. 

Angular Revolution of a Point about a Given Axis.— The angular 
revolution in any given time of a moving point about a given line 
or aods is the angle between perpendiculars from the initial and 

final positions of the point to the axis. 

Thus let OA be a given axis. Pi and Pt 
the initial and final positions of the mov- 
ing point, and PiB, PaC perpendiculars to 
OA. Then the angle between PiP and 
PtC is the angular revolution about OAj 
whatever the path between Pi and Pa. 

This angle is the same as the an^e 
pCPi, if we complete the rectangle CPi. 
As the straight line pPa is thus the pro- 
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jection of the line PiPa on the plane PaQp, we see that the angular 
revolution about the axis is the angular revolution of the projection 
p of Pi about the point C. 

Mean Angular Speed of a Point about a Given Point or Axis.— The 
an^ar revolution per unit of time is the mean angular speed of a 
point about a given point or axis. 

Like angular revolution it has then magnitude and sign accord- 
ing to direction of motion in the plane of revolution, but is inde- 
pendent of the position in space of that plane. It is therefore a 
scalar quantity like linear speed (page 16). 

When the mean angular speed varies with the time it is variable. 
When it has the same magnitude no matter what the interval of 
time it is uniform. A point moving with uniform angular speed evi- 
dently describes equal angles in equal times. 

Instantaneous Angular Speed of a Point about a Given Point 
or Axis.— The limiting value of the mean angular speed when the 
interval of time is indefinitely small is the instantaneous angular 
speed. If the instantaneous angular speed is variable, the mean 
angular speed has different values for equal intervals of time. 

The term angular speed always signifies instantaneous angular 
speed unless otherwise specified. 

An^lar speed like mean angular speed is therefore a scalar 
quantity, havmg magnitude and sign according to the direction of 
motion in the plane of revolution, but independent of the position 
of this plane in space. 

The student must not confound ai^guMr speed with "angular velocity/' 
which/as we shall see hereafter (page 174), has direction as well as sign and 
magnitude and is therefore a vector quantitj. 

Numeric Equations of Angular Speed.— The unit of angular speed 
is evidently one radian per second. We denote the magnitude of 
the an^ar speed thus measured by the letter cd. 

If tnen 6, is the angle measured in the plane of revolution from 
any fixed line to the initial position of the radius vector and B to the 
final position of the radius vector, we have for the mean angular 
speed 

"=-r^ (1) 

When the interval of time is indefinitely small, we have in the 
Calculus notation, for the instantaneous angular speed, 

'"=^ («> 

Sign of Angular Speed. — These equations are precisely the same 
as equations (1) and (2), page 16, simply substituting Q tor s. The 
sign loUows the same rule. Thus when the angle is increasing the 
value of GO is positive (+), and when decreasing it is negative (— ). 

Equation (1) is thus general if we take angles in any one direc- 
tion m the plane of revolution measured from a fixed line in that 
plane as positive, and in the opposite direction as negative. 

Angular speed, then, whether uniform or variable, mean or in- 
stantaneous, IS independent of direction in space. It is entirely 
coinparable to linear speed (page 15). 

Cnange of Angular Speett.— When the ang^ilar speed of a point 
varies, the difference between the final and initial instantaneous 
speeds for any interval of time is the integral change of angular 
speed. 
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Mean Eate of Ohaiige of Angiilar Speed. — ^The integral change of 
angular speed per unit of time is the mean rate of change of cmgu- 
lar speed. 

When the mean rate of change varies with the time it is vari- 
able. When it has the same magnitude no matter what the inter- 
val of time it is uniform. 

Instantaneous Eate of Change of Angular Speed. — The limiting 
value of the mean rate of change of angular speed when the inter- 
val of time is indefinitely smallis the in stantaneons rate of change 
of angular speed. 

Bate of change of angulsir speed should always be understood as 
meaning instantaneous rate of change unless otherwise specified. 

Bate of change of angular speed may be zero, uniform or vari- 
able. When it is zero the angular speed is imiform and the same 
as the mean speed for any interval of time. 

When it is uniform the rate of change of angular speed is the 
same as the mean rate of change for any interval of time. 

When it is variable the mean rate of change has different values 
for equal intervals of time. 

Numeric Equations of Eate of Change of Angular Speed. — ^The 
unit of rate of change of angular speed is then one radian-per-sec. 
per sec. We denote its magnitude thus measured by the letter a. 

If then Qoi is the initial and cd the final instantaneous angular 
speed, we have for the mean rate of change of angular speed 



(3) 



cmd for the instantaneous rate of change of angular speed 

" = W = d?- ; <^> 

Sign of Eate of Change of Angular Speed. — ^These equations are 
precisely the same as equations (1) and (2), page 25, simply substi- 
tuting CO for V and Q for 8 and a for a. llie value then of a is posi- 
tive (+) when the angular speed increases and negative (— ) when 
it decreases during the time. 

It is evident that this sign has no reference to position in space. 
Rate of change of angular speed is then a scalar quantity. 

The student must not confound rate of change of angular speed with 
"angular acceleration," which, as we shall see hereafter (page 175), has direc- 
tion as well as sign and magnitude and is therefore a vector quantity. 

Equations of Motion of a Point under Different Eates of Change 
of Angular Speed. — ^We have equations precisely similar to those 
for linear speed, page 27. We have only to substitute oo for v, a for 
a, Q for «. 

(a) Eate of Change of Angular Speed Zero.— In this case if Oi is 
the initial angle measured in the plane of revolution of the radius 
vector from a fixed line in that plane, and 6 the final angle, we have 
fl — fl 

00 = — r--, or tt>f = e — Gi (1) 

V 

Revolution in any one direction in the plane being taken as posi- 
tive, in the other direction it is negative. Then if oo comes out (+) 
it denotes revolution in the assumed positive direction ; if (— ), in 
the opposite direction. If t comes out (+) it denotes time after, if 
(— ) tune before, the start. 
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(b) Bate of ClLane:e of Angnlar Speed Uniform.-- When the rate 
of change of angular speed is uniform, the instantaneous rate of 
change of angular sx>eea at any instant is equal to the mean rate of 
change for any interval of time. 

If Qoi and 00 are the initial and final instantaneous angular speeds, 
we have then for the rate of change of angulsir si>eed 

"^"^ « 

The value of a is (+) when the angular speed increases and (— ) 
when it decreases during the time. 

From equation (2) we have 

00 =z <oi + at (3) 

The average cgigular speed is 

00 + OOi . 1 * /A\ 

2 — =***'"*■ 2 ^^^ 

The angle described in the time t is 

e-e, = -?i4-?^e = a,.« + la*«. ... (6) 

Inserting the value of t from (2) we have 

— -^^ <« 

Hence <»• = o>i* + 2a(e — Oi) (7) 

In applying these formulas, a is positive (+) when the angular 
speed increases and negative (— ) when it decreases during the 
time, without regard to direction of revolution. 

If angles 0, 6i in one direction are taken as (+), angles in the 
opposite direction are (— ). 

Angular speeds <», oox are positive (+) when motion is in the 
assumed positive direction, and negative (— ) when in the other 
direction. A positive t denotes time after the beginning of motion, 
and a negative t time before. 

[(c) Bate of Cliange of Angular Speed Variable.]— If the rate of change of 
angnlar speed is variable, we nave from (1), in Calcnlus notation, 

^^ 
"=5?^ (^> 

''=*=5i-i («) 

and from (8), 

$•'61= / Qodt (10) 



> - G, = / oodt 



The preceding equations can be directly deduced from these as on page 28. 

Angular Speed in Terms of Linear Velocity. — If a point moves 
A from Pi to Pa in any path in the time t, the 

/, ^^ linear displacement in that time is the 

ry^^^-—::^^t ^^hord PiP,. 

^^\J^^ 5^^ If we take O as a pole, the angular dis- 

/\ ^/^ placement of revolution is PiOPt = 0. The 

V \^/^ mean linear velocity is 

Hy^ chord P P, 
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From Pi draw PiN perpendicular to OPt. Then if angle PiP%N 
= 0, we have 

PiN= chord PiPt . sin 0. 

Dividing by f , we have 

PiN _ chord PiPa . sin <p 
t ~~ t 

But PiN= r sin 0, where r is the radius vector OPu Hence 

rsinQ __ chord PiPa . sin 
t " t ' 

If now the time is indefinitely small, 7~^~~^ becomes the in- 

stantaneous velocity v, and <p becomes the angle APiV = e between 
the radius vector OPi and the instantaneous velocity t?, and BinO 

becomes 6, and -- becomes the instantaneous angular speed oo. Hence 

V 

t? sin e ,^. 

r<» = t;sme, or « = (1) 

r 

In general, then, whatever the path or wherever the pole, 

Tfie magnitvde of the angular speed at any point is equal to the 

magnitude of the component of the linear velocity at that point per- 

pendicvlar to the radius vector^ divided by the magnitude of the 

radius vector. 

If the pole O is taken at the centre of curvature, so that OPi is 

equal to the radius of curvature p, then e = 90° and we have poo = v 

V 

or 00 = —, 

P 

Bate of Change of Angular Speed in Terms of Tangential Linear 
Acceleration. — If ft = ais the magnitude of the linear tangential 
acceleration or rate of change of speed at any point, then we can 
prove, precisely as in the preceding Article, that 

a = fimi, (2) 

r 

where a is the magnitude of the rate of change of angular speed. 

Hence the magnitvde of the rate of change of angular speed at 
any point is equal to the magnitude of the component of the linear 
tangential a^cceleration at that point perpendicular to the radius 
vector^ divided by the magnitude of the radius vector. 

If the pole O is taken at the centre of curvature, e = 90" and we 

have pa = ft or a = — . 
P 
Moment of Linear Velocity in Terms of Angular Speed. — ^We can 
resolve the linear velocity v at the point P into a component v cos e 
along the retdius vector and a component ^ 

rsine perpendicular to the retdius vector. y^ 

The moment of the first relative to the pole vfe^ ►^ 

is zero. Since the moment of v is equal to • /^V^""V. 
the algebraic sum of the moments of its com- ^j jf \^ ^ 
ponents (page 62), if we take moments about ^\ / ^ 

the pole, v^e have y 

o 
vp = v sin 6 . r. 
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Bat we have just seen that vmnesz rm. Henoe 

vp:=r'm (3) 

That is, thernagnittideojrtheniomentofthelinearvelocUyatany 
point relative to the pole is equal to the magnitude of the angular 
speed at that pointy multiplied by the square of the magnitude of the 
radius vector. 

Since v sin e is the normal component of o, v sin e . r is twice the 
areal velocity of the radius vector (page 61). 

Moment of Linear Tangential Acceleration in Terms of Bate of 
Change of Angnlar Speed. — ^We can resolve the tangential accelera- 
tion ft into components along and perpendicular to the radius vector 
and thus obtain, precisely as in the preceding Article, 

fP=ftPt = ^<^ (4) 

Hence the magnitude of the moment of the linear tangential ac- 
celeration at any point relative to the vote is equal to the magnitude 
of the rate of change of angular speea at that pointy multiplied by 
the sguare of the maqnitude of the radius vector. 

Since ft sin e is me normal component otft , ft sin e . r = r*a is 
twice the areal acceleration of the radius vector (page 61). 

Hormal Linear Acceleration in Terms of Angular Speed. — ^We 
have seen (page 53) that when a point moves in any path, the 

magnitude of the normal acceleration/^ is given by /^ = — , where 

p is the radius of curvature. 

If we take the pole at the centre of curvature, then, we have v = 
poo, and hence 

fn = '^=P(o* = V€a (5) 

Uie magnitude of the normal linear acceleration at any point is 
equal to the magnitude of the radius of curvature at that point, 
m,ultiplied by the magnitude of the square of the angular speedy or to 
the velocity voo in the hodograph (page 52). 

Since for any path roo = v sin e, we have 

r<o 

V = —. — . 
sine 
Hence, in general, 

f^ = VQj = pa,' = -. = 



p p sin" € ' 

where r is any radius vector when the pole is not at the centre of 
curvature, and e is the angle of v with this radius vector. 

Motion in a Circle. — For a point moving in a circle we have 
£ = and r = p. Hence from (1), page 75, we have 

V 

V = roo, or a? = - (1) 

r 

If r is unity, we have the numeric equation <» = v, that is, the 
number of units of angular speed is equafto the number of units of 
linear speed at distance unity. 
From (2), page 139, we have 

f 
/^ = ra, or a = i- (2) 
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If r is unity*, we have the numeric equation a ^ft , that is, the 
number of umts of rate of change of angular speed ia equal to tlie 
number of units of linear tangential a^cceteration at distance unity. 

From (6), page 76, we have in any case 

/n = ^^«'» (8) 

or the normal linear acceleration is equal to the velocity in the 
hodograph (page 62). Inserting the value of v from (1), 

/^ = r«F=^, or c.«=-^ (4) 

If r is imity, we have the numeric equation fn=^v^ ^ »*, that is, 
the number of units of the normal linear acceleration is equal to the 
square of the number of units of Ungear velocity at distance unity ; 
or the square of the number of units of anauXar speed is equal to the 
number of units of the normal linear acceleration at distance unity. 

We have also for l^e total resultant linear acceleration 

f=VfF+f7. (6) 

Since the component /n passes through the centre, the moment 
of /relative to the centre is equal to the moment of /^. Hence 

w = r»(», (6) 

fp^f^r^r^a (7) 

give the moments of v and/ with respect to the centre. 

If the point starts from rest and acquires the velocity v in the 

V 

time f, under constant tangential acceleration, we have /^ = —, 

GO 

Oraphio Bepresentation of Bate of Change of Angnlar Speed. — 
We can represent intervals of time by distances laid off horizontally 
and the corresponding angular speeds by distances laid off vertically 
and thus obtain the same diagrams as for linear speed given on 
page 29. 

EXAMPLES. 

(1) The angular speed of a point moving in a plane about some 
assumed point changes from 60 to 30 radians per sec. in passing 
through 80 radians. Find the constant rate of change of angular 
speed and the time of motion. 

00^ — G01* 

"^^^ ^ = "oTZ — fiV = — 10 radians-per-sec. per sec. The minus sign de- 
notes decreasing speed, t = ^^ — - = 2 sec. 

(2) Draw a figure representing the motion in the preceding 
example^ and deduce the results directly from it. 

Ans. Average speed = — ^ — = 40 radians 

per sec. Hence 40« = 80 or « = 2 seconds. Also ^r* ,^, ^ 

*^ 30-50 ,^ ^, !«-» 

a = 5 = — 10 radians-per-sec. per sec. 
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(3) A point moving in a plane lias an initial speed of 60 radians 
per sec. about an assumea point and a rate of change of speed of 

+ 40 radians-per-sec. per sec. Find the speed after 8 sec.: the time 
required to describe 300 radians ; the change of speed white describ- 
ing that angle ; the final speed. 
Ans. See Example (9), page 81. 

(4) If the motion in the last example is retarded^ find (a) the 
angular revolution from the start to the turning-point; (6) the angle 
described from the start after 10 sec. ; the speed acquired and the 
angle between the final and initial positions ; (c) the angle described 
during the time in which the speed changes to — 90 radians per sec., 
and this time; (d) the time required by the moving point to return 
to the initial position. 

Ans. See Example 10, page 82. 

(6) A point nuwing in a plane describes about a fixed point 
angles ojl20 radians, 228 radians and 336 radians in su>ccessive 
tenths of a second. Show that this is consistent with uniform rate 
of change of angular speed, and find this rate. 

Ans. a = 10800 radians-per-sec. per sec. 

(6) Two points A and B move in the circumference of a circle 
with uniform angular speeds oo and oo\ The angle between them at 
the start is a. Find the time of the nth meeting, the angles described 
by A and B, and the interval of time between two successive meet- 
ings. 

Ans. See Example (21), page 21. 

Time of the nth meetinfi:, tn = -^-^ r-^ — . 

Angle described by ^ is = ootn. 

" -B is T a. 
Interval of time between two successive conjunctions is 

e, - «i =«,-«, = ^^^.> 

where we take the (+) or (— ) sign for a according as j9 is in front of or behind 
A at start, and (-|-) or (— ) sign for to' according as the points move in opposite 
or the same directions. 

(7) What is the anqular speed of a fiy-wheel 5 ft. in diameter 
which makes 30 revolutions per minute, and what is the linear ve- 
locity of a point on its circumference f Also find its linear normal 
acceleration and the moment of its velocity with reference to the 



Ans. ic radians per sec.; 2.6^ ft. per sec., tangent tocirc.; 2.5;r' ft. -per- 
sec. per sec.; 6.25;r sq. ft. per sec. 

(8) Find the linear and angular speed of a point on the earth's 
equator, taking radius 4000 miles ; also the linear normal accelera- 
tion. 

Ans. 1535.9 ft. per sec.; t^ radians, or 15'' per hour; 0.112 ft.-per-sec. per 
sec. 

Q 

(9) The angular speed of a wheel is --n radians per sec. Find the 

4 
linear speed of points at a distance of 2ft^ 4 ft. and 10 ft. from the 
centre, also thelinear normal acceleration. 
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o 

Ans. ^ie, Sie, 7.6^ ft. per sec. 

9 9 45 

-jr*, -T^r*, -^jr* ft.-per-sec. per sec. 

o 4 o 

(10) If the linear speed of a point at the equator ia v, find the 
speed linear and angular at any latitude A, 

Ans. a cos A ; -r^ radians per hoar, or 15** per hoar. 

(11) A point moves unth uniform velocity t?. Find at any instant 
its angular speed about a fioced point whose distance from the path 
is a. 

Ana , ---radians per sec., where r is the radias vector. Uniform velocity 

means uniform speed in a straight line (page 43). 

Hence the angalar speed of a point moving with uniform speed in a straight 
line is inversely prox)ortional to the square of the distance of the point from a 
fixed point not in the line. 

(12) The speed of the periphery of a mill-wheel 12 feet in diame- 
ter is 6 feet per sec. How many revolutions does the wheel make 
persecJ 

Ans. g— revolutions. 

(13) The time is between 5 and 6 d^cloch^ and the hour and min- 
ute hands are together. What is the time f 

Ans. 5 h. 27 m. 16 sec. (see Example (6) ). 

(14) Eocpress in degrees and radians the angle made by the hands 
of a clock at 3.35 o'clock, 

Ans. 102.5 deg., 1.79 radians. 

(15) Find the multiplier for changing revolutions per minute into 
radians per second. 

Ans. 0.10472 rad. per sec. = 1 rev. per min. 

(16) The minute and second hands point in the same direction at 
12 o'clock. When do they next point in the same direction f 

Ans. 1 min. 1^ sec after twelve. (See Example (6)). 

(17) Two clocks are together at XII. When the first comes to J, 
it has lost a second ; when the second comes to I, it has gained a 
second. How far are they apart in 12 hours f 

Ans. 24 sees. 

(18) Two men start together to walk around a circular course, one 
taking 75 minutes to the round, the other 90. When will they be to- 
gether again at the starting-point f 

Ans. 7.5 hours. (See Example (6) ). 

(19) ITie hour-hand of a watch is ^ of an inch long, the minute- 
hand i of an inch, and the second-hand i of an inch. Compare the 
lineat speeds of their points and the angular speeds. 

Ans. 5 : 112 : 2800; 1 : 12 : 720. . 

(20) Deduce the equivalent of longitude for one minute of time 
ana for one second of time. 

Ans. 15' to 1 min., 15" to 1 sec. 
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(21) The diameter of the earth is nearly 8000 miles. Required 
the circumference ixt the equator and the linear gpeed at latitude 60% 

Ans. 25000 miles; 521 miles per hoar. 

(22) The wheel of a bicycle is 52 inches in diameter and performs 
5040 revolutions in a journey of 65 minutes. Find the speed in 
miles per hour ; the angular speed of any point about the aale ; the 
areal velocity of a spoke ; the relative velocity of the highest point 
with respect to the centre. 

Ans. 12 miles per hour; 8 : 12 radians per sec; 19.06 sq. ft. per sec; 12 
miles per hour. 

(23) In going 120 yards the front wheel of a carriage makes six 
revolutions more than the hind wheel. If each circumference were a 
yard longer^ it would make only 4 revolutions more. Find the cir- 
cumference of each wheel. 

Ans. 4 yards and 5 yards. 

(24) If the velocity of a point is resolved into several components 
in one plane, show that its angular speed about any fixed point in 
the plane is the sum of the angular speeds due to the several compo- 
nents. 

(25) A point moves with uniform speed vin a circle of radius 
r. Show that its angular speed about any point in the circumfer- 

. V 
ence %s --. 
2r 

(26) Show that the angular speed of the earth about the sun is 
proportional to the apparent area of the sun^s disk. [The radius 
vector from the sun to the earth sweeps over equal areas in equal 
times.] 

(27) A point P moves in a parabola with constant angular speed 
about the focus S. Show that its linear speed is proportional to 

SP^' 

(28) A point starting from rest moves in a circle with a constant 
rate of change of angular speed of 2 radians-per-sec. per sec. Find 
the angular speed at the end of 20 sec. and the angular displacement 
of revolution; also the linear speed and distance described and 
the number of revolutions; also the linear tangential acceleration 
and the normal linear acceleration at the end of 20 sec. 

400 
Ans. 40 rad. per sec; 400 radians; 40r ft. per sec; 400r ft.; ^ revolu- 
tions; 2r ft.-per-sec. per sec. tangential acceleration; 1600r ft.-per-sec per sec. 
normal acceleration. 

(29) A point momng with uniform rate of change of angular 
speed in a circle is found to revolve at the rate of 8i revolutions in 
the eighth second after starting and 7i revolutions in the thirteenth 
second after starting. Find its initial angular speed and its uni- 
form rate of change of angular speed ; also the initial linear spei&d 
and rate of change of speed; also the initial normal acceleration. 

Ans. 20.27r radians per sec; — 0.47r radians-per-sec. per sec; 20.2;rr ft. 
per sec; — 0.47rr ft.-per-sec. per sec; 408.047rV ft.-per-sec. per sec 

(30) A point starts from rest and moves in a circle with a uni- 
form rate of change of angular speed of 18 radians-per-sec. per sec. 
Find the time in which it makes the first, second and thira revolu- 
tions, _ 

4/27r 2i/JF~ 4/^ 4/6^ - 2 j/^ ^^ 

Ans. —X — » r » :: sees. 

3 3 3 
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DIFFEEENTIAL EQUATIONS OF MOTION OF A POINT.* 



Free Motion of a Point — ^Bectangiilar Co-ordinates.— Let a moy- 
ing point have a position at any instant given by the co-ordinates x, y and 
2r, and let the distance described in the interval of time dt be ds^ and let 
the direction of motion make the angles a, fi^ y with X^ F, Z, Then we 
have 



dx a ^y dz 

co8a = -^~, cosi5 = -^, cosy = T-. 
ds ds ds 



The magnitude of the velocity is 



ds 



(1) 



(3) 



and its components in the direction of the axes are 



ds 



dx 



(3) 




t?aj = t?cosa = — ■ cos a =-77; 
dt dt 

ds dz 

% = t>cosr = :^oosr = -^. 
dt at 

We have Vx positive towards the right, negative towards the left; t>y posi- 
tive upwards and negative downwards ; Vz positive in the direction OZ^ 
negative in the opposite direction (page 44). 

Squaring equations (3) and adding, since cos* a + cos' fi + cos' r = 1> 
we have 

^=v.v.v=(|)-=©V(f)V(|)-...<., 

or 



-i=/(§)'-(sr-(i)" <« 



Let the acceleration be / and its components in the direction of the 
azesX, F, ^be/a.,/y,/«, then we have 

df 






dt^ 



(6) 



* This Chapter mast be omitted by those not familiar with the Calculus. 
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Tbe aoodenUioa/is tben 



/.V.^rf7?T7?=»/(p)V(g)-.(ST • ■ m 

We hare A podtire towardB the right, n^ative towaids the left; /y 
pontiYe upwards, Dc^tiye downwards; /z positiYe in the direction OZ^ 
nqpitire in the oroosite direction. 

The tangential acceleration /t = a is the rate of change of sspeod^ or 



^'^'' = dt'=dr- 



I>iiEefentiati]ig (4) and snbstitnting (6), we baTB 
ffdv =/xdx + fpdy +/zife. 
Hence 



' = 2f(fxdx 



+ /f<^+A<fe) + Const 



}- 



(8) 



(») 



DiTidiog by dt, sinoe 0=3;, and dv = -^, m have from (8) 

at (to 



/«=« = 



dv 
W 



'di" 






<2f 



^y 

^ 






d^x df d^ ^ 

^'*'A ■ d?"*" d» 






(10) 



The normal acceleration/., as we have seen (page 76), is /»=—, where 



p is the radios of corvatnre at the point. 
Geometry 



Hence 



We have from analytical 

/.=Ki)'='(i)'i(S)'-(S)"-(sr. ■ • <"«> 

and the acceleration/ is 

/=>!//,«+/,«. (116) 

If we denote by S the angle which the acceleration / makes with the 
radius of cnrvatnre p, and by e the angle which it makes with the tangent 
to the onrve, we have ^ + e = 90" and 

tan.= J^ = -M (12) 

The moment of the velocity about the origin is the sum of the mo- 
ments of the components. The moments in planes parallel to TF, FZ, 
^Xare : 



dy 
about «, Mz=^ ^» X — 
at 

da 



d^ 
dt 

d^ 
' dt 



y\ 



y, lfy=_.f^-..aj. 



dt 



dt 



(13a) 
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The moment about the origin of the resultant velocity t? if p is its 
lever-arm is then 



vp = M= 4/Jf«* + My* ■\- Mi (136) 

The line representative of this moment makes the angles d^e^f with 
the axes of X, F, Z given by 

J Mx My - Mz ,^ .V 

008^ = -^, 008 6 = -^, C0S/=-^- (14) 

Looking along this line representative towards the origin, the direction 
of rotation is always counter-clockwise. 

In the same way the moment of the acceleration about the origin is 
the sum of the moments of the components. We have then precisely the 

same equations as (13), (14), only we put — , t^, ^ in place of 

■T-, —. -r- in order to find the moments in the co-ordinate planes. 
at at at 

Application of the Preceding Formulas.— Equations (3) and (6) are 
the general equations by which the motion of a point is determined. 
Applications of the use of the equations just deduced will be given here- 
after. We can only indicate here the general application. 

If ;2r = 0, we have motion of a point in a plane only. The correspond- 
ing equations are at once obtained by making z and de zero wherever they 
occur in the general equations. 

If we also make y5 = and ^ = 0, we have motion along the axis of x 
only. Hence taking a? = *, we have from (3) 

. = J; from (6),/=/, = a = g; 

which are equations (8), (9) of page 61. 

If the velocity v in any case is given, it can be resolved by (3) into its 
components Vx^Vy^ Vz. Then by differentiating as indicated by (6) the 
components/c, /y> fz of the acceleration / can be found, and the accelera- 
tion / can then be found by (7). 

If the component accelerations are given, we find by integration the 
component velocities and then the resultant velocity. 

If the path is required, each of equations (6) must be integrated twice, 
thus introducing two constants of integration for each. The constants 
of the first integration will depend on the initial velocity, those of the 
second on the initial position. We thus obtain equations involving a?, y, z 
and ^, and by eliminating t we obtain an equation between x and y, or y 
and z^ or z and x^ that is, the equation of the projection of the path on 
the co-ordinate planes. 

DifEerential Polar Equations for Motion of a Point in a Plane.— 
Let X and y be the rectangular co-ordinates, and 
r and B the polar co-ordinates, of a point P in a > 

plane. Then V/ 

aj = rcosO, y = rsin0 (15) L^^^ '^ 

Differentiating and dividing by dt, we have ^ 

-=S=S^-''-'-^»l' (^«> 

dv dv . dQ 

dt dt dt ^ ' 
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Squaring and adding, since sin* 6 + cos*fi = 1, we have for the magni- 
tude of the velocity 

H^MwM^r "•> 

If r is constant, the path is a circle. In this case -=-- is zero and v = 

dS 
r— ■ = rca, where oa is the angular speed (page 76). 
cct 

. The velocity along the radius vector is 

_ = _co89+ J-sine (19) 

The velocity perpendicular to the radius vector is 

'S-f-'-f"^'- « 

Since by (6) -— and — ^ are the horizontal and vertical components 
of the acceleration, we have, by differentiating (16) and (17), 

d'y {d*r fdBV) . ^ f^dr dS d^0\ 
The acceleration along the radius vector is then A cos + /y ^^^ ®t or 

t-'-f-'=i-'(S)' • • • ■ « 

(jPf 
If r is constant, the path is a circle. In this case — - is zero, and the 

acceleration along the radius vector is/n = — roo', where oa is the angular 
speed (page 76). The (— ) sign denotes direction towards the centre 
(page 50). 

The acceleration perpendicular to the radius vector is 

/y cos ©—/a? sine, 

or 

cPv d^x . ^ dr dS d^B 

5^cose-5^sine = 2^^ + r-f (24) 

dt^ dt^ dt dt dt^ ^ ' 

If r is constant, the path is a circle, and ;=- is zero, and the acceleration 

perpendicular to the radius vector is /{ = ra, where a is the rate of 
change of angular speed (page 76). 
Equation (24) may be written 

J/rdB ^ d^ 1 JJUB\ 
^dt^'dT^'-Tdt^V'dt) (^^> 

From equation (18a) we have, by inserting the Vfdnes of x^ y and -^, 
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from (16), (17), for the moment of the velocity with reference to the 



dt 

pole, if p is the lever-arm, 



J^ 



at 



(26) 



where <o is the angular speed (page 76). 

From equations (14) and (21) and (22) we have in like manner, for the 
moment of the acceleration, 

^-(^f *— f) ^«> 

We see from (25) that this may also be written 



dt 



(28) 



where ft is the tangential acceleration and a is the rate of change of 
angular speed (page 76). 

Applications of the use of these formulas will be made hereafter. 

General Polar Equations of Motion of a Point in a Plane — Ac- 
celeration Central. — When the acceleration is always directed to or from 
a fixed point it is called central acceleration, and the fixed point is 
called the centre of acceleration. Let this fixed point be the pole. 

Then, since the direction of the acceleration always passes through the 
pole, its moment with reference to the pole is zero, and we have from (28) 



<'§)=». 



or 



^^i=^' 



(29) 



where c is a constant of integration. 



Ifow -=- = <» = angular speed, and from page 75 we have 
dt 

roo = v sin e, 



where e is the angle which the velocity 
at any point makes with the radius vector. 
Therefore 



dt 



r'oo = r«> sin e = c. 



B<0 




\ 



From page 76 we see that r^oo is the mo- 
ment of the velocity and is equal to twice the 
areal velocity of the radius vector. 

Hence in central acceleration, the moment of 
the velocity about the pole is constant, the area described by the raditis 
vector in a unit of time is constant, and the radius vector therefore de- 
scribes eqvial areas in equal times. 

The constant c is twice the area described by the radius vector in a unit 
of time (page 61). 

If ^ is the perpendicular let fall from the pole upon the direction of the 
velocity, we have 

f)p = r'-;- = roo = r«j sm e = c. . 
dt 

From (30) we have 



(30) 



-^=" = 



e 



and « = 



P 



(31) 
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Hienee for central acceleration the angular speed at any point of tke 
path is inversely as the square of the radius vector^ and the linear velocity 
at that point is inversely as the perpendicular distance from the centre cf 
acceleration to the tangent to the path at that point. 

If /is the central acceleration along OP^ then the component of /nor- 
mal to t? is/n =/8in 6, or, since from (30) sin € = — ,/n =/^. But from 

page 53 we have seen that /n = — , where p is the radius of cnryatare. 

„ P 

Hence 



/^=^ 0' ^=v4H)- 



ffP_«* 



n 

But 2p sin 6 = 2p- is the length of the chord of curvature 2PB through 
r 

the pole. (See figure page 85.) 

From page 28 we have for a point moving from rest with uniform rate 
of change of speed o, tJ^ = 2a(« — *i). Therefore, for centred accetera- 
tion the speed at any point of the path is equal to that acquired by a 
point moving from rest unth constant rate qf change of speed f through a 
space equal to one fourth the chord of curvature through tM centre cf 
acceleration. 

If the acceleration is central, its component perpendicular to the radius 
vector is zero, since the pole is the centre of acceleration, and we have 
from (24) 

^dr dd d^6 ^ ,«^, 

^s-¥+'-^=<>- («^> 

The component along the radius vector is equal to the acceleration 
itself, if the pole is the centre of acceleration, and we have from equation 
(23), if the acceleration is towards the centre^ 






-m-^' 



where the (— ) sign for /denotes motion towards the centre (page 50). 

Equations (82) and (88) express all the conditions of central accelera- 
tion towards the pole, and therefore determine the motion. 

If the acceleration is away from the pole we have + / instead of — / 
(page 50). 



From (80) we have 



and equation (83) becomes 



d^ r*' 



^ = ^-/=.«.-/. (84) 

But we have seen, page 76, that roo^ is the central acceleration for a 
point moving in a circle of radius r with the speed roo. 

dhr 
The rate of change of length of the radius vector t^-, we see from (34), 

is then the difference between the central acceleration/ at any instant and 
the central acceleration at the same instant of a point moving in a circle 
of radius r with the same angular velocity. 

This rate of change of velocity along the radius vector is called the 
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parac e ntric accel«ratioii. Its integral or ^ is the Telocity of approach or 

recession along the radius vector and is called the paracentric velocity. 
(a) To find the speed at any point of the path. — Central aoeeleratioii. 
If we multiply (82) by r^ and (33) by At and add, we have 

'^S^+'-^-f + '^*'S=-^'^^' <«« 

or 



IntQgratingi we obtain 



*l^ =..-./«,, m 

where Ci is a constant of integration. 

If the law of variation of /is given in terms of r for any given case, 

we can perform the integration denoted by / fdr. 

From (18) we have 

dt^" d^ • 
Hence 

t>^ = ci - %Jfd/r. (87) 

We have also from (80) 

t^=| W 

Since in (37) the valne of v depends only npon r, we see that the speed 
for central acceleration at any ttoo paints cftTie path is independent of 
tJiepath, and is the same for any points equally distant from the centre, 
the law of acceleration remaining the same. 

{b) To find the time of desoribing any portion of the path.— Central aceelera- 
tion. 

Substituting (31) in (86), we have 

dr* f^ /» 

— + -=e.-iij/&r. (89) 

Hence 

X i/c.-^-i " ^ ^ 

We have also from (81) 



%Jfdr 



Ct/«, 



^ = - / r*d8, (41) 



from which r most be eliminated by means of the equation of the path and 

the integration performed in reference to 6. 

(e) To find the equation of the path. 

r^d'^ 
Substitute in (39) for dt* its value from (31), d^ = -^i and we have 
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This equation may be simplified by putting r = -, and it then becomes 

.(^.. •) = .,.«//$" m 

(d) To find the law of the aeceleratioii for any glTon path.— Central aecelera- 
tton. 

Differentiating (43) with reference to do, we have 

/=cv(^+„) (44) 

r*dQ* 
Substituting in (38) for d^ its value from (31), d^ = ~^> ^® ^*^® 

'=if-s) »" 

which is the same as (44) if we put — = u, 

r 
r*d^ 
From (30) we have jof" = -r^, and from (18) ^d^ = dr* + f*de*. 
trd^ 
Therefore 

^^df^ + f^dB* ^^^ 



Substitute this in (42) and we have 
Differentiating with respect to p, 



(47) 



/=^. (48) 

p*dr 

The law of acceleration is given by (44) or (45) or (48). 
From (33) and (35) we have 

dV)=-^1^, (49) 

an expression which will often be found useful in reductions. 

DifEerential Equations for Constrained Motion of a Point in a 
Plane. — For free motion of a point in a plane we have from (6) for the 
horizontal and vertical components of the acceleration 

Under the action of these components, the point, if free to move, de- 
scribes some curve. 

But if it is constrained to move in a given curve, these components 
will be changed by reason of the normid acceleration iV due to the given 
curve. 

If thus /is the acceleration of a free point P, fx and /^ its horizontal 
and vertical components, N the normal acceleration due to the given 
V ^ f curve, and 6 the angle of the tangent at P 

with the horizontal, we have 

^=/«-iV8ine; . . . (60) 
^=/» + JVco8e. . . . (61) 




CHAP. VIII.J DIFFEBBNTIAL BQUATIONS OF MOTION OF A POINT. 89 

If JV is zero, the motion is unconstrained and we have (6). These two 
equations, together with the equation of the given curve, are sufficient to 
determine the motion completely. 

In applying them, A is positive towards right, negative towards left, 
and the horizontal component of iV follows the same rule. We have/y 
positive upwards and negative downwards, and the vertic^d component of 
iV follows the same rule. 

If we multiply (50) by 2dx and (51) by fidy and add, we have, since 

* ^ dv , CUB 

smG = -f- and cosG = -=-, 
<u 08 

The first member of this equation is the differential of -t-r^ = 

-— = «', or is equal to ^^vdv. Hence 
at* 

f>€h=fxdx+fydy, ') 

«• = 2 / (/a.dx +fydy) + Constant. J 

This is precisely the same result as that obtained for free motion, equa- 
tion (9). 

Hence we conclude that if there is no acceleration except that of JVdue 
to the curve alone, or if A = 0, /y = 0, the speed on the curve is constant 
and unaffected by the curve. 

If there is an acceleration besides that due to the curve, the speed will 
be unaffected by the curve and the same as if the point were free. 

If the acceleration of the free point is parallel to the axis of y, we have 
/x=0 and 

«* = 2 f/ydy + Constant (63) 

If in this last casefy is constant, we have 

©• z=2fyy + Constant (54) 

If the distance of the point from the origin y = Si when t? = i?i , we 
have 

«» =Tj,« +2/y(y-«i), (55) 

which is precisely the same as for uniform rate of change of speed for a 
free point, as given by eq. (7), page 56. 

Regard must be had to the signs in applying these equations to any 
special case. Velocity and acceleration upwards are positive, downwards 
negative ; to the right positive, to the left negative. 

(a) To find the time of motion of a point on a given enrve. 

In all cases dt= — . Hence when the nature of the curve and the 

speed at any point of it are known, the value of v may be found from (52) 
and substituted, and then t may be found by integration. 

If the acceleration of the point is constant and equal to /and parallel 
to y, we have from (55) 

dt = —===^==='. (66) 
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(b) To And the normal aoooloration duo to tht enrro. 
If we multiply (60) by £- and (61) by ^ and subtract, wo have, since 

sine = ^, oosO = — , and dp* + 4y* = d$\ 

TO- ^ ^y ^^ , dSasd'y — dy^ 

^= /"S" -fy^ + — s^i 

Eliminating dt by the equation « = — , we have 

dt 

But if p is the radius of curvature of the constraining curve at the 
point 0?, IT, 

d^ 
dad^ — dyd}x 
Hence 

=/a!Sin0— /yooso + — (57) 

P 

The first two terms give the normal component of /for free motion. 
The last term is the normal acceleration due to the curve. 

If A and/y are zero, the only acceleration is that due to the curve and 

iV- = ?l (page 76). 
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REOTILINEAB MOTION OF TRANSLATION. 

FAUilNe BODY. AGCBLBRATION INYERSBLT AB THE S^TJABB OF THB 

DISTAI7CB. 

Translation. — We have defined translation (pa^e 13) as motion 
of a rigid system, such that every straight line joining any two 
points remains always parallel to itself. The paths of all the points 
are therefore parallel at everjr instant and equal for any given 
interval of time, and the velocities of all the points at any instant 
are equal and parallel. 

If these velocities are uniform, that is, if all points move in 
parallel straight lines with e^ual speed, the translation is uniform. 
If these velocities change either m magnitude or direction, the 
translation is variable. 

When, then, a body has motion of translation only, the motion 
of the body is the same as that of any one of its points, and the 
study o( the kinematics of a point is therefore the study of the 
translation of a body. 

Bectilinear Motion. — If the direction of the acceleration of a 
point does not change and always coincides with the direction of 
the velocity, then the velocity may change in magnitude but can- 
not change in direction, and we have motion in a straight line. 

In such case the magnitude of the velocity is the speed in a 
straight line, the magnitude of the acceleration is the rate of change 
of speed and may be either imif orm or variable, and the equations 
of pages 28 or 51 apply. 

Acceleration is Proportional to Force. — Although we are now 
studying change of motion without reference to its cause, it will be 
well for the student to keep in mind the fact that no material body 
can change its own tnotion. Any change of motion is always found 
to be due to the action of other bodies. This action of external 
bodies upon the body considered to which change of motion or ac- 
celeration is due is called force. 

91 
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The student may figure to himself such a force as the pressure 
or pull of an imponderahle spiral spring upon the body, the axis of 
the spring having always the direction of the acceleration, and the 
spring moving with the body, so that its pressure or pull is exerted 
during the entire time of acceleration and is always proportional 
to the acceleration. 

If the acceleration changes in direction, the axis of this spring 
changes, so that it is always in the same direction as the accelera- 
tion. 

If the acceleration changes in magnitude, the pull or push of the 
spring changes correspondingly. 

If the acceleration is uniform, that is, does not change either in 
direction or magnitude, the axis of the spring does not change in 
direction and its pull or push is constant. 

The force of gravity upon bodies near the surface of the earth is 
like the action of such a spring. Its action is practically constant 
in intensity and direction. 

The student should note that the direction of the force or accel- 
eration is not necessarily that of the motion^ except in the case of 
rectilinear motion. 

Thus in the case of a point moving with uniform speed in a 
circle, the direction of motion at any instant is tangent to the 
circle, but the acceleration is always directed towards Sie centre. 

Central Acceleration. — When the acceleration is thus always 
directed towards or away from a fixed point, it is called central ac- 
celeration, and the fixed point is called the centre of acceleration. 

If the direction of the acceleration is towards the centre, the ac- 
celeration is negative (page 50) and the force attractive. If away, 
it is positive and the force repulsive. 

Uniform Acceleration — ^Motion Rectilinear — ^Force Attractive. — 
When the direction of the uniform acceleration coincides with that 
of the motion, we have motion in a straight line with uniform rate 
of change of speed, and equations (2) to (7), page 28 or 51, apply. 

The most common instance of such motion is that of a body fall- 
ing freely near the earth's surface.* In this case the acceleration 
due to gravity is known to be practically constant and is always 
denoted by g. We have then simply to replace a or / by g in equa- 
tions (2) to (7), page 28 or 51. We shall take gr = 32.2 ft.-per-sec. 
per sec. or 981 cm.-per-sec. per sec. unless otherwise specified. 

Value of g. — ^The value of g is usually given in f eet-per-sec. per 
sec. or in centimeters-per-sec. per sec. 

It has been determined by much careful experiment and found 
to vary with the latitude \ and the height h above sea-level. 

* Strictly speaking there is no known instance in nature of a uniform ac- 
celeration (or of a force which does not vary in magnitude and direction). The 
acceleration g due to gravity (or the force of gravity) varies inversely as the 
square of the distance from the centre of the earth for a hody outside the 
earth, and directly as the distance for a body inside, i.e., in a shaft or well. 

But, as we shall see, the variation due to this cause is insensible for all 
ordinary distances. The decrease of ^ at a distance of a mile above the earth's 
surface is only about the 2000th part of its value at the surface. Also two 
radii of the earth are sensibly parallel when near together. It is therefore 
customary and practically correct to speak of ^ as a constant acceleration at any 
place. 

It should be borne in mind, however, that even then the resistance of the 
air very materially modifies the results for falling bodies. We can therefore 
only assume g as constant for fall in vacuo. 
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The general value is given by 

g = 32.173 - 0.0821 cos 2X - 0.000003^, 

where h is the height above sea-level in feet, and g is given in f eet- 
per-sec. per sec, or 

g = 980.0066 - 2.5028 cos 2X - 0.000003A, 

where h is the height above sea-level in centimeters and g is given 
in centimeters-per-sec. per sec. 

It will be seen that tne value of g increases with the latitude, and 
is greatest at the poles and least at the equator. It also decreases as 
the height above sea-level increases. 

The following table gives the value of g at sea-level in a few 
localities: 

Latitude. 

Equator.. 0° 0' 

NewHaven 4118 

Latitude 45° 45 

Paris 48 50 

London 51 40 

Greenwich 51 29 

Berlin 5230 

Edinburgh 55 57 

Pole 90 



United States ||^ g 



ff 


ff 


F. 8. Units. 


C. S. Units. 


32.091 


978.10 


32.162 


980.284 


32.173 


980.61 


32.183 


980.94 


32.182 


980.889 


32.191 


981.17 


32.194 


981.26 


32.203 


981.54 


32.255 


983.11 


32.162 


980.26 


32.12 


979.00 



For calculations where great accuracy is not required it is cus- 
tomary to take fif = 32 ft.-per-sec. per sec. or gf = 981 cm.-per-sec. 
per sec. 

For thOxUnited States g = 32^ is a good average value and is 
therefore very often used. 

In exact calculations the value of gfor the place must be used. 

Formulas for a Body Projected Vertically Up or Down. — We 
have then, for a body projected vertically upwards in vacuo, 
simply to put — fif in place of / in equations (2) to (7), p€ige 51. We 
thus obtain 

v = vi—gt; (1) 



4^8 



i 



t = ^^^^^; (2) 

9 

*V,i^ «_«.=!L+£f* = r.«_^grf»; (3) 



] 






. _ 2(8 -- 8i) _ Vi± Vvi^ — 2g{8 - 8i) . ^ ^^^ 

V + vi g 
ff=iVi* — 2g(8'-8i); (6) 

'-"'^^r ^^^ 

If the starting-point is below the origin, we should change the 
sign of 8i. 

If the body is projected downwards, we should change the signs 
of t?, Vi , « and «i. we see that this is equivalent to simply chang- 
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ing the sign of gf in all equations, leaving the signs of the other 
quantities unchaiiged. 

When the final velocity v is zero, we have from (2), for the time 
of rising to the highest pomt or the ** turning-pointy^' 

For the time of rising to the highest point and returning to the 
starting-point we make 8 — 61 = in (4) and ohtain 

g 

Hence, the times of rising and returning are equal. 

For body falling we have T = \ the minus sign denoting 

time before the start necessary to acquire the velocity Vu 

The distance from the starting-point to the turning-point is 

found from (6), by making t? = 0, to be ~. 

The distance o^ or ^ is called the height due to the velocity Vi or 

v; that is, the distance a body must fall from rest in order to ac- 
quire the velocity Vi or v. 

When the distances in rising and falling are equal we have 

« — 81 = 0, or 5^ = Q-i o^ ^1 = ^; *^t is, the velocity of return is 

^g ^ 
equal to the velocity of projection, 

Vi 

If the time of rising is less than T = — , the displacement 8 ^ 81 
is equal to the distance described. But if the time of rising is 
greater than T = -^, the body reaches the turning-point and then 
falls from rest, and the entire distance described is 

distance described =^ + l-git - T)" = !^ - 8 = ^^' "*" ^ - (7) 
2g 2^^ ' g 2g 

[Applioation of Calouliu to the preceding Cue.] — We can dedace the pre- 
ceding equations from oar general equations (8) to (10), page 51. 

Thus from equation (9) we have, for acceleration directed downwards and 
therefore (— ), (page 50,) 



Integrating, we have 






ds 
«=—=— ^ + Const. 



When ^ = 0, let D = -f Vi , the (-f-) sign denoting motion upwards. 
Then we have Const. = Vi, and 

* = §=^»-^ (1) 

which is equation (1), page 93. 
Integrating again, 

« = «i< — ^gt» + Const. 
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Let • = -f «i when ^ = 0, the (-f-) sign denoting distance upwards. 
Then we have Ck>nst. = $i , and 

8 — 8i=Vit--gt*, (3) 

whioh is equation (8), psf e 98. 

From equations (1) and (8) we can deduce all the others page 98. 

The student should note especially that these equations have been deduced 
for body projected upwards or Vi positive. 

If we suppose motion towards the centre or downwards, we should have Vi 
negative. 

Also if the starting-point is below the origin, we should change the sign of 

In all cases we take g minus, as long as the acceleration is directed down- 
wards. 



EXAMPLES. 

Unless otherwise specified g = 83.2 ft.-per-sec. per sec. or 981 euL-per-seo. 
per sec. All bodies supposed to move in vacuum. 

(1) A paint moves with a uniform velocity of 2 ft. per sec. Find 
the distance from the starting-point at the end of one hour. 

Ans. 7200 ft. Motion in a straight line. 

(2) Tv)o trains have equal and opposite uniform velocities and 
ea^ch consists of 12 cars of 50 ft. They are observed to take 18 sec. 
to pass. Find their velocities. 

Ans. 22.78 miles per hour. 

(3) Two points move with uniform velocities of 8 and 16 ft. per 
sec. in directions inclined 90°. At a given instant their distance is 
10 ft. and their relative velocity is inclined 30° to the line joining 
them. Find (a) their distance when nearest ; (b) the time after tne 
given instant at which their distance is least. 

Ans. (a) 5 ft. ; (6) ^4/3 sec. 

(4) A body is projected vertically upwards with a velocity of 300 
ft. per sec. Find, (a) its velocity after 2 sec.; (b) its velocity after 

15 sec.; (c) the time required for it to rea4:h its greatest height ; 
{d) the greatest height reached ; (e) its displacement at the end of 

16 sec.; if) the space traversed by it in tne first 15 sec. ; (g) its dis- 
pUicement when its velocity is 200 ft. per sec. upwards; (h) the time 
required for it to attain a displacement of S20ft.* 

Ans. (a) 235.6 ft. per soft.; (b) 183 ft. per sec. downwards; (6)9.3 sec.; 
(<2) 1897.5 ft.; (e) 877.5 ft. upwards; (/) 1917.5 ft.; (g) 776.3 ft. upwards; 
(A) 1.13 sec. in ascending, 17.5 sec. in descending. 

(6) A ball is projected upwards from a tvindow half way up a 
tower 117.72 meters high, with a velocity of 39.24 m. per sec. Find 
the time and speed (a) with which it passes the top of the tower 
ascending; (b) the same point descending; (c) reaches the foot of 
the tower. 

Ans. {a) 2 sec.; 19.62 m. per sec; (&) 6 sec.; 19.62 m. per sec; 
{e) (4 -f 2^7) sec ; 19.62 4/7 m. per sec. 

* If the student will refer to the Examples, page 114, he will gain an idea 
of the effect of the air in modifying the motion of falling bodies, and will 
better appreciate the delusive nature of all problems which ignore it. 
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(6) A stone ia dropped irUo a well and the splash is heard in 3.13 
sec. If sound travels in air with a uniform velocity of 332 meters 
per sec,^ find the depth of the well. 

Ans. 44.1 meters. 

(7) If in thejpreceding example the tims until the splash is heard 
is T ana the velocity of sound in air is V, find the depth, 

Ans. Depth = -^ Utq + F) - VV{%Tg-\- F)J 

(8) Show that a body prqjected vertically upwards requires twice 
as long a time to return to Us initial position as to reach the highest 
point of its pathj and has on returning to its initial position a 
speed equal to its initial speed. 

(9) A stone projected vertically upwards returns to its initial 
position in 6 sec. Find (a) its height at the end of the first second, 
and (6) what additional speed would have kept it 1 sec. longer in the 
air, 

Ans. (a) 80.6 ft. ; (h) 16.1 ft. per sec. 

(10) A body let fall near the surface of a small planet is found to 
traverse 204 jt between the fifth and sixth seconds. Find the ac- 
celeration, 

Ans. 20.4 ft.-per-sec. per sec. 

(11) A particle describes in the nth second of its fall from rest a 
space equal to p times the space described in the (n — l)th second. 
Find tfie whole space described, 

Ans ^^-^^' 

(12) A body uniformly a^ccelerated, and starting without initial 
velocity, passes over bfeet in the first p seconds. Find the time of 
passing over the next oft, 

Ans. p{ 4/2^— 1) sec. 

(13) A ball is dropped from the top of an elevator 4.906 meters 
high. Acceleration of aravity is 9.81 m^ters-per-sec. per sec, Mnd 
the timss in which it unll reach the floor (a) when the elevator is at 
rest; (b) when it is moving with a uniform doumward acceleration 
of 9. SI m.-per-sec. per sec.; (c)whexii, moving with a uniform down- 
ward acceleration of 4.905 m,-per-sec. per sec, ; id) when moving with 
a uniform upward acceleration of 4.905 m.-per-sec. per sec. 



Ans. (a) 1 sec; (6) 00 ; (c) 4/2"sec.; (d) |/ ^ 



3 '^*^- 

(14) If Si, s^ are the heights to which a body can be projected 
with a given initial vertical velocity at two places on the eartJvs sur- 
face at which the accelerations of falling bodies are gfi and g% respec- 
tively, show thai 8igfi = s^gt, 

(15) A stone A islet fall from the top of a totver 483 ft. high.^ 
At the same instant another stone B is let faU from a window 161 
ft. below the top. How long before A will B reach the ground $ 

Ans. (|/6-2)V6sec. 
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(16) A baU falling from the top of a tower had descended a foot 
when another was let fall at a point h below the top. Show that if 

they reach the ground together, the height of the tower is 7" ft. 

(17) If two bodies are pr ejected vertically upwards with the same 
initial velocity F, at an interval of t sec., prove that they will meet 



a/V* t*\ 
at a height ^l-^ - ~j. 



(18) Tioo stones are falling in the same vertical line. Show that 
if one can overtake trie otJier, it will do so after the same lapse of 
time, even if gravity ceases to a^t. 

(19) Bodies are prqjected vertically downwards from heights hi , 
hi , ^s with velocities t;i , t7s , v» it/and all rea^ch the ground at the same 
momsnt. Show that 

hi — hi __ hi — hi hi — h^ 

(20) Two points move in straight lines with uniform accelerations. 
Show that if at any instant their velocities are proportional to their 
respective accelerations, the path of either relative to the other will 
be rectilinear. 

(21) Upon the top of a tower 200 feet high is placed a flag-staff of 
2% feet ; a bullet islet fall from the top of this ftag-staff, and at the 
instant of its passing the bottom of it a stone is let fail from a tvin- 
dow 44 feet from the top of the tower. At what aistancefrom the 
bottom of the tower untl the bullet overtake the stone f Show also 
that this distance is independent of the value of a. In what time 
after the dropping of the stone do they meet f In what time after 
the dropping of the bullet f How far does the stone fall before meet- 
ing f Take acceleration due to gravity 32.16 ft. -per-sec. per sec. 

Ana. Distance = 200 - 44 + j^26 ~ l^'^-^S^ ft. 

Time from falling of stone 1.07 sec. Time from falling of bullet 2.84 sec. 
The stone falls 18.615 ft. The bullet falls 88.615 ft. 

(22) A body falls a distance a from rest when another body is 
let fall from a distance a + b below the starting-point of the first. 
How far will the latter body fall before it is overtaken oy the for- 
mer % What is the tims of fall of the latter body f 

6» /¥~ 

Ans. X = 7—; time = 4/ x — . 

4a ^ 2ag 

(23) A body is prqjected upward with a velocity which uxmld 
take it to the height a, and at the same infant a body is let fall 
from a distance above the point of projection of b. At what dis- 
tance below the latter point will the bodies meet f In what time f 

Ans. « = ^; time = |/|^. 

(24) A body is thrown vertically upward toith a velocity Vi. Find 
the time at which it is at a given height h in its ascent. 

Ans. ^ = ^^±4/^^^^^^^ 



9 

The lower sign gives the time when the body is at the height h in ascend- 
ing, the upper in descending. 
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(25) A body is projected vertically upward and the interval be- 
tween the times of its passing a point whose height is h in its ascent 
and descent is 2t. Find the velocity Vi of projection and the whole 
time T of motion. 

(26) A body falling to the ground is observed to pass through 
eight ninths of its anginal height in the last second. Find the 
height, 

g 

Ans. g^ = 36 ft. nearly. 

(27) A body falling under the action of gravity is observed to 
describe 144.9 ?ee^ ana 177,1 feet in two successive seconds. Find g 
and the time from the beginning of the motion to the first of the two 
seconds, 

Ans. ^ = 32.2 ft.-per-sec. per sec., f = 4 sec. 

(28) A falling body is observed at one portion of its path to pass 
through nfeet m t sec. Find the distance described in the next t 
seconds, 

Ans. n+gt* feet. 

(29) A body is projected vertically upwards with a velocity Sg. 
At what times wilt its height be 4g, and what will be its velocity at 
these times $ 

Ans. It will be at the height ^ at the end of 2 sec. and again at the end of 
4 sec. Its velocity at both these instants is g ft. per sec. upward at the end of 
2 sec. and downward at the end of 4 sec. 

(30) Find the velocity with which a body must be prmected up a 
smooth inclined plane, the height of which is h and length Z, to reach 
the top. 

Ans. The vertical acceleration is g. The component acceleration parallel 

to the plane is a = ^. Therefore v = |/2af = i/2gh, or the same as the ve- 
locity required to project the body to the height h, 

(31) Find the time of falling down the whole length of a smooth 
inclined plane of length I and height h, 

^g ijj/ ^ - For constant height A the time is directly as the length. 
^ gh 

(32) Find the speed attained by a body in falling down a sm,ooth 
inclined plane the height of which is h and length I, 

Ans. 4/^^, the same as in falling through the height h. 

(33) A body is projected down a smooth plane the inclination of 
which with the horizontal is 45% vnth a velocity of 10 ft, per sec. 
Find the space described in 2i seconds {g = S2). 

Ans. 95.7 ft. 

(34) A locomotive starts down a smooth incline with a velocity of 

7i miles an hour. If the ratio of the height to length is 5^, find the 

space traversed in two minutes (g = S2). 
Ans. 2472 ft. 
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Acceleration Inversely as tlie Square of tlie Distance from a Fixed 
Point — Motion Bectilinear — Force Attractive.— This is the case of 
a body at a great distance from the earth, under the action of the 
force of gravity, since in such case the acceleration is towards the 
centre of the earth and varies inversely as the square of the dis- 
tance from the centre of the earth.'*' 

Let 81 be the initial distance from the centre of acceleration, the 
velocity at this point being Vi , and a the distance to any other posi- 
tion at which the velocity is t?. 

If the acceleration is towards the centre or force attractive, it is 
negative (page 50). 

Let a' be tne known acceleration at a distance r', and a the accel- 
eration at any distance s. Then we have 

a:a'::r^^:8^. or a = — r-. 

Thus for instance, in the case of the earth, a' is gr, and r' is the 
radius of the earth at the locaUty where g is known. 

We have then, if r is an indefinitely small time, for acceleration 
towards the centre 

EzlH; = o = -41' (1) 

The mean velocity for an indefinitely short time is "t \ and 
the distance described in this time is 

V + Vi 2(8 — 81) 

2 r 

Multiplying by (1), 

But if the time is indefinitely small, 8* will equal 881 , and hence 

or 

V* = Vi* " 2aY''(^ -'j\ (2) 

If the body falls, 81 is greater than 8 and the last term becomes 
essentially positive. If the body is projected upwards, «i is less 
than a and me last term is essentially negative. Equation (2) holds 
good, then, without change in either case if the acceleration is 
towajrds the centre, or force attractive. It also holds for any path 

♦ This is the * law of universal gravitation " as discovered by Newton. It 
is also known as the law of the inverse squcvres. 

It is regarded as rigidly true for every particle of matter acting upon every 
other particle. But, as we shall see, it is not rigidly true for bodies of finite 
dimensions acting upon similar bodies, unless those bodies are homogeneous 
spheres or spherical shells. 

The earth is not a sphere and is not homogeneous. Therefore it is not 
rigidly true that it attracts external bodies with a force inversely as the square 
of the distance from the centre. The deviation from this law for bodies at 
great distances is, however, insensible. 
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straight or curved if «, 81 , r' are measured along the path, and a' is 
the tangential acceleration or rate of change of speed at distance r\ 
and V and Vi are the speeds final and initicu. 

If the acceleration is away from the centre, or force repulsive, 
we should have the sign before the last term (+) instead of {—), or 
the sign of a' is changed in (1) and (2). 

If the body falls from rest from a distance 81 , we have from (2), 
by making Vi = 0, for a body falling from rest, 

V* = 2aV«[i - -^ faUing (3) 

If the body is projected upwards and the velocity v is zero at 
the height «, we have from (2), for a body projected upwards to a 
distance 8, 

(4) 



vi* = 2aY^(- - -\ rising. 



Cor. 1. If the distance «i is infinite, we have from (3) the velocity 
acquired in falling from an infinite distance, 



,=-/ 



2a'r" 



8 

and from (4) the velocity of projection in order to go to an infinite 
distance is 



Vi 



^ 81 



In the case of a body attracted by the earth we have a' = g. If 
then in the first case 8 = r' and in the second case Si = r', we have 
for the velocity acquired in falling to the surface of the earth from 
an infinite distance, or the velocity necessary to project a body to 
an infinite distance from the surface of the earth, in vacvo, 

V = vi = T V2g7. 

If we take g = 32^ ft.-per-sec. per sec. and the mean radius of 
the earth 3960 miles, we have 

/64i X 3960\* « ^^ ., 
t? = i?i = \ ^^^ ) = T 6.96 miles per sec. 

The (— ) sign for falling and the (+) sign for upward projection. 
Cor. 2. If we put equation (3) in the form 



u» = 2gr'^ 



m- 



we see at once that if 81 — 8 is a small distance compared to a, so 
that the entire fall takes place near the earth^s surface, ssi will be 
practically equal to r'* and we shall have 

if = 2g(8i - «). 

This is the same formula as for uniform acceleration g towards 
the earth, the initial velocity being zero (page 93). 

[AppUoation of Calonlai to the Preeedlng Case.]— We can deduce the preced- 
ing results from our general equations (8) to (10), page 61. 
Thus for acceleration towards the centre we have, as before, 
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For acceleration away from the centre we should have (-f) instead of (->) 
<page 50). 

Multiply by ds, both sides, and then, since ^ =: «, we haye 

, aVds 
V€h = — , 

Integrating, we haye 

2" = -J- + Const. 

When« = #1, let «) = + «, for body projected upwards and t> = — «i for 

body projected downwards. Then in both cases Const. =: ^ ^ , and in 

both cases 

t^ = %'-aaV.(l-ij (8) 

These are the equations (1) and (2) of the preceding Article. They hold, as 
we see, for motion towards or away from the centre, provided the acceleration 
is towards the centre. For acceleration away from the centre we change the 
sign of a'. These equations also hold for any path, straight or curved, if 8, 
Sit t* are measured aUmg the path^ and a' is the tangential acceleration or rate 
of change of speed at distance /, and v and «i the speeds final and initiaL 

If the initial velocity is zero, we have for a body/o^Ti^ from rest 



ds 
Since « = — , we have from (3) 



t)*s=2ay»/i-iy 



(3) 



■f=-A-Cj-i). 



where we take the (— ) sign for the radical to denote motion towa/rds the centre 
(page 44). This can be put in the form 

sds 



4/«i« — «* 



= *f^ 



To put this in a form convenient for integration, add and subtract \Si to the 
numerator of the first term. We then have 



jgi— g — jgi _ 8i ~2g 8id8 _ ,^ 2aV 

^8x8 — «' 2 ^8x8 — «' 2 ^8x8 — ^ ^ *» 

Integrating, we have 

(8x8 -«*)*- I versin-' -- = /-— r^ + Const. ... (4) 

Let < = when « = «i , then Const. = -i. Hence* for the time of falling 

. « 

♦ w X. I . -1 2« Zj. 2«\ .,/2« 7\ 

♦ We have tc — versm — = ;r — cos [1 = cos f 1 . 

Sx \ 8x) \8x ) 

From trigonometry, 2 cos" y — 1 = cos 2y. Let %y = cos" M 1 ) . Then 

2^ ^ 1 / 8 1 /< 

cos 2y = 1 and cos«y = — , or y = cos" 4/ — and ^ = 2 cos"'4/ — . 

8x 8x f 8x f 8i 



y 8x 



Hence 2 cos* W — = ;r — versin"* — 

8x 
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from rest we have for acceleration towards the centre 

If we had taken motion away from the centre, we should haye obtained, 
instead of (4), 

- (ti« — <^'+ g- versin - = I yt + Const. 

Let < = 0, when « = 0, and Const. = 0, and we haye 

Equation (6) applies to a body projected upwards to any height «, 8i being 
the height at which it would come to rest. 

If we make « = «i in (6), or « = in (6), we find the time of reaching the 
turning-point in rising or reaching the centre in Tailing from rest 



2 y'2ay« 



CHAPTEE IL 



SIMPLE HARMONIC MOTION. MOTION IN RESISTING 

MEDIUM. 



Simple Harmonic Motion. — ^The motion of a point moving in any 
path in such a manner that the tangential acceleration is directly 
proportional to the distance, alon^ the path, from a fixed point in 
the path is called simple harmomc motion. Such motion may he 
rectilinear or curvilinear. 

The vibrations of such bodies as a tuning-fork or a piano-wire 
are approximate examples of such motion, and hence the term 
'^ harmonic.'^ The vibrations of an elastic body, such as the air, are 
examples of such motion. 

It IS also, as has been stated (note, page 92), the motion of a 
body imder the action of gravitation, within a homogeneous 
sphere, as it can be shown that in this case the acceleration due to 
gravity is proportional to the distance from the centre. 

The motion of the piston of a steam-engine when moved by a 
crank and connecting-rod approximates the same motion if the 
rotation of the crank is imiform, the approximation being closer 
the longer the connecting-rod. This will be evident from the fol- 
lowing Article. 

Simple Harmonic Motion in a Straight Line — Force Attractive. — 
Let a point M move with uniform speed in a 
circle of radius CJlf = r. 

Then the acceleration /n is always direct- 
ed towards the centre and equal to/n = r<»*, 
where a> is the constant angular velocity 
(page 76). 

The projection of /n upon the diameter A*- 
CA is floV cos MCR But r cos MCP is the 
distance CP = a of the projection P oi M upon the diameter CA. 
Therefore the projection of fn upon the diameter is a = 00% or, 
since 00 is constant, a is du^ctly proportional to the distance 
CP=:8. The motion. of P is therefore harmonic. 

If then a point M moves with uniform speed in a circle, its pro- 
jection P twon any diameter moves with harmonic motion in the 
diameter^ the centre of acceleration being the centre of the circle. 

Let a' be the known acceleration in the line AC of P at a given 




distance r' from the centre. Then a' = <»V 8md <» =4 / 1:7 , and the 

103 



^=V?^' 
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speed of if is roo = ry^. The projection of this speed on the 
diameter is |/~ r cos CMP= MPyK, 

But MP = 4^r'— «* ; hence we have for the velocity of the point 
Pin the lino ^Cat the distance 8 = OP from O, 

t?' = p(r'-««), (1) 

or, if t?i is the initial velocity, 

r»=t?,« + ^(r«-««), 

where a' is the knoT^n acceleration of P at a given distance r' from 

a 

Thus the point P starts from rest at the distance « = r from C 
The velocity increases as the distance s decreases, till P arrives 
at the centre C where the velocity is a mAT imnTn and equal 

/a/ 
tov = ry -J" Then the velocity decreases and finally becomes 

zero when P arrives at -4.' at the distance « = — r on the other side 
of C, Equation (1) holds good for motion towards or away from 
the centre if the acceleration is towards the centre, or force attract- 
ive. It also holds for any path straight or curved if s, r, r' are 
measured along the path and a' is the tangential acceleration or 
rate of change of speed at distance r', and v and v' the speeds final 
and initial. 

CoR. 1. Since the imiform speed of if in the circle is rv ?-, the 

r r' 
time occupied by P in passing from Ato A^ and back to A is 






But if a is the acceleration at any distance 8, and /» is the ac- 
celeration at the extreme distance r, we have for harmonic motion 

Hence the time 7 of a complete oscillation is 

to ^ a 

The time T of a complete oscillation depends therefore only 

8 1 
upon the constant ratio - = ^ and is independent of the range r 

or amplitude of the oscillation. For this reason the oscillations are 
said to be isochronous, or made^in equal times, no matter what tibe 
range or amplitude. 

OoR. 2. Since the motion of a body under the action of gravity 
in a homogeneous sphere is harmonic (page 92), if we put g for a' 
and let r' be the mean radius of the earth, we have from (1) the 
motion of a body falling under the action of gravity towards the 
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centre of the earth in a well or shaft, assuming the earth to be 
a homogeneous sphere and neglecting resistance of the air. 
In such case (1) becomes 

^ ^w' = ^(r + «)(r-«). 

If the fall takes place for a short distance compared to r' and 
near the surface, we have r + « practicaUy equal to ^ and hence 

r* = 2g{r - «), 

which is the same as for uniform acceleration g, the initial speed 
being zero. 

We obtained the same result (page 93) for a body external to 
the earth. The equations of page 93 hold good, therefore, in all 
practical c£U3es. whether the fall takes place above the earth or 
within the earth, neglecting resistance oi the air. 

Amplitude — ^Epoch — Period — Phase.— The range r = CA = CA' 
on either side of the centre of acceleration, 
in harmonic motion, is called the amplitude. 

A complete oscillation is from A to A' and 
back to A. The time of an oscillation, as we 
have seen, is independent of the amplitude. 
From A to A' or A' to A is a vibration. A 
vibration is half an oscillation. The time of 
a vibration is half that of a complete oscillation. 

If Pi is the initial position from which the time is counted, or 
the position of P at zero of time, the time of passing from A to Pi 
is called the epoch. The epoch may also be defined with reference 
to the auxiliary circle, as the angle ACMi in radians. This is the 
epoch in angular measure. 

The epoch in angular measure is then the angle described on the 
auxiliary circle in the interval of time defined as the epoch. 

The epoch locates the position of P at zero of time. 

The entire time which elapses from any instant until the moving 
point again moves in the same direction through the same position 
IS called the period. The time from Pi to A , then back through 
Pi to A, and finally back from A to Pi , is a period. It is evidenfly 
the time of a complete oscillation from A back to A. 

That fraction of the period which has elapsed since the moving 
point P last occupied A is called the phase. Measured on the 
circle, it is the ratio of the angle ACitf radians to 2;r radians. 

The phase locates the position of P at any instant. 

It therefore varies with the time or with the position of P. The 
phase at zero of time, then, multiplied by 2^ radians gives the 
epoch in angular measure, and multiplied by the time of an oscilla- 
tion gives the epoch in time. 

[Application of Calculus to Harmonic Motion. — ^We may deduce the 
results obtained for simple harmonic motion (page 104), as well as others, from 
the general equations (8) to (10), page 51. 

We have, as before, a = -;« (page 104). For acceleration away from the 

T 

centre we have a positive, for acceleration towards the centre a negative (page 
60). 
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I. Aeoeleration towurdi the Centre.— In this case we have 
dv ^€Ps __ a' 

ds 
Multiply both sides by da and then, since ^ = ^»^^ ^v® 

vdo = -sds. 

r 

Integrating, we obtain 

«« = -^ + Const (a) 

When « = r let « = t>i. We have then 

Const. = «i* + -3"* 
and hence 

„« = V + ^^'-0. (1) 

If the initial velocity «i is zero, this becomes 

«« = ^V~«') (3) 

which is the same as equation (1). page 104. already obtained, for initial velocity 
ssero and range r. 

Since « = -^r* ^© ^*v® ^^^ 0) 

(it 

where we take the {+) sign for motion away from the centre and the (-) sign 
for motion towards the centre (page 44). 
This can be written 

-—=^==±i/%dt (8) 

/»•• + «'•■*-*' 
If we integrate this between the limits of i and t = when « = r, we have 

i/r^ + h-^' V^ + r^' 

* = rcos<|/^±t?,y^sin«|/^ *• (4) 



sm" 



Hence* 



*Let^= ±<i/^,B = sin-^- 



I >__;___. 



Then ^ = sin ( J. + £) = sin ^1 cos5+cos A sin B» 

V^ + a-"'' 
But sin B = — z===> and cos 5 = j/l — sin" B. Substituting these 

values and reducing, we obtain equation (4). 
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If motion is towards the centre, we take the (— ) sign ; if away from the 
centre, the (-}-) sign. 

If «i is zero, or there is no initial yelocity, we haye 

« = rcos^ s 






(5) 

If we make « = in (1), we have for the amplitude 



« = 5=±|/r«+^i 



This reduces to ± r when t\ = 0. 

If we integrate (3) between the limits of t and t = when b = E, that is, if 
we count the time from the end of the amplitude where Vi = 0, instead of from 
« = r, we obtain 

<^-'i=^*i/p+P («) 

and hence 

8 = Ecosty^; 



(7) 



r' 

If in (6) we make « = — r or in (7) make « = — jR, we have in both cases 
for the time of a vibration, *y -7-, and hence for the time of a complete 

oscillation T = 27r j/^. Therefore the time of oscillation or vibration is not 

affected by the initial vdocity. 

All these equations (1) to (7) hold for motion either towards or away from 
the centre, provided the acceleration is towards the centre. 

They also hold for any path, straight or curved, provided r*, r and a are 
measured along the path and a' is the rate of change of speed at the distance r', 

II. Aeeeleration Away firom the Centre. — ^In this case we have the accelera- 
tion positive and hence 

d/o , a' 

Multiplying by da, we have, since ^57 = «, 

at 

vdv = -jsds. 
r 



Integrating this, we have 

When « = 0, let D = Vu Then Const. = Vi* and 

From (8) we have 



«* = ^ + Const. 
r ' 



«' = t».* + ^«« (8) 



=i=-i/^^-> 



'-dt 



108 KINEMATICS OP A POINT— TRANSLATIOlSr. [OHAP. II. 

where we take the (+) Bign for motion away and the (—) sign for motion 
towards the centre. We can put this in the form 



j/*.+j«. 



^""* 



If we integrate this between the limits of < snd ( = when « r= 0, we have 

logi (.+ |/^ + J,.«) = ± t^ + logn •.y^. 

Hence 

•i , /r7 -* ' V P 1 \ 

(9) 






where 6 is the base of the Naperian s^rstem of logarithms. 



EXAMPLES. 

g = 82.16 ft.-per-8ec. per sec. or 980.28 cm.-];>er-Bec. per sec. 

(1) If the raditia of the earth is 6370900 meters and the accdera- 
turn of gravity 9.81 meters-per-eec, per sec,, what should be the value 
of aV* m eq, (2), page 99, tf s and Si are given in kilometers f 

Ans. 896171.88 cubic kilometers-per-sec. per sec. 

(2) A body falls to the earth from a point 1000 miles above the 
surface. Find its speed on reaching the surface, neglecting resist- 
ance of the air and faking the earth's radius 4000 miles, 

Ans. « = 8.12 miles per sec. 

(3) In the last example find the distance from the earth's surface 
when the speed is 2 miles per sec, 

Ans. 585.2 miles. 

(4) With what ^ed must a body be projected vertically at the 
earth's surface so that it may never return f (Assume the earth to 
have no atmosphere and not to be rotating.) 

Ans. The speed is the same as that which a falling body would have fall- 
ing from an infinite distance, or «; = 6.95 miles per sec. 

(5) At what point on a line joining the centres of the earth and 
moon would the rate of change of speed of a body be zero f (At the 
moon's surface a = 5.5 ft.-per-sec, per sec,: radius of m/oon 1080 
m,iles ; distance between centres of earth and moon 240000 miles,) 

Ans. Let x = distance of point from earth's centre and Xi from moon's 
centre, and R earth's radius, r moon's radius. Then x-\-Xi =240000, and 

^ = ^. Hence x = 215898 miles. 

aji* X* 

(6) A point whose motion is simple harmonic has velocities 20 
and 25 ft. per sec. at distances 10 and 8 ft, from the centre of ac- 
celeration. Find (a) its period, (b) its acceleration at unit distance 
from centre. 
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Ans. We have 626 = §(r« - 64) and 400 = ^u* - 100). Therefore 

./a' 16 , . , 2nr 4* a's 236 « «« is. 

y "7 = -^ and penod = — ;= = -^ sec. « = — -;^ = -.-5^=- 6.26 ft.- 



♦^ 



r* 



per-sec. per sec. 

(7} The period of a simple harmonic motion is 20 see, and the 
masnmum velocity %8 10 ft, per sec. Find the velocity at a distance 

of — ft. from the m/ean position. 

Ans. -^^ = 20 sec., therefore ^ = =^. Where « = 0, ri = i52^t. 
i/E r 100 K 

Hence «• = — ( -— s -s-j or « = 8 ft per sec. 

(8) -Ipotnf moves from rest towards a fixed point 10 mefer^ di8- 
tant, its acceleration being everywhere 4 times its distance from a 
fixed point. At what distance wiU it have a velocity of 12 meters 
persec.f 

Ans. 8 meters. 

(9) Find the mean speed of a point executing a simple harmonic 
motion during the time occupied in moving from one to the other 
extremity of its range j its ma^timum speed being Bft per sec. 

Ans. The distance is 2r. The time — ^. The mean speed ^i^ 

/? «^- 

When « = 0, we have 26 = -t-t*, or r l/ - = 5. Therefore mean speed is — 

r T TC 

ft. per sec 

(10) If Tbe the period and a the amplitude of a simple harmonic 
motiouy and if v be the velocity and s the distance from the centre at 
a given instant^ show that 

(11) A point oscillates about a centre^ its acceleration being pro- 
portional to its distance. Show that the ratio of its mcLximum ve- 
locity to the square root of the excess of the square of its maximum 
velocity over the square of the velocity which it has when at a given 
displacement from the centre is equal to the ratio of its maanmum 
displacement to the given displacement. 

(12) A point has a simple harmonic motion whose period is 4 
min. 12 sec. Find the time during which its phase changes from --^ 

to-T of a period. 

Ans. 21 sec. 

. [Body Fr^eeted in a BMiitiBg Xtdlum— Aoeeltratlon Proportional to the 
Square of the Vdooity— Motion Bootilinear.] — When a body moves in a resisting 
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medium such as air or water it loses velocity or has a minus acceleration, 
whicli is usually assumed to yary as the square of the yelocity. 
We haye then 

«=&=-«-• (1) 

where c Is a constant depending upon the shape and dimensions of the body 
and the density, or mass of a unit of volume, of the body and medium. 

This constant is called the coefficient of reHgtance. For instance, for a 
sphere, if d is the diameter and J the density of the medium and 8 the density 
of the body, we have, as is proved in Vol. II, Statics, 

/i 8 



We can put (1) in the form 



cat = — =•« 



Let « = «i when ^ = and integrate, and we have 

-=(i-;-> " '=ic-i-) <« 

•=TTb- « 

From (2) and (8) we can find the time for any yelocity or the reverse. Since 
V = -=7, we have from (8) 

1 + CVit 

Integrating and making « = when t = 0, we have 

or using common logarithms. 
From (4) we have 



«= -logn(l + cc,Q; (4) 

c 

2.802585, ,, , ^, _ 

« = log(l + c©iO (5) 

c 



>=^ m 

CVi 

where e = 2.718282 = base of the Naperian system of logarithms. 

From (5) and (6) we can find the distance for any time or the reverse. 
From (6) we have evit = e*^ — 1, and substituting this in (3) we have 

•=-i^ (^ 

or 

•=r^°«p'?' <8> 

or using common logarithms 

2.802585- Vi 

* = — 7—1^^7 (^> 

From (7) and (9) we can find the velocity for any distance or the reverse. 

From (8) we see that when the velocity becomes zero the space traversed is 
infinite, and from (2) the time is infinite. Although then the velocity dimin- 
ishes as the time increases, as we see from <8), it cannot become zero in any 
finite distance or time. 
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• [Body Falling under the Action of GraTlty in % Baeintinff Medium.]— Let /be 
the uniform acceleration due to any attractiye force. In the case of gravity we 
have* 



f=^ff\ 



{^-i> 



where J is the density^ or mass of a unit volume of the medium and d is the 

y. The acceleration /acts away from the starting-point an 
the retardation cf^ acts towards the starting-point. If then we take this point 



1=/-- ' (1) 

where e is the coefficient of resistance and has the same value as in the preced- 
ing Article. 

Let k be that velocity for which the retardation is equal to/ so that / = ckK 
f 
Then c = ^, and equation (1) becomes 

^^f^f^ (2) 



We can write this in the form 



Integrating, we have 






Whenirr 0, let« = «i. Then Const. = --- logn~t]?i. Hence 

of A — «i 

or using common logarithms, 

_ 2.802B86t (t+oXA;-*.) -„ 

'- ^f '*«(*-,)(* + «.)• ^^' 

Viom. (4) we lutTe, if « = 2.718382 = baae of Naperian Bystem of logarithms, 



'te-'^-'] 



From (6) and (6) we can find the time for any given velocity or the reverse. 

* As we shall see hereafter, the mass of a body multiplied bv a gives the 
weight of the body, that is, the force of gravity. It is also a well-known fact 
that a body immersed in a fluid has its weight diminished by the weight of an 
equal" volume of the medium. 

If then Fis the volume of the body, Vdg is its weight in vacuo and V^g 
is its loss of weight due to the medium. Hence V6g — V^g is the weight 
when tmmersed. Since Vd is the mass. 



F»/= Vdg-^ VJg, or / 



"i'-i)- 
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^ Since v = -^, we have 

dv ^vd9 
dt " ds* 

and therefore from (2) we haye 

•=-2f ^"^^1^3^' ^ 



or using common logarithms, 
From (7) we have 



«» = *»- (*•-!,,«>, *• , (9> 



where e = 2.718282 = base of the Naperian system of logarithms. 

From (8) and (9) we can find the cUstance for any yelocity or the reyerse. 
We see from (9) that when s is great, v approaches k, and k is the limiting 



yalue of v. If the initial yelocitj is zero or less than k, f> will continually ap- 
proach k, but can never exceed k. If the initial velocity is greater tlum k, 9 
will diminish continually down to k and can never become lees than k, 

• [Body Projected Upwards under the Action of Gravity in a Beiisting Me- 
dium.] 

In this case we have, taking k as before, since /is negative and the resist- 
ance is negative, 

» = J = -J'-^' • ' <i> 

which can be written ctt = — — 75-. — 3. 

Integrating and determining the constant by the condition that when < = 0, 
« = ei = initial velocity, we have 






(9) 



We have also as before -^ = -^, and therefore, from (1), 

Integrating this, and making « = 0, when v = Vi, we have 
or in common logarithms. 



» = '-^W^^^^ (4> 



The time in which the velocity becomes zero and the body reaches the turn- 
ing-point is, from (2), • 

and the corresponding value of « is, from (4), 



-h'h^ ^=7*^"^' (»> 



^ 2.802586*' /, , «>i»\ 

ft = J ^*** (^ + f) (6) 
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At tlie end of the time 7* the body begins to retain and falls from a state 
of rest, or Vi = 0. 

We have then from the preceding Article, making Vi = 0, 

^ - 2.802585*. k-{-v ' n^ 

^-^=— ^r^'"»*^' ^ 

and 

2.802585*' k\ 

*■"•= — w~ ^^^^^^ ^^^ 

Let u be the velocity with which the body retonis to the startiog-point. 
Then patting < = in (8) and • = «, we have 

or substitating for h its yalue, 

s 



«L-_^ (9) 

^^*» 



Hence 

^ - ^ = ^ (10) 

We see then that u is less than Vi, or the body returns to the point of pro- 
jection with a velocity less than the velocity of projection* 

S 
Values of --r and c. — For motion in a resisting medium, under 

the action of gravity, we have/ = g(l — j\ where -^ is the density 
of the medium and d that of the body. 

For iron in water we may take ^ *= 7.2. 

*« " " air " " " 2-'^^^-^- 

" mist or rain in air " " ** ^ = 81S.82. 
•* lead in water " " "3= ^^•^^• 

*» " <» air a a u ^ 9423.61. 

The coefficient of resistance for a sphere (Vol. II, Statics) is 

^ - Af " 16dr' 

-where r is the radius of the sphere. 
For a cone we have 

_ BJf* 

where r is the radius of the base and h the height. If the cone 
terminates in a cylinder of length Z, we have 

"* 2S(Sl + hXr" + h') ' 
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EXAMPLES.* 

^ = 82.16 ft.-per-sec. per sec. 

(1) A lead bullet 1 inch in diameter is prelected vertically with a 
velocity of 2000 ft. per sec. Find (a) the time of aecent with and 
vnthout resistance of the air ; (h) the distance to which it ascends 
with and without resistance of the air ; (c) the velocity and time of 
return vnth and without resistance of the air. 

Ana. We have in this case ^ = 9428.61, k% = 67838.1852 and A; = 269.49 

ft. per sec., / = 82.1556 ft.-per-sec. per sec. 
(a) The time of ascent in vacuo is 62.19 sec. 

- . - 259.49 , ,2000 ,^ ^^ 
^*^ ^=823566**"- '269749 = ^^-^^ 

(&) The height of ascent in vacuo is 62189 ft. 
2.802585 X 67888.1852 



In air A = 



? X 67888.1852 / 400000 \ o«.o f* 

821656 ^^«(1 + 673383852J=^^*- 



(c) The velocity of return in vacuo is 2000 ft. per sec. 

^ . , 4000 000 ^_^ 

In air >u« = I^OOOOO"' ^' « = 257 ft. per sec. 

^ + 67338.1862 

(d) The time of return in vacuo is 62.19 sec. 

^ . ^ _ 2.802585 X 259.49 , 259.49 -f 257 ^, ^^ 
^^i-T= 2x32.1556 ^^« 259.49 - 257 = ^1-52 sec. 

(2) A lead bullet 1 inch in diameter is let fall in the air. Find 
the velocity at the end oft = l sec., 2 sec., 3 sec., 10 sec., 20 sec., vnth 
and without the resistance of the air. 

Ans. We have k = 259.49 ft. per sec.; /= 82.1556 ft.-per-sec. per sec; 

/V? \ 

]c\e * — 1/ 

e = 2.718282; and from eq. (6), page 111. making «i = 0, o = — ^ 

«* + l 
Let e = 1, 2, 8. 10 and 20. and we have v = 81.98, 68.03. 92.33, 219.3 and 
255.86 ft. per sec.; while in vacuo we would have « = 32.16, 64.32, 96.48, 
321.6 and 643.2 ft. per sec. 

(3) In the previous example what is the greatest velocity the bullet 
can attain f 

Ans. k = 259.49 ft. per sec. As we have seen, this velocity is attained 
quite early, after which the velocity is uniform. 

(4) An iron cannon-ball 1 ft. in diameter is projected vertically 
upwards in the air with a velocity of 2000 ft. per sec. Find (a) the 
time of ascent; (b) the distance to which it ascends; (c) the velocity 
with which it returns ; (d) the time of return. 

Ans. We have in this case ^ = 6983.28, J^ = 513040, k = 716.268 ft. per 
sec.,/ = 32.1546 ft.-per-sec. per sec. 

* An examination of these problems will ^ve the student an idea of the 
effect of the air in modifying the motion of a falling body and enable him to 
realize the inaccuracy of neglecting it. 
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{a) The time of ascent is T = 27.82 sec; in vacuo, 62.19 sec. (See Ex. 

(1).) 

(h) The distance of ascent is A = 84680 ft.; in vacuo, 62189 ft. 

(c) The velocity of return \au = 674.8 ft. per sec.; in vacuo, 2000 ft. per 
sec. 

{d) The time of return is « — T = 88.9 sec.; in vacuo, 62.19 sec. 

(5) An iron cannon-ball 1 ft, in diameter is let fall in the air. 
Find the velocity at the end 0/ * = 1 sec., 2 sec,, 3 «ec., 10 sec,, 40 sec, 
60 sec. 

Ans. We have k = 716.268 ft. per sec.,/= 82.1646 ft.-per-sec. per sec. and 
Di = 0. Hence from eq. (6), page 111 : 

Fori = 1 2 3 10 40 60 sec. 

= 82.12 64 95.85 301.6 677.8 709.7 ft. -per-sec. 
In vacuo we would have 

= 82.16 64.82 96.48 821.6 1286.4 1929.6 ft. per sec. 

(6) In the previous example, what is the greatest velocity the can- 
non-ball can attain f 

Ans. k = 716.268 ft. per sec. And this is attained in little more than a 
minute. 

(7) In Example (5) what are the distances passed through f 

Ans. From eq. (8) we have, making Oi = and taking the values of v 
already found, 

FoTt= 1 2 8 10 40 60 sec. 

8 = IMS 64.29 144.2 1561 18000 81992 ft. 
In vacuo we would have 

« = 16.08 64.82 144.72 1608 25728 57888 ft. 

(8) A lead shot i inch in diameter is let fall in the air. Find the 
greatest velocity it can attain, and the velocity and space traversed 
in f = 1, 2, 3, 4, 5, 6, 7 and 8 see. 

Ans. We have -~ = 9423.61, /= 32.1666, A? = 8417. 

Greatest velocity = A; = 91.7 ft. per sec. 

For « = 1 2 3 4 6 6 7 8 sec. 

«) = 80.89 55.49 71.76 81.23 86.85 89.01 90.35 91. 03 ft. per sec. 
In vacuo, 

= 82.16 64.82 96.48 128.64 160.8 192.96 225.12 257.28 ft. per sec. 

« = 15.67 60.27 128.56 199 283.8 370.7 468.1 545.6 ft. 
In vacuo, 

16.08 64.32 145.72 257.8 402 578.8 787.9 1029.12 ft. 

(9) What is the greatest velocity a rain-drop J inch in diameter 
can acquire, falling in the air f 

Ans. We have -^ = 818.82, / = 32 12, A; = 27 ft. per sec. 

(10) An iron cannon-ball 1 ft. in diameter is let fall in WQier, 
Find (a) the greatest velocity it can attain; (b) the final velocity 
and the space passed through in f = 1, 2, 3 sec. 

Ans. We have -|- = 7.2, /= 27.7. 

Therefore, {a) k = 23.06 ft. per sec. 

(6) For i = 1 2 8 sec. 

« = 19.22 22.68 28.02 ft. per sec. 
« = 11 38 82.8 63.94 ft. 
We see that the maximum velocity is reached in about 8 sec. 
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In the preceding examples it is assumed that the density of the 
medium is unchanged, and that the acceleration of gravity is con- 
stant. Near the earth's surface both assumptions are practically 
true. We have also cuisumed that the acceleration varies as the 
square of the velocity. Experiments would seem to indicate that 
this is not strictly accurate. 

The effect of resisting media upon the motion of projectiles is 
therefore best taken account of by means of empirical formulas 
based upon experiment. 

We have given the preceding examples in order to call attention 
to the fact that the influence of the medium, even of the air, is such 
as to very materially modify the results of the formulas of page 
93, which nold good only in vacuo and are not even approximately 
true except for large and heavy bodies for the first few seconds of 
fall. The examples of page 95 are therefore devoid of practical 
value except under such limitations. 

For very ^eat distances the density of the air and the accelera- 
tion of gravity are not constant, so that our present assumptions 
are then no longer in accord with fact. 



CHAPTEB in. 



TRANSLATION IN A CURVED PATH 



DIBBCTIOIT OP ACOELBBATION CONSTANT. FABABOLIC MOTION. 
PBOJBCTILB IN A BB8IBTIN6 MBDIUM. 



KOT^ON OF 



Curved Path. — ^When a point moves in a path such that the di- 
rection of the acceleration coincides with the direction of motion 
and does not change, the motion is rectilinear, no matter what the 
law of variation of the magnitude of the acceleration may be. Such 
motion we have discussed m the preceding Chapters. 

If the direction of the acceleration, however, does not coincide 
with that of the motion, then, whether it is constant in direction 
and magnitude or not, we have motion in a curved path. 

When a rigid body composed of many points moves so that 
every straight line through any two of its points remains parallel 
to itself in all positions of the body, it has a motion of translation 
only, and we may treat the body as if it were a point. 

For motion in a curved path the differential equations of page 
81 apply. 

Uniform Acceleration Inclined to Direction of Motion.— If the ac- 
celeration is uniform, that is, constant in magnitude and direction, 
its component in any given direction is uniform, and the equations 
for rectilinear motion, page 93, apply to the component motion in 
that directiQn, 

The most common case of curvilinear motion under uniform ac- 
celeration is that of a body projected with any given velocity in 
any given direction at the surface of the earth, neglecting the 
resistance of the air. In such case the acceleration due to gravity 
is practically uniform and equal to g ft.-per-sec. per sec. 

Let the initial velocity of projection Vi of the point P make the 
angle APB = ai with tne hori- ^ 

zontal. 

Let the co-ordinates of any 
point ilf of the path or trajectory 
he PB = x and BM=:y, 

Let the angle MPB = S. Let 
/be the uniform vertical accel- 
eration (in the case of gravity/ 

If we make Op parallel and 
equal to the velocity Vi at P, and 
Om parallel and equal to the ve- 
locity V at any point M of the 
trajectory, then pm =ft is the 
integral acceleration for the time 
t during which the point i)asses 

from P to 3f, and the straight line pb is the hodograph (page 
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for motion from P to the point C, where the velocity is horizontal, 
and Oh is the velocity at this point. 

The velocity of p in the hodograph is the acceleration in the 
path (page 52). Therefore the pointp moves with uniform velocity 
/ from ptob, while P moves from P to C 

We see at once that the horizontal component of the velocity Vi 
is Ob = Vxi or 

Oh = Vx = Vi cos ai (1) 

The horizontal distance pcuised over in any time t, while the 
point P moves from P to Jlf, is then PB = x, or 

PB = x = VitcoQai (2) 

The vertical component of the velocity Vi is 6p = Vi sin ai up- 
wards. But the acceleration / is downwards. Hence the vertical 
velocity at the end of the time t is bm = bp— pm = t?y , or 

bm = Vy=ViBiiiai^ft (3) 

The vertical velocity at the beginning of the time tisvi sin ai. 
The mean vertical velocity durmg the time t is then 

2Vi sin ai - ft ^, ^. 1 ^ 
^ ^ = Vi sm ai — -ft. 

The vertical distance passed through in the time t is then 
BM=y, or 

BA-~AM=BM:=y = Vit&mai'-lft^ (4) 

2 

If we combine (2) and (4) by eliminating f , we have for the eqtui- 
turn of the trajectory 

tj =z X tan ai — (6) 

^ 2t?,*cos*ai ^^ 

This is the equation of a parabola. 

The time of reaching the highest point Cis the time of describ- 
ing the vertical distance DC. Call this time Tv . Since at this point 
the vertical velocity is zero, we have, by making % = in (3), 

rp Vi sin ai 

If we substitute this for t in (2) and (4) we obtain the co-ordinates 
of the vertex C of the parabola, 

nyx Vi* sin ai cos ai Vi^ sin 2ai 

JrJJ = 0?- = ~ = — = ; 

y 2/ ' 

nC=y ^ t^i'sin'ai ^ Xo*f 

^' 2f 2ri*cos*ai' 

The parameter of the parabola is then ^ = ^' ^ ^' . The di- 
rectrix is parallel to PX> at a distance above the vertex C equal to 
one half the parameter or — — ^f—^ , or at a distance of —^ above 

P. That is, distance of the directrix above P is the height due to the 
velocity Vi, 

If we had taken the origin at the vertex C and let Xe and yc be 
the new co-ordinates, then the horizontal velocity at C would be 
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Vi COS a, and the horizontal distance passed over in any time t would 
be o^c = VitcoB ax. The mean vertical velocity would be —ft and 

the vertical distance ye = ^ft^* Combining and eliminating ty we 

obtain 

^, 2t?i'cos»ai 
a?c = J yc, 

which is the equation of a parabola referred to its diameter CD and 
the tangent at the vertex C. The parameter is as before ^±_S^_^^ 

To find the velocity at any point of the trajectory.— The maj^tude 
of the velocity at any point M is the residttuit of the vertical and 
horizontal velocities, or, from (1) and (3), 

v» = Vx* + V = Vi» — 2vift sin oTi + fV (6) 

The same result is obtained at once from the hodograph from 
the triangle (kmi. 

Insertmg tne value of y from (4), 

v^ = vi*-2fy (7) 

If the acceleration is due to gravity, we replace/ by g, and have 

= H? — v. But we have just seen that -^ is the distance of the 
2g 2g ^ •* ^ 2g 

directrix above P. Therefore ^ yia the distance of the direc- 

trix above any point M, and ^ is the height due to the velocity v. 

Hence, the speed at any point la the same as that acquired by a body 
falling from the directrix to that point 

To find the direction of the velocity v at any point M, the mag- 
nitude of which is given by (6) and (7), let a be tne angle which it 
makes with the horizontal. Then we have directly from the hodo- 
graph, since angle mOb = a, 

r sin a = Vi sin ai —ft ; 

VCOQOC^ViCOQau 

Therefore, from (2), 

tSLXia = t8LD.ai i^ = tanai — ^, ... (8) 

Vicosai X 

or 

fx 

tan a = tan ai ~ — 5 — (9) 

t?i»cos*ai ^ ' 

To find the time of flight in a horizontal direction, and the horizontal 
range. — If in (4) we make v = 0, we have for the time Th in which 
the body reaches the line PX, or the time of flight in a horizontal 
direction, 

n = ^-^^ (10) 

Inserting this value of f in (2), we have for the horizontal range 
JPX 

„ 2t?i*sinaiC0sa, t?i*8in2ai 

Rh = y = 1^ (11) 
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This ifl twice the distanoe PD. 

The greatest value Bm2ax can have is unit^r* and this occurs 
when 2ax = 90* or cti = 45''. Therefore the horizontal range, neg- 
lecting resistance of the air, is greatest for an angle of elevation of 



45% and is equal to -^. 

To find the greatest height attained, and the corresponding time. — 
Put the vertical velocity given by (3) equal to zero, and we have 
for the time of attaining the greatest height 

r.^^i^ (13) 

or just half the whole time of flight as given by (10). 

Insert the value of the time given by (12) in (4), and we have for 
the greatest height attained, Ci) » H, 

^=■"1^— ^^^^ 

Equations (13) and -Rh given by (H) give the co-ordinates of the 

vertex C. 

To find the displacement in any given direction, and the cor- 
responding time.— Let be the angle which any displacement PM = 
B makes with the horizontal, then we have Bm = y = x tan 9. Sub- 
stituting this value of y in (5), we have for the abscissa of the 
point itf 

_ 2vi* cos gi sin (ai — Q) _ t^i*[sin {2ai — Q) — sin B] 

/cose "^ /cose ' • ^ ^ 

and therefore for the displacement or range PM= R^ 

P _ 2vi* cos ai sin (en — e) __ t?i*[8in {2ai -- e) — sin e] . 

^" /cos^e /cos^e • ' ^"^ 

If in (15) we make e = 0, we have the horizontal range Ri as 
given by (11). 

If we divide (14) by the horizontal component of the velocity, 

Vi cos ai , we have 

J. ^- jfji' T.X 2t?isin(ai — e) ,^^, 

t = time of flights ^ ^ ' (16) 

yCOSS 

This reduces to (10) for e = 0. 

To find the angle of elevation which gives the greatest range in 
any given direction.— The range R given by (15) is a maximum when 

sin (2ai — e) is a maximum, or when2ai — e = 90° or ai = - (90° + eV 

The direction of projection for the greatest range makes therefore 

with the vertical an angle 90 — ai = - (90 — e j, that is, it bisects the 

angle between the vertical and the range. 

To find the elevation necessary to hit a given point.— To deter- 
mine the direction of the velocity Vi in order that the path may 
pass through a given point given by x and y, we substitute for 

— i — the equivalent value 1 + tan' ai in equation (5), and obtain 

at once 
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Also from (14) we have 
or, since 12 cos = a?, - . • • . (18) 

We see from (17) that ay has two values. If ai' is an angle such 
that sin (2ai' — 0) = sin (2ai — 0), then 2a/ — e = 180° — (2ai — 6) or 
a/ = 90 — (ai — B) and either a/ or on will satisfy equation (14). 

With a ^ven acceleration and initial velocity of projection of 
given magnitude, there are therefore two directions of tne initial 
velocity, ai and 90 — (ai — 9), and therefore two paths by which the 
body may attain the same point. 



If in (17) we put (^)'= 1 + ^^. we have 



t?i« 



t?i* =/(y + V^^TW) and *®^ ^' = 1^ 

Smaller values of Vx make tan ai imaginary. Larj^er values of 
Vi give two values for tan ^i. In the first case the point cannot be 
attained. In the second case it would be attained either in the rise 
or fall of the projectile. 

To find the envelope of all the trajectories corresponding to 
different values of ai for a given initial speed Vi. — Equation (5) 
gives the equation of the trajectory corresponding to the angle of 

elevation ax. If we substitute 1 + tan* ax for — = — , equation (5) 

cos* ax ^ 
becomes 



2/ = a; tan ai — 



/a?*(l + tan'ai) 
2vx^ 



(19) 



where x and y are the co-ordinates of any point of the ^ath. 

For another angle of elevation ax'^ and the same initial speed ?h, 
we have 

/^i^l+tanVoiO 



yx = Xx tan a/ • 



2vx^ 



where Xx and yx are the co-ordinates of any point of the new trajec- 
tory. 




If we make a? = a?i and y = yxy we have for the point of intersec- 
tion of the two trajectories, by equating these two equations, 

fx 
^(tan ax + tan ax') = 1. 

ZVx 
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If the angles a/ and ai approach equality, this expression ap- 
proaches the limit 

=^tanai=l, or tanai = ^ (20) 

Equation (20) gives then the value of tan at when the two tra- 
jectories starting from the same point Pwith the same speed Vi 
have angles of elevation at P whose difference is indefinitely small. 

Substituting this value of tan ai in (19) we obtain 

»=i"-^ <«> 

Equation (21) is then the equation of a curve which passes 
through all the points in which every two trajectories starting 
from the same pomt P at angles of elevation whose difference is 
indefinitely small cut each other. It is therefore the equation of 
the envelope or curve which touches all the trajectories or parab- 
olas described from the same point P with the same initial speed 

Vu 

Equation (21) is the equation of a parabola ACA\ whose axis PC 
is vertical, whose focus is the i)oint P of projection, and whose 
vertex is in the common direction of the trajectories. 

With the given initial speed t?i, the projectile can reach any 
point within this envelope by two angles of elevation and two tra- 
jectories, as proved jpage 121. It can reach any point in the en- 
velope by onfy one elevation and path. It cannot reach with anj 
elevation and with the given velocity Vi any point outside this 
envelope. 

The point, therefore, where this envelope cuts the plane of any 
given range gives the tnaximum range in that direction for any 
given Vi. 

Thus the maximum range on a horizontal plane is found from 

(21), by making 2/ = 0, to be y^. The same result is given by (15) 

when we make ax = 45** and e = 0. 

Questions of maximum range may thus be readily solved by the 
equation for the envelope. 

From (2) we have cos a = -— , and from (4) sin ori = ^ "^ y^ , 

Vxt Vit 

Since cos' ori + sin" cxi = 1, we have 

af-hly-^ lft'X= vx^f (22) 

This is the equation of a circle whose radius is Vit and whose 

centre is situated vertically below Pat a distance PD = -/f . 

2 
The circumference of this circle is reached in the same time by 
a point starting from P with the velocity Vi in any direction. 

[Application of the Calculus.] The same results are obtained by the applica- 
tion of the differential equations of motion, page 81. 

Thus in the present case we have for the horizontal component of the 
acceleration, since /is vertical, 

^="' (*> 
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and for the vertical component 

dz 
Integrating (a), since for e = 0, ^ = Vi cos ai, we nave 

dx /Hx 

tte = ^ = t>i cos ai (1) 

Integrating again, since for < = 0, aj = 0, we liave 

05 = «i< cos cti (2) 

Integrating (&), we have, since when f = 0, ^ = d sin ai, 

vy=^ = ViBmai --ft (3) 

Integrating again, since for « = 0, y = 0, we have 

y = vit sin ai — -^fl^ (4) 

Combining (2) and (4) by eliminating t, we have for the equation of the 
trajectory 

y = aj tan a — ^r—^ — s — . (5) 

^ 2©i* cos^ ai ^ ' 

We have also 

or, from (1) and (2), 

1^ = t)i« - 2/^t^i sin a, +/% ....... (6) 

Inserting the value of y from (4), 

t)« = t,i2-2/y (7) 

If we differentiate (5), we have, for the tangent of the angle which the 
velocity at any point makes with the horizontal, 

tana = ^ = taiiai-- , ^\ (8) 

dx «i* cos* ax ' 

These are the same equations as already given, and from them all the others 
are deduced. 



EXAMPLES. 



^ = 82.16 ft.-per-sec. per sec. Resistance of air neglected. 

(1) ShxAJO that for parabolic motion the hodograph is a straight 
line. 

(2) The sights of a gun are set so that the hall may strike a given 
object Shmjo that when the sights are directed to any other object 
in the sams vertical line, the ball will also strike it, 

(3) Two bodies projected from the same point in dtrectums mak- 
ing angles p, fi' with the vertical pass through the same point in 
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the horizontal plane through the point of projection. If t and t are 
the times of flight, show that 

eini/a + fi^ f^ + t*' 

(4) With what velocity must ajyrq(ectile be fired at an elevation 
of 30" 8o as to strike an otject at the distance of 2500 ft* on an ascent 
of 1 m 40 ? 

Ans. 811.5 ft. per sec. 

(5) Find the direction and ma^gnitvde of the velocity of projection 
in order that a prqjectile may reach its maximum height at a point 
whose horizontal and vertical distances from the starting-point are 
b and h respectively. 



Ans. tan oi = -r-, i?i = 4/ ^ — ^ — ^. 
f iih 



(6) A gun is fired horizontally at a height of 144,72 ft, above the 
surface of a lake and the initial speed of the oall is 1000 /t. per sec. 
Find (a) after what time, and (6) at what horizontal distance, the 
ball strikes the lake, neglecting resistance of the air, 

Ans. (a) 8 sec. ; (&) 3000 ft. 

(7) In the parabola described by a prcjectile, its speed at any 
point is that which it would have had had it fallen to that point 
from the directrix. 

(8) A particle projected at a given elevation with an initial speed 
Vi reaxihes the top of a tower hft. high and 2hft. from the point of 
prelection in t seconds. Find (a) the initial s^eed of another par- 
ticle which, being projected at the same elevation from a point dis- 
tant 4h ft. from the tower, will also reach its summit, and (6) the 
time it will require. 

Ans.(a)-^i^i^:(ft>i^gSZ). 

(9) A ball is projected with a velocity of 100 ft. per sec. inclined 
75° to the horizon. Find (a) the range on a horizontal plane ; (6) the 
range on a plane inclined 30° to the horizon ; (c) ichat other direc- 
tions of the initial velocity would give the same ranges. 

Ans. (a) 155.5 ft.; (&) 207.3 {\^ - 1) ; (c) 15° and 45^ 

(10) Show that with a given initial speed the greatest range on. a 
horizontal plane is just half as great as the greatest range down an 
incline of 30°. 

(11) Show thai if two particles meet which have been projected 
with the same initial speed, in the same vertical plane, at the same 
instant, from two given points, the sum of their elevations must be 
constant. 

(12) On a small planet a stone projected with a speed of 50 ft. per 
sec. is found to have a maximum range on a horizontal plane of 
400 /f. Find the acceleration of falling bodies at the surface of that 
planet. 

Ans. 6 25 ft.-per-sec. per sec. 

(13) Two stones thrown at the sam/e instant from points 20 yards 
apart, with initial velocities inclined 60° and 30°, respectively, to the 
horizon, strike a jUxg-pole at the same point at the same instant. 
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Show that the initial speeds are oa 1 : V8 ; and that the distance of 
the pole from the nearer point ofprqjecHon is 10 yards. 

(14) At what elevation mvst a body he projected with a speed of 
310.8 /t. per sec, that it may hit a balloon SOO Jt. from the earws 
surface and at a distance of lOOO ft, from the point of projection. 

Ans. 89** ir, or 80" 48'. 

(IB) A body is projected with an initial velocity of 30 ft. per sec. 
inclined 60° to the horizon. Find the velocity after 20 sec. 

Ans. 617.8 ft. per sec. inclined 148'' 36'.6 to the direction of the initial 
velocity. 

(16) If from a point A bodies are projected at the same moment 
and in the same vertical plane at different angles of elevation, with 
the same initial speed, Vi^ the locus of all the positions occupied at 
the end of a given time t is a circle whose radius is vd and whose 

centre is situated vertically below A at a distance -gt^. 

Z 

(17) A jet of water rises with a velocity of 20 ft. per sec. at an 
angle of elevation of 66"*. Find (a) the height due to the velocity; 
(6) the greatest height of the jet; (c) the horizontal range; (d) the 
time of reachina the horizontal plane ; (e) the height corresponding 
to the horizontal distance Sft. 

Ans. (a) 6.2 ft.; (b) 5.17 ft.; (c) 9.24 ft.; (d) 1.14 sec.; (e) 4.52 ft. 

(18) A Jet of water discharged horizontally at a height above a 
horizontal plane of lift, has a range on the horizontal plane of 5i 
ft. Find the velocity oj projection. 

Ans. 15.92 ft. per sec. 

(19) Prove that the anatdar velocity of a projectile about the focus 
of its path varies inversely as its distance from the focus. 

(20) Show that the envelope of all theparabolas which correspond 
to a given velocity qfprcjection is equal to the trajectory for which 
the direction of projection is horizomal. , 

(21) A particle is projected over a triangle from one end of the 
horizontal base and, grazing the vertex, falls upon the other end of 
the base. If ft and y are the base angles and a the angle of projec- 
tion, show that tan a = tan ft + tan y. 



^,,, For the greatest range on an inclined plane through the 
point of projection the direction of motion on leaving is at right 
angles to that on reaching the plane. 

(23) A particle is projected horizontally with a speed of 32.16 fU 
per sec. from a point 128.64/eef from the ground. Find the direc- 
tion of its motion when it h^ fallen half wa^ to the ground. 

Ans. Inclination to the horizontal = tan " ^ 2. 

(24) The greatest range on a horizontal plane of a projectile 
with a given initial speed being 500 meters, show that the greatest 
range on a plane inclined 60** to the horizontal is 2 — VB kilometers. 

(25) A stone is let faU in a railway-carriage travelling at the 
rate of 30 miles per hour. Find its displacement relative to the 
road at the end of 0.1 sec. 

Ans. 4.4029 feet, inclined 2** 5^.6 to the horizon. 
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(26) The velocities of a prcjeetile at any two paints of its path 
being given^ find the difference of the altitudes above a horizontal 
plane, 

Ans. X , where V\ and Fi are the magnitude of the given velocities. 

(27) A given inclined plane passes through the point of projection 
of a projectile which eventuauy strikes the plane at right angles, 
Pinathe range of the projectile on the inclined plane, me velocity 
of projection being given, 

Ans. If is the inclination of the plane and «i the velocity of projection, 
^, . , , 2t)i« sine 

the required range is ^ , ^ . ^ ^ - 

^ ^ g 1 + 3 sin'© 

(28) A particle begins to slide from rest down an inclined plane 
AB. At the same instant another particle is projected from A, 
Find the condition that the particles may meet, and ascertain when 
and where this occurs. 

Ans. The second particle must be projected at right angles to the plane. 
If is the inclination of the plane and Vi the velocity of projection, the time 

Am 

before meeting is * = ^—r, and the distance of the point of meeting from A 

gooB* B 

(29) Prove that the components of the velocities at the extremities 
of any chord of the path of a projectile, at right angles to the chords 
are equal, 

(30) Swift of foot was Hiawatha ; 

He coma shoot an arrow from him^ 
And run forward with such fieetness. 
That the arrow fell behind him ! 
Strong of arm loas Hiawatha ; 
He could shoot ten arrows upward, 
Shoot them with such strength and swiftness. 
That the tenth had left the bow-string 
Ere the first to earth had fallen. 

Supposing Hiaicatha to shoot an arrow every second, and^ when 
not shooting vertically, to have aimed so th>at thefiight of the arrow 
might have the longest range, find his speed, 

Ans. About 99 mUes an hour. 



(31) If any number of bodies are projected from the same point 
^ different directions with the same initial speed Vi, show that the 
foci of the parabolas they will describe will He on the surface of a 



in different directions with the same initial speed Vi, show that the 

He ' 

Vi* 

sphere whose radius is g^. 

(32) The elevation of a prcjeetile is that for maximum horizontal 
range. Find the time of reaching a point whose horizontal and ver- 
tical distances from the point of prelection are h and k respectively. 



Ans.* = i/1^3 
^ 9 



(33) If AB is the range of a projectile on a horizontal plane, and 
t the time from A to any point B^of the trajectory, and f the time 

from P to jB, show that the height of P above AB is ofl^- 
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(34) A projectile is fired from an elevation of 1.8 meters above a 
horizontal plane with a horizontal velocity of 10 meters per sec. 
Hou) long before it strikes the plane and what is the range ? (flf = 9.81 
meters-per-sec, per sec,) 

Ans. 0.6 sec. ; 6 meters. 

(35) A projectile is fired at an angle of 30° at a target distant 1200 
meters in a horizontal direction, (g = 9.81 meters-per-sec. per sec.) 
(a) Find the initial velocity. 
lb) The time of striking. 

(c) The highest point of the trajectory. 

(d) The velocity of striking. 

Ans. (a) 110.6 meters per sec.; (&) about 12 seconds; (e) 173.21 meters; (d) 
same as the initial velocity. 

(36) A projectile is fired with an initial velocity of 150 meters per^ 
sec. from a point 100 meters below a target which is distant horizon- 
tally 1525 meters, {a = 9.81 meters-per-sec. per sec.) 

(a) Find the angle of elevation. 
(6) The velocity of striking. 
(c) The time offitght. 

Ans. (a) 68° 28' 50" for bomb, 25° 16' for ball; (&) 148.3 meters per sec.; 
(c) 27.715 sec. for bomb, 11.24 sec. for ball. 

(37) A projectile is fired at an elevation of 45°, arvd strikes a tar- 
get at a horizontal distance of 800 meters and 70 meters lower, (g = 
9.81 meters'per-sec. joer sec.) 

(a) Find the initial 'velocity. 

(6) The final velocity. 

(«) The angle of striking. 

Ans. (a) 84.95 meters per sec. ; (6) 92.6 meters per sec.; (c) 49° 33'. 

. [Motion of a Projectile in a Besisting Medium.]— In the preceding examples 
the motion is assumed to be m vacuo. It should be borne in mind that the re- 
sistance of the air completely changes the results of the theoretic formulas. 

The motion of a projectile, taking into account the resistance of tbe air, is 
best given by empirical formulas basm upon experiment. 

If, however, we assume that the magnitude of the acceleration decreases 
directly with the square of the velocity, we may deduce by means of our gen- 
eral differential equations, page 81, Chap. VIII, the equation of the trajectory 
for very small angles of elevation. The same method which we shall use 
holds good for any other assumption as to the law of acceleration. 

The assumption is not strictly accurate, but will serve to illustrate the 
method of deduction. 

Let / be the constant acceleration due to gravity, the value of which is 

given page 111, and let e be the coefficient of resistance, so that c has the 

value given page 113. 

ds 
Thus, since the velocity at any point is v = -=-, we have the retardation 

do 

assumption. We have then from equation (6), page 81, 

dx 

since cos a = ^-, for the horizontal component of the tangential acceleration 
as 

€Px fdsydx 

W--iat)d^* ('> 

and, since sin a = ^, for the vertical component of the tangential accelera- 
tion 



-'(I)-" 
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IHTlding (1) by ;=-, we have 



Integrating this, we have 

^^df =-«+^' (8) 

where Cis a constant of integration. Let Vi cos ai be the component of the 
initial velocity Vi, parallel to «, ai being the angle of elevation at the point of 

projection; then when « = 0, ~ = Vi cos ai, and C = logn «i cos a. There- 
fore, from (3), 

dx _«• 

g^=« «iC08ai (4) 

where e is the base of the Kai>erian sjrstem of logarithms, 2.718382. Hence 

dy dy dx -«. dy ,^ 

-Tr = ^' ^ = ^ «icosai -~ (5) 

dt dx dt dx ^ ' 

If we multiply (2) by dx, and (1) by dy, and subtract, we have 

^»^-^^^=-fd» («> 

Inserting the value of d^ from (4), we have 

^ydx-d«a%^__jgl_^ 

dx* «i' cos* ai 

The first member of (7) is equal to d-—-. We have also 



dfl^ + dy* = (fo*, or 



f* . <^y*\* ds , d9 



Substituting these values in (7), we have 

fl+g\*^ = __J^,^. (8> 

\ ^daj*y dx «j*cos*ai ^' 

If we assume the angle of projection ai as very small, so that the trajectory 
is very flat, we have approximately in such case 

ds=:dx, and « = «, and (l + ^l = !• 
Therefore (8) becomes 

a^=.^X-^ . {») 

dx Vi* cos* ai ^ ' 

Integrating (9), since when* = 0, ~- = tan a,, we have 

^=tana>-- ^ / , [^-l] (10) 

dx 2c©i«cos«ai\ J ^ ^ 

Integrating (10), we have, since for a? = 0, y = 0, 

y = a?tanaxH- ^ /^ , . o / o (e^- iV . . (H) 

^ ' 26©i'cos*ai 4c*«i* cos* a, \ / ^ ' 
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Equation (11) is the approximate equation of the path. 
If we expand the last term in a series, we have 

y = a;tan«i- , /^, -o-p^^ d^) 

^ 3Di*cos*ai 3f)i*cos^ai ' 

If the terms containing c are omitted, and/= ^, equation (13) is that of a 
parabola, which is the path of the projectile in vacuo. 

The ordinate of the actual curve is therefore less at any distance x than that 
of the parabola for the same distance. 

From equation (4) we have 

dx ^.cx 

-7- = e t>i cos Ofi ; 
at 

and integrating, since for « = 0, £ = 0, we have 

ctJi cos ai^ = ^^^^^ - 1, (13) 

which gives the time in terms of the abscissa. 



From (13) we have 



X = — logn {cox cos ait + 1), 
c 



(14) 



or, in common logarithms, 

2.302585 , , ^ , ^^ 

X =r log (cvi cos ai* + 1), 

c 

which gives the abscissa x in terms of the time. 

**The general problem of the path of a projectile in a uniform resisting 
medium, where the resistance varies as the square of the velocity, was pro- 
posed by Keill as a trial of skill to John Bernoulli, by whom the challenge was 
received Feb. 1718. Keill, trusting to the complexity of the analysis, which 
had probably deterred Newton from attempting any regular solution of the 
problem in the second book of the Pnwcipia, was in hopes that the exertions of 
Bernoulli would prove unsuccessful. Bernoulli, however, having expeditiously 
effected a solution, not only of Keill's problem, but likewise of the more general 
one where the resistance varies as the nth power of the velocity, expressed a 
determination not to publish his investigation until he had received intimation 
that his antagonist had himself been able to solve his own problem. He gave 
Keill till the following Septelnber to exercise his talents, declaring that if he 
received by that time no satisfactory communication, he should feel himself 
entitled to question the ability of his adversary. At the request of a common 
friend, Bernoulli consented to extend the interval to the first of November. 
It turned out, however, that Keill was unable to obtain a solution. At length 
Nicholas Bernoulli, Professor of Mathematics at Padua, communicated to John 
Bernoulli a solution of Keill's problem, which the author afterwards extended 
to the more general one. Finally, on the 17th of November, information was 
received by John Bernoulli from Brook Taylor, to the effect that he had ob- 
tained a solution. John Bernoulli published his own analysis, together with 
that of his nephew Nicholas, in the Acta Erudit, Lips. 1719 mai., p. 216." 
(Walton, Problems in Theoretical Mechanics.) 



CHAPTEE IV. 

CURVILINEAR MOTION OF TRANSLATION—CENTRAL 
ACCELERATION. HARMONIC AND PLANETARY MOTION. 

Central Acceleration.— If the acceleration of a moving point is 
always directed towards a fixed point or centre of acceleration, the 
acceleration is said to be central. 

The velocity of the moving point at any instant is the resultant 
of the velocity at the preceding instant and of the integral accelera- 
tion during the intervening time. 

But if the acceleration is always directed towards the centre, or 
fixed point, its moment with reference to that point is zero. Since 
the moment of the resultant of any two components about any 
point is equal to the sum of the moments of the components, and 
since in this case the moment of one of the components, viz., the 
acceleration, is zero, it follows that the moment of the velocity about 
the centre^ in the case of central acceleration^ is constant. 

Conversely, if the moment of the velocity of a moving point 
about any fixed point is constant, the acceleration must always he 
directed towards that point. 

If r is the distance of the moving point from the fixed point, p 
the lever-arm, and oo is the angular speed at any instant, we have 
for the moment of the velocity pv = r*aj = c, equal to twice the 
areal velocity of the radius vector (page 76). 

Therefore, in all cases of central acceleration -r'oi is constant, or 

the area described by the radius vector in a unit of time is constant. 

It follows also that in aU cases of central acceleration oi = -= , or 

the angular speed is inversely as the square of the radius vector. 

Cases of Central Acceleration. — The two most important cases 
of central acceleration are those of hamumic motion^ where the 
central acceleration is directly proportional to the distance from the 
centre, and planetary motion, where it is inversely as the square of 
the distance. 

When the velocity is in the same straight line as the central 
acceleration we have in both these cases rectilinear motion. The 
first is simple rectilinear harmonic motion, the second is rectilinear 
planetary motion or that of a body at great distances from the 
earth. Both these cases have been considered in Chaps. I and II. 

When the velocity is not in the same straight line with the 
central acceleration we have compound harmonic motion and 
planetary motion in general. The nrst is of ^eat importance in 
the study of sound, li^ht, heat, etc., as well as m prdinary kinetics. 
The second is the motion of planets about the sun and of satellites 
about their primaries. 
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Cases of Harmonic Motion. — ^We have defined simple harmonic 
motion, page 103, as the motion of a point moving in any path in 
such a manner that the tangential component of the acceleration, a, 
is directly proportional to the distance, measured along the path, 
from a fixed point in the path. 

Such motion may be rectilinear or curvilinear. In the first case 
it is simple rectilinear, in the second simple curvilinear. 

If the whole acceleration itself , or/, is central, that is, always 
directed towards a fixed point not in the path, and is always propor- 
tional to the distance from this fixed point, the motion is central 
harmonic, or compound harmonic, so called, because it is the result- 
ant of two simple rectilinear motions, as will be proved in the next 
article. 

Simple rectilinear harmonic motion is also central, because the 
fixed point is in the path. 

Any Central Harmonic Motion may be Eesolved into Two Simple 
Eectilinear Harmonic Motions at Eight Angles. — Let C be the 
centre of acceleration, and P the position of the moving point at 
any instant. Let the velocity v of P make 
an angle a with the axis of X, and let the 
motion of P be harmonic so that the ac- 

a' 
celeration of P is —rr, where a' is the ao- 

r 
celeration at a known distance r', and r 
is the distance CP, 

The velocity v may be resolved into 

V cos a and t? sin a in the directions CX 

ol 
and QY, and the acceleration may be resolved into —^r cos PC A or 

-zrCA, and --j-r cos PCB or --rCB, in the same directions. 

The component accelerations are therefore directl^r as the dis- 
tances CA and CB, and the component velocities are in the direc- 
tions of CA and CB, The central harmonic motion of P, whatever 
the direction of the velocity v, is therefore the resultant of two 
simple harmonic motions in the lines CA and CB at right angles. 

If then any central harmonic motion is resolved into two com- 
ponents at right angles, the component motions are rectilinear har- 
monic. 

Conversely, the resultant of two rectilinear harmonic motions at 
right angles xs a central harmonic motion. Central harmonic mo- 
tion is therefore called compound harmonic motion. 

Composition of the Simple Bectilinear Harmonic Motions in Dif- 
ferent Lines. — ^Let the point Mmove in a circle AM A* of radius r = 

CA = Cilf with a constant angular 
velocity oo. Then the motion of the 
projection P in the line AA is 
simple rectilinear harmonic (page 
103). 

Let the point Mi move in the 
circle CBMi of radius ri = CB = 
Ja CMi , with constant angular veloci- 
ty «!. Then the motion of the pro- 
jection Pi in the line CB is simple 
rectilinear harmonic. Let the angle 
BCA between the planes of the 
circles be <x. 




Bte. 1. 
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Let the time coxint from the instant when Mi is at B, so that the 
epoch of Pi is zero (page 105). At this instant let the epoch of P be 
€, Then e is the difference of epoch, or, in angular measure, the 
angle of M above or below A at the beginning of the time. In any 
time f, Ml will have moved from B through the angle aoit measured 
from CB, and Jlf through the angle aot ± e measured from CA. 

By the preceding Article we can resolve the harmonic motion of 
Pi into a simple rectilinear harmonic motion at right angles to CA^ 
and another along CA. 

The displacement of Pi from C for any time f is ri cos (<»i^), and 
this displacement may be resolved into vi cos a cos (ooit) along CA, 
and ri sm a cos {ooit) perpendicular to CA, The displacement of P 
from C in the same tune ti^r cos {aot ± e). 

If a point undergoes these displacements simultaneously, its re- 
sultant displacement along CA will be 

X = r cos {oot ± e) + Ti cos a COS (<»iQ, .... (1) 
and perpendicular to CA 

y = n sin acos (flOiO. .......... (2) 

The equation of the curve in which the point moves, referred to 
rectangular co-ordinates with C tor the origin, will then be obtained 
by combining (1) and (2) so as to eliminate t. Such combination 
(page 131) gives always a central or compound harmonic motion 
about C, the radius vector from C passing over equal areas in equal 
times (page 130). 

Equations (1) and (2) enable us then to find the curve resulting 
from the combination of any two simple rectilinear harmonic mo- 
tions inclined at any angle a. 

If the component motions are at right angles, a = 90°. If the 
amplitudes are equal, r = ri. If the periods are equal, co = ooi, the 
difference of epoch is constant, and, sinc6 the epoch equals the pro- 
duct of the phase at zero of time by 2n radians (page 105), when the 
periods are equal the difference of phase is constant. When, then, 
the periods are equal and e = 0, or the epochs are equal, the phases 
are also equal at any instant. (For definitions of amplitude, period, 
epoch and phase, see page 105.) 

Two Component Simple Bectilinear Harmonic Motions in Differ- 
ent Lines with the Same Period. — In this case « = <»i and e is con- 
stant, or the difference of epochs is constant and difference of 
phase at any instant is constant. 

We have then, from (1) and (2), 

a; = r cos (fijf + e) + Vi cos a cos (oot\ ^ = r sin a cos {oot). 
Ck>mbining these two equations by eliminating oot^ we have 

(ri' sin* a)a?» — 2ri sin air cos 6 + ri cos a)xy -H 

(r* + 2rri cos e cos a+ ri" cos'' a)^ = rVi' sin' a sin' 6. (3) 

This is the equation of an ellipse referred to its centre and rect- 
angular axes. 

Hence if a point has two component simple rectilinear harmonic 
motions in any directions, of any amplitudes, and any difference of 
epoch, if the periods of the two components are the same, the result- 
ant motion of the point will be central harmonic in an ellipse, the 
centre of acceleration at the centre of the ellipse. The areal velocity 
of the radius vector about the centre is constant (page 1.^0). 

Such motion is called elliptic harmonic motion. Elliptic har- 
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monic motion, then, is compound harmonic motion when the 
periods of the components are the same. 

Equation (3) gives all cases of compoimd harmonic motion for 
equal periods of the components. 

It will be instructive to derive from it special cases. 

(a) Two Component Simple Rectilinear Motions in Different Lines 
with the Same Period and Phase. — In this case we make in (3) e = 0, 
and therefore the phases are equal, and we have at once 



X =■ 



r + ri cos a 
Ti sin a " 




This is the equation of a straight line passing through the centre 
C The resultant motion is therefore 
central harmonic in a straight line, or 
simple rectilinear harmonic. 

If CA and CB are the amplitudes r 
and Vi inclined at the angle a, the result- 
ant motion has the amplitude CR, in c y- ^^ 
direction and magnitude the diagonal of Fio. 2. 
the parallelogram whose adjacent sides are r and ri, inclined at 
the angle a. 

Conversely, a simple rectilinear harmonic motion whose ampli- 
tude is CR may be resolved, by completing the parallelogram, into 
two others in any two directions, of the same period^ epoch and 
phase. 

Ti 

If a = 90°, we have y = —a?. Therefore the projection of a 

simple rectilinear harmonic motion on anv straight line is also 
a sunple rectilinear harmonic motion of the same period, epoch 
and phase. 

If the component motions are more than two, they may be com- 
pounded two and two, and therefore any number of component 
simple rectilinear harmonic motions in any directions, of the same 
period, epoch and phase, give a single resultant rectilinear har- 
monic motion of determinate direction and amplitude, which may 
be resolved into two components in any two directions, of the same 
period, epoch and phase. 

(&) Two Component Simple Rectilinear Motions in the Same Line 
with the Same Period and Different Epochs and Phases. — In this case 

p we make in (3) a = 0, and obtain 
at once 

(r* + 2rri cos € + ri^)y^ = 0. 

But since for a = 0, 'y = 0, (see 
Fig. 1,) we have 

r*+ 2rri cos e -H ri* = constant. 

In Fig. 3 the points P and Pi 
move in the line AA' with sim- 
ple harmonic motion and the 




Fig. 8. 



diagonal CR = i/r* + 2rri cos e + ri\ where e is the constant differ- 
ence of epoch and phase. 

Since e is constant and CR is constant, its inclination to CM or 
CMi is constant. At any instant the resultant displacement is 
CPi + CP = C8, and the motion of S is therefore the resultant 
motion and is simple rectilinear harmonic, with the amplitude CRy 
the diagonal of the parallelogram on r and Vu The epoch and 
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phase are intermediate between the epochs and phases of the com- 
ponents. 

If the epochs and phases are the same, 6 = and the amplitude of 
the resultant motion is r + ri , or the simi of those of the compo- 
nents. If the difference of epoch or phase is ^ = ^r radians, the am- 
plitude is r — ri or the difference of those of the components. 

Bv taking CMi and CM of proper lengths we can nuike MCPand 
MiCM what we please without changing CR. Therefore any simple 
rectilinear harmonic motion may be resolved into two others in the 
same line, with any required difference of phase and one of them 
having any desired epoch, the periods being the same. 

Three or more component simple rectilinear harmonic motions in 
the same line and with the same period may be compounded two 
and two, and the resultant will be rectilinear harmonic with the 
same period. 

If the periods are different, the angle MiCM= e will vary and 
CR will vary. When e = 0, CR will have its mayimum value r -j- ri. 
When the difference of epoch € is ;r radians, CR has its minimum 
value r — ru The angular velocity of CR is also variable. The di- 
rection of CR will oscillate back and forth about CM, the maximum 

inclination being sin "^ — . The resultant motion is therefore not 

simple rectilinear harmonic, but a more complex motion. It is, as 
it were, simple harmonic with periodically increasing and decreas- 
ing amplitude, and periodical acceleration and retardation of phase, 
or epoch. 

(c) Two Component Simple Rectilinear Harmonic Motions at Bi^ht 
Angles with the Same Period and Different Phases or Epochs.— The 
general equation for this case is given by (3). If the directions 
are at right angles, we have a = 90**. Suppose in addition the am- 
plitudes equal, so that r = ri, and the difference of epoch e = 90\ 
We have then, from (3), 

aj* 4- 3/" = 7*. 

Since the motion is central harmonic, according to p€iflre 130 the 
areal velocity of the radius vector is constant; and since the nulius 
is constant, the speed in the circle is constant. We have already 
seen, page 103, that the projection of the motion of a point moving 
with umf orm speed in a circle, upon a diameter, gives rectilinear 
harmonic motion. The projection upon two diameters at right 
angles gives then two component rectilinear harmonic motions of 
the same period, with a difference of epoch of 90*, or of phase of 
i, since, when one component has its greatest displacement, the 
other is at the centre with displacement zero. 

It follows also that two component simple rectilinear harmonic 
motions at right angles, with the same period and equal amplitudes, 
differing in epoch by 90"" or in phase by one quarter of a period, will 
give, as a resultant, uniform motion in a circle whose radius is the 
common amplitude of the components. 

If the amplitudes are not equal, but a and € still 90'', and periods 
the same, we have, from (3), 

riW + r^y" = r*ri», 

which is the equation of an ellipse referred to its centre and axes. 
The resultant motion is therefore central harmonic in an ellipse, 
whose semi-diameters ai*e r and ri, the centre at the centre of tifcie 
ellipse. 
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The scmie result is evidently obtained by i>rojecting the circle in 
the preceding case upon a plane, so as to obtain the required ampli- 
tude ri, r remaining unchanged. 

(d) Three or More Component Simple Rectilinear Harmonic Mo- 
tions in Different Lines with the Same Period bnt Different Phases or 
Epochs. — ^We have seen from equation (3) that the resultant of two 
simple rectilinear component harmonic motions in any two direc- 
tions, of the same period and different epoch or phase, is elliptic 
harmonic motion. 

We have also seen from (a) that any simple rectilinear harmonic 
motion may be resolved into two others of the same period and 
phase or epoch in any two given directions. Any number of given 
simple rectilinear harmonic motions, then, of the same period and 
different phases or epochs may each be resolved into its own pair 
in any two given directions. These pairs constitute a number of 
simple rectilmear harmonic motions in two given lines, all of the 
same period and different phases or epochs. 

According to (6), all in one line may be compounded into one re- 
sultant, and all in the other line into another resultant, these two 
resultants having the same period and different phases or epochs. 
The resultant of these two is, according to equation (3), elliptic har- 
monic motion. 

Hence the resultant of any number of component simple rectili- 
near harmonic motions of the same period^ whatever their ampli- 
tudes, directions, phases or epochs, is elliptic hannonic motion, 
the centre of the ellipse being then centre of acceleration, and the 
radius vector describing equal areaa in equal times. 

In special cases this becomes, as we have seen, uniform circidar 
motion or simple rectilinear harmonic motion. 

Since the above holds whatever the inclination of the two result- 
ants, elliptic harmonic motion may be considered as the resultant 
of two component simple harmonic motions of the same period 
and different epochs or phases at right angles. 

Graphic Bepresentation. — We may exhibit graphically simple 
or compoimd rectilinear harmonic motion by a curve m which 
the abscissas represent intervals of time, and the ordinates 
the corresponding distance of the moving point from its mean 
position. 

In the case of a single harmonic motion we have (page 132) 
x=:-r cos {oot ± e). If the distance a; is to be zero when ^ = 0, we 

must have the epoch e = g radians, or one fourth of the periodic 

time. This gives a? = r sin not. 

Since «? = -^, where T is the periodic time, we have for ^ = 0, 

0? = 0; for f = iT, a? = r; for e = iT, a? = 0; for * = iT, OJ = — r; for 
t=T,x = Q. 




The curve is the curve of sines, or the curve which would be de- 
scribed by the point P (page 103) if, while M maintained its uniform 
circular motion, the circle itself were to move with uniform speed 
in a direction perpendicidar to CA, 
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It is the simplest possible form assumed b;^ a vibrating string, 
when it is assimied that at each instant the motion of every particle 
of the string is simple harmonic. 

If the rectilinear harmonic motion is compound, we have (page 
132) in general 

x = r cos (oot ± e) + ri cos (ooit ± ei). 

If the displacement of one of the motions is zero when ^ = 0, we 

have €=^;it €i = 6 + war, we have 

a; = r sin dof + n sin (ooit + nie). 

If the period of one motion is twice that of the other, for instance, 
we have ooi = 2(», and 



a; = r sin {oot) + ri sin {2oot + nar). 

of phase is zero, n = ; i 
ave 

X=^r sin not + r sin (2a>^). 



If the difference of phase is zero, w = 0; and if the amplitudes 
€ure equal also, we have 




This gives a curve as shown in the figure. 
Periods Unequal. — We have in general 

' x = r cos {oot + e), y = Vi cos (ooit + ei) 

for the two component rectilinear harmonic motions at right angles. 
The elimination of t in any case gives the curve of resultant com- 
pound harmonic motion. 

If the periods of the components are as 1 to 2, and e is the 
difference of the epochs^ we have for equal amplitudes 

x = r cos {2Got + e), y = r cos oot 
Eliminating f. 



X 



= r|(y-l)cos. + ^i/l-^.sin.[. 



which is the general equation of the curve for any value of e. 
Thus for e = 0, or equal epochs, 

which is the equation of a parabola. For € = -- , 



^ = 2^/l-^, or r>a?« = 4y«(r»-2/»), 
which is also the equation of a parabola. 
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If we make e in succession, 0, 1, 2, etc., eighths of a circumference, 
we obtain a series of curves as shown. 



«-kflr 



£-3i7r 



e-'Jiic 



B^n ^ 



SWIodU2 




In the scmie way we can find the curve for any ratio of periods 
and difference of epoch. Thus if the periods are as 1 to 3 or 2 to 3, 
and we make e in succession 0, 1, 2, etc., eighths of a circmnference, 
we obtain the following series of curves : 



«-o 



ff-i<v 



e-'Hti 



e-XTi 



Period!: 



Period 3:8 





Blackburn's Pendulum. — The motion of a pendidum which 
swings through a small arc is, as we shall see hereafter (page 154), 
simple harmonic, and the proiection of the bob on 
a horizontal plane moves with simple rectilinear ' 
harmonic motion. 

Curves similar to those iust given are therefore 
traced by Blackburn'a pendulum. This consists of 
two pendulums, CED and EB, arranged so as to 
swing in two planes at right angles. 

Any difference of period may be made by ad- 
justing the lengths or the pendulums, and they 
may m started with any difference of epoch. If 
the bob B is made to trace its path on a horizontal 
plane, we have, approximately, the compound 
harmonic curve. 

[Applioation of the CalcalnB to Harmonic Motion — Let a' be the known 
acceleration at the known distance f^. Then the acceleration at any other dis- 
tance is -^y where r Is the distance from the centre. 
r' 

For the acceleration in the direction of the axis of Xwe have then 
d^x a' 

w = -^' • • • • 

and in the direction of the axis of Y, 

d^y __ a' 

-^ - ?^' • • • • 

the minus sign denoting direction towards the centre. 



d) 



(3) 
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Multiplj (1) by da and we have 
Integrating, 



(Paj - a' 



Let ;r7- = 0, when x =^ r, then CJonst. = ^-jr* and 



l/r*-**' 



(8) 



where we take the minus sign to indicate that x diminishes as t increases, or 
motion towards the centre. 

dy 
In the same way we obtain from (2), i^ ^ = 0, when y = ri. 



c«i/^ = ~^=, (4) 



where we take the plus sign to indicate that y increases as t increases. 
Integrating (3) and (4), we have 

<i/7+^=«»"'V ^' « = rcosj<|/? + (7 J, . . 

<|/f +C7i=8in-i^, or y = r» sinj <|/? + ^ L . 

where C and d are constants of integration. 
Equations (5) and (6) may be written 



(5) 
(6) 



aj = r cos I 



y = n cos (7i sin «y — + ri sin Ci cos «|/^ = Bi sin ty% '\- Btooat \/% 

where ^i = r cos C, -4a = — r sin (7, jBi = ri cos (7i, ^9 = ri sin (7i. 

If we find from these equations the values of sin and cos in terms of x and 
y and add their squares, we have, by eliminating t, 

a^(J?,« + Ba«) + y\A,^ + A^^) - ^(A,B^ + A^B,) = {A,Bx - A^B^f . (7) 

This is the equation of an ellipse referred to its centre and rectangular 
axes. 

If we take one of the principal axes corresponding with the axis of X, and 

count the time from the end of this axis, we have f or ^ = 0, y = and — = 

and x^ r. Therefore, from (5) and (6), (7=0 and d = 0, and therefore 
A^ = 0, -4i = r, Bi = 0, Bi = ri, and (7) becomes 
r«y« -f r, V = r«ri«, 

or the equation of an ellipse referred to its principal axes. 
We have also, from (5) and (6), 

aj = rcos«|/^ and ^ = ~ r j/?| sin < |/?, 
y = risin<|/^ and ^ = ^i|/^ cos <y ^. 
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Therefore elliptic harmonic motion can be considered as the resultant of two 
simple rectilinear harmonic motions at right angles of the same period and 
different amplitudes, so related that the velocity of one is zero when the ve- 
locity of the other is a maTimnm, i.e., one is at the centre when the other is at 
its greatest range. 

They therefore differ in epoch by 90*. 

The time of a complete oscillation is for each of these component motions 

2ni/ —., and this therefore is the periodic time in the ellipse. 

Planetary Motion. — Velocity Inclined to the Central Accelera- 
tion — Acceleration Inversely as the Square of the Badiui Vector — 
Hodog^aph a Circle. — Since the acceleration is central, we have 

(page 130) r^Qo = c, or oo = -^, where c is a constant and equal to 

IT 

twice the areal velocity of the radius vector. Also by assumption 
we have 

^_ a'r'^ 

where a' is the acceleration at a known distance r^. 

Let P be a point which has the ve- 
locity V, and central acceleration direct- 
ed fiuways towards the point O, the 
radius vector being OP = r. 

Take (y as the pole of the hodograph. 
(page 52), and draw QQ parallel and aL 
equal to v. Then the tangent to the 
hodograph at Q is the direction of the 
acceleration / at P and is parallel to 
OP = r. 

Since the angular velocity <w at P is 
the angular velocity of the radius vec- 
tor r, the angular velocity of the tan- 
gent at O is also oo. 

Let C be the centre of curvature of 
the hodograph, so that CQ is perpendic- 
ular to the tangent at O and CQ = /o = 

radius of curvature. Then since the line€ur acceleration / of P is 

y 
the linear velocity of Q, we have / = poo, or /o = — . 

CO 

c a'r^^ a'r^ 

B\xt 00= -z Bjxd /=—-^. Hence /o= . The radius of 

r^ r^ c 

ciu-vature p is therefore constant and the hodo£:raph for planetary 

motion is a circle. 

The path which, in consequence of aberroMon, a fixed star seems to de- 
scribe is the hodograph of the earth's orbit, and is therefore a circle whose 
plane is parallel to the plane of the ecliptic. 

The Path for Planetary Motion is a Conic Section. — Draw OR 
perpendicular to C(^ and therefore {xaraJlel to r. OR is the com- 
ponent of the velocity v in the direction of the radius vector. Draw 
©-^T perpendicular to OCB. Then^QN is the component of t; per- 
pendicular to the fixed line CB, 

But by similar triangles 

OR QN ^^ OR OC ^ ^ 
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that is, the ratio of the velocity along the radius vector to the 
velocity at right angles to any nxed Ime parallel to CyCB is con- 
stant and equal to e. 

If then ri and rs are the initial and final values of r for an in- 
definitely short time, and di, d% the corresponding distances of P 
from any given fixed line A'B' parallel to O'CB, we have 

W^i^^"' ^^ »-'-»-' = ^('*' -'*•)•• • • w 

Since this holds whenever we take the fixed line A'B\ let us 

take the initial distance di such that di = — , or ^ = ^. 

e' dx 

Then, from (1), A = — , or e = -5-, and we have 

di dt 

that is, the ratio of the distance r of the moving point P from a 
fixed point O to its distance d from a fixed line naa a constant 
valtte. 

This is the Property of a Point Moving in a Conic Section. If 
e = 1, then CR = QNj and the pole O is on the circumference of the 
hodograph, and the path of Pis a, parabola. 

If € is less than unity, the pole O' is inside the hodograph and 
the path of Pis an ellipse. 

If e is greater than unity, the pole (y is outside the hodograph 
and the path of P is an hyperbola. 

When, therefore, a point has a central acceleration inversely 
proportional to the square of the distance from the centre, it must 
move in a conic section with the centre of acceleration as a focus. 

Conversely, if the path be a conic section and the acceleration is 
directed towards either focus, it must vary inversely as the square 
of the distance from the focus. 

In both cases the radius vector describes equal areaa in equal 
times (page 130). 

Kepler^s Laws. — By laborious comparison of the observations 
which Tyoho Brahe had made through many years of the planets, 
especially of Mars, Kepler discovered the tnree laws of planetary 
motion which are known as Kepler's Laws. He gave these laws 
simply as the expression of facts which seemed warranted by the 
observations. 

The three laws are as follows : 

I. The planets describe ellipses, the sun occupying one of the 
foci. 

II. The radius vector of each planet describes equal areas in 
equal times. 

III. The ** Harmonic Law," so called. The squares of the periods 
of the planets are proportional to the cubes of their mean distances 
from the sun. 

The second law, as we have seen (page 130), is a necessary con- 
sequence of central acceleration. 

From the first law, as we have just seen, it follows that the 
acceleration must be inversely as the square of the distance. 

The third law is a direct consequence of such central accelera- 
tion, as we shall see in the next Article. 

Verification by Application to the Moon. — Assuming Kepler's 
third law, Newton was led directly to the conclusion that the ao- 
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celeration must be inversely as the square of the distance, as 
follows: 

The moon and other satellites move around their primaries in 
sensibly circular orbits, the centre being at the centre of the 
primary. 

If r and Ti are the periodic times of two satellites, then accord- 
ing to Kepler's third law, if r and Vi are the radii of the orbits, 
we must have 

If 00 is the angular velocity of one satellite, we have (page 76) 
roo = -=- , or <» = -—. We have also for the acceleration (page 

-M* 4^7* 

77) / = — = roo* = -=-. For the other satellite we have in like 

manner /i = -stt' ^® have then 

fi ^ TVi _ r^ 

or the acceleration is inversely as the square of the distance. Con- 
versely, if the acceleration is inversely as the square of the distance, 
Kepler's third law is a necessary consequence. 

The mrnierical verification of this conclusion by the moon is 
given in Example 17 (page 55), 

[Application of the Calculus to Planetary Motion.] — ^The general 
formulas for central acceleration have been already given, Chap. VIII, page 
85. 

For any given law of central acceleration we have only to insert the cor- 
responding value olffdr in these general equations. 

• (a) To Determine the Path when the Central Acceleration Varies Inversely 
as the Square of the Distance firom the Pole. — When the acceleration is inversely 
as the square of the distance we have 

J — _8 » 

where a' is the acceleration at a known distance r', and therefore aV is con- 
stant. We have in this case 

r 

Substituting this in equation (42), page 87, we have for the differential equa- 
tion of the path 

or, taking dB as alway$ paniive, 

dr 
dB = 



/^=/- 



If we put 9=- — a'r'*, and «* = a' V* + dc^, this becomes 

T 

dS=z -^ — . 
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Integrating, we have 

6 = 008"^ i + Const. 



When » = n and theiefoie — = — y — = -^ + y -— + 4» 1®^ ® = 

^. Then Ck>nst. = and 

-1 if 
9 ^ = 008 — , or » = n cos (0 — 0). 

Replacing the values of z and a, we have for the polar equation of the path 
r = 1 — (1) 

This is the polar equation of a conic section with the pole at a foeus. It 

< 
will be an ellipse, parabola or hyperbola according as Ci = 0. 

/» aV 
fd/r = , if Tx and «, are the 

initial distance and velocity at any instant, 

Ci =r Vx^ , (2) 

Ti 

and according as this is = we have an ellipse, parabola or hyperbola. We 

see then that the form of the orbit depends solely upon the magnitude of the initial 
velocity and not upon its direction. Also if a'r'* is negative, that is, when the 
acceleration is directed away from the pole, we ha/oe oimvys an hyperbola. 

From page 100 we have seen that the speed attained by a body starting from 
rest at an infinite distance from the centre and moving in a s traigh t line with 

/2aV* 

an acceleration inversely as the square of the distance is Ju . 

^ r\ 
Hence the orbit will be an ellipse, parabola or hyperbola according as the 
velocity of projection is less than, equal to or greoiter than that acquired from an 
injimte distance. 

If €i is the angle of Vi with ri , we have from equation (90), page 85, 

c = riVi sin €i (3) 

The constants are therefore given by (2) and (3) and the orbit is determined 
when the initial velocity Vi at the distance ri and with the direction €i are 
given. 

• (b) Central Acceleration Inversely aa the Square of the Diatanoe from the 
Foons— Path an Ellipae. — When the path is an ellipse we have the case of plan- 
etary motion. 

Let the point P move in the ellipse ABA* with central acceleration always 

P directed towards the sun 8 in the focus, and 

^^""^^ J^^A varying inversely as the square of the dis- 

tance or radius vector SP = r, 
' X Let the semi-major axis OA = A and the 
semi-conjugate axis OB = B and the eccen- 

.... 03 
.y- ^ tricity -r = «. 

Let the angle A8X of the major axis 
with any fixed line 8X through the focus be <t>. 
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The extremity A of the major axis nearest to the focus 8 is called In general 
the lotoer apHs, or, in the case of a planet, the perihelum. The angle A8X is 
the longitude of the perihelion. The distance 8A is the lower apiidcU distance, 
or the perihelion disttmce. The other extremity A' is the higher apsis, or, in the 
case of a planet, the apMion, and 8A' is the higTierapsidaldistcmce, or aphelion 
distcmce. 

The an^)e P8X, or the angle of the radius vector with the fixed line 8X, we 
denote by 9. 

The angle P8A made by the radius vector with the major axis is then B — (f>. 
This angle is called the true am^omaly. 

The polar equation of an ellipse with reference to the focus i9 as a pole, 
counting the angle F8A around from the perihelion, is 

^-i:|_ecos(a-0) ^^^ 

But equation (1), page 142, just deduced, is the equation of a conic section, 
which becomes an ellipse, therefore, when 

Inserting the values of (2) and (8), we have 

ri*«i'sin* ei \ «i» J 

*' = !+ A-« ' —' "^ 

^~2«V«-rt«i«' ^^^ 

where «i is the initial velocity at the distance rx making the angle €2 with 9*1. 

The elliptic orbit is thus determined. 

From (6) we see that the semi-major axis A depends only on the distance rx 
and the velocity of projection 9i and is independent of the direction of projection 
61. In whatever direction the body is projected, the major axis will be the 
same for the same distance and velocity of projection. 

We have also 

"''-W:^) ('> 

But we know {page 85) that e is twice the areal velocity of the radius 
vector. If T is the periodic time, then, since twice the area of an ellipse is 
%nJ^ |/1 — f?\ we have 



AiX-e^) "^^ - 1^ ' 
But by ElSFLEB's third law we have for two different planets 

Hence -77- — sr, or a'/* M conataMfor aU the plcmets, 
-4(1— e*) 

But a' is the acceleration at a distance r', and aV is equal in magnitude to 
the acceleration at the distance unity, since the acceleration at any distance r 

The direct consequence of Kepler's third law, therefore, is that/<?r aU the 
pUmets the acceptation is the same at the same distance from t?ie sun 
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*' Of all the laws/' says Sir John Herschel, " to which indaction from pure 
observation has ever conducted man, this tldrd law of Kepler maj justly be 
regarded as the most remarkable, and the most pregnant with important conse- 
quences. When we contemplate the constituents of the planetary system from 
the point of view which this relation affords us, it is no longer mero analogy 
which strikes us, no longer a general resemblance among them as individu^s 
independent of each other, and circulating about the sun, each according to its 
own peculiar nature, and connected with it by its own peculiar tie. The re- 
semblance is now perceived to be a trvie family likeness ; they are bound up in 
one chain ; interwoven In one web of mutual relation and harmonious agree- 
ment ; subjected to one pervading influence, which extends from the centre to 
the farthest limit of that great system, of which all of them, the earth included, 
must henceforth be regarded as members." * 

• (c) Value of a' for Planetary Motion. — In all our equations for 
central acceleration we see that it is necessary to know the accel- 
eration a! at some known distance r'. 

We are dealing in this portion of our subject with Kinematics, or 
the study of motion only, apart from its causes or the properties of 
matter. It is therefore not the place here to deal with ideas of 
** force " and ** mass.'' 

It is sufficient to state here that the "mass" of a body is the 
number of standard pounds it will balance at any point of the 
earth's surface in an equal-armed balance. The umt of mass is 
then the pound. 

It wUl be proved hereafter (see Vol. 2, Statics) that if if is the 
mass of the sun, and m the mass of a planet, the value of a' which 
must be used in all equations for planetary motion is given by 

a' = ^g, (1) 

where m* is the mass of the earth, and g the mean acceleration of a 
body at the earth's surface due to gravity. 

If the two attracting bodies are the earth and a small body of 

mass TO, then a' = — - — a, or, since m is insignificant with respect 

TO 

to to', a* = flr. 

If in the precedine Article we had used the value of a' given by 
(1), we should have obtained 

and hence 



riTi' 



M + m ' M -{- mi' 



We see then that Kepler's third law is not, strictly speaking, ex- 
act. The value of -^^, or the acceleration at the same distance, is 
r* 

not, strictly speaking, constant for all the planets. The more accu- 
rate expression of the third law is that the squares of the periodic 
times are directly as the cubes of the semi-major axes and inverse- 
ly as the sum of the masses of the sun and planet. 

The error from this soiu-ce is, however, too slight to be percept- 
ible, the mass of Jupiter, the largest of the planets, being less than 
a thousandth peurt of that of the sun. 

* Outlines of Astronomy. 
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The motion of translation of the planets is not affected by their 
rotation on their axes, and we may treat them, therefore, as mate- 
rialpoints so far as translation is concerned. 

The Sim is not, strictly speaking, a fixed point in this sense, but 
both Sim and planet move in orbits, so that the pole or focus is not at 
the sun's centre, and this affects the accuracy of Kepler's first two 
laws. The sun is also attracted by the other planets, and the plan- 
ets attract each other. 

The attraction of the planets for each other sensibly modifies 
their orbits. The ellipse is therefore only an approximation to the 
path, and requires correction. 

Kepler's laws are thus only approximate expressions. If there 
were out two bodies, one fixed and the other free to move, then 
Kepler's first two laws would be accurate, and the third law would 
approach accuracy as the mass of the moving body becomes in- 
si^iificant with respect to the mass of the other. 

* (d) To Find the Velocity of a Planet at any Point of its Orbit. — ^From equa- 
tion (37), page 87, Chap. VIII, we have 

^ = Ci - 2 Jfdv. 

fdv = , where a' is given in the 

preceding Article, and r' is the mean radius of the earth. Also from equation 
(2), page 142, 

where Vi is the velocity at the distance ri. Therefore 

«»=,,' + 8aV«(J-y. (1) 

or, sinoe (page 148) «V» = ^TTTT^' 
«» = «.» + 



Ad 



86» (1 1\ 



e' 



From page 86, e* = ^, and for an ellipse, from Ajudytical Geometry, 



, ^'(1 - e»)r „ 
^= iA-r - ^^'^ 

Equation (2) gives the velocity for any distance r if the semi-major axis A 
is known. 

Equation (1) becomes the same as equation (2), page 99, for rectilinear mo- 
tion. 

Cob. 1. We see that the velocity is greatest where r is least, or at peri- 
helion, and least at aphelion, where r is greatest. 

Cob. 2. If a point moves in a circle of radius r with a speed Vi, its central 

acceleration is — (page 53). If this acceleration is equal at any instant to 
the acceleration of the planet, we have from equation (7), page 148, 

^ _ <»>'' ^ 1 

r '' r^ "" -4(1 - e*) r^* 
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Tbeief oie, from (2), 





^ 


:«i« 








1 


or 






«• : «,» :: 


2^- 


r:A 





That is, ihB tquare of the speed in the ellipse i» tothe aqucvre of the speed in 
the drele as the distance of the planet from the unoccupied focus is to the semi- 
major €UBis. 

Cob. 3. If ri is the perihelion distance and r* the aphelion distance, we 

have, from (2), 

- . tf'r'* r J 
forr =^ri, ffi = -^ ; 

A Ti 

. a'r^Tx 
for r = r„ «» = -^--; 
A r, 

while f or r = -4 we have 

, a'7^ 

^ = ^- 

That is, the speed at the extremity of the minor acns is a mean proportional 
between the speeds atperihdion and aphelton. 
• (e) To Find the Time of Deteribing any Portion of a Planet's Orbit.— From 

equation (89), page 87, we have, when we substitute / fdr = , 

From page 143 we have c« = a'r^A{l — «*) and Ci = j-. 

t^A 
Substituting these values and multiplying bj -^, we obtain 

Hence 

rdr 



'-m\ 



^A^i^ ^(A-rf 
In order to integrate this expression, let -4 — r = Aes, then 

/ ^'U (l ~ gg)<fe _ / ^'U ( "^ , €2^ \ 

Integrating, 

t = /^\*{cos-is - «(1 - ««)*f+ Const 

When « = 1, or r = -4 — -de, or the planet is at perihelion, let i = tu 

Then Const. = «, = the time at perihelion. 

Hence the time for any portion of the path from perihelion is 



4. — r 
where z = — 3 — , or r = -4(1 — «f). 

When 2 = — 1, or r = -4 + -46, the planet is at aphelion, and < — <i is the 
time of half a revolution, or 

where T is the periodic time. 
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We have then 

or ihe tquovre of the periodic time varies as the cube of the semi-mc^ axis. 

EXAMPLES. 

(1) Find the speed and periodic time of a body moving in a circle 
at a distance from the earth's centre of n times the earth's radivs, 
the acceleration being inversely as the square of the distance. 

(2) A body at a distance ri from the centre of the earth is pro- 
jected in a direction which makes an angle ojf 60® with the distance r i , 
with a speed Vi which is to the speed acquired by falling from an 
infinite distance asl to f'd ; the acceleration varying inversely as 
the square of the distance. Find the major aans, the eccentricity^ 
the periodic time and the position of the lower apsis. 

Ans. 2A = ^i, « =-o , T= —r-r\/ — ^ , where r' is the radius of the 
A o %T f g 

earth. The lower apsis is at a distance rTi from the focus. 

(8) A body revolves about a centre, the acceleration directed 
towards the centre and varying directly as the distance. To deter- 
mine the motion. 

From the general equations of page 86 we can determine the motion. In 

the present case we have / = -jT, and therefore / fdr = -g-r. 

Substituting this in equation (42), page 87, we have for the differential 
equation of the path 

or, since dO is always positive, 

dB= ^ 



If weput«=j5 - ^, andn»= -^^^ , we have 

^ -de 



2 4/n« - «« 
Integrating, we have 

fl=:lcofl-i^ + Const. 

When • = n, let =: 0. Then Const. = and 

1 e 

(0 — 0) = - cos -1 — , or = » COS 2(9 -* 0). 
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Replacing the valae of z, we have after reduction, for the polar equation 
of the path, 



^ _ Ci •+• 2nc* 



»-5:f£?'^'<''-*> 



ThlB ifl the polar equation of an ellipse, the pole cU the centre of the eU^ae, 
where 

-4 = — . ft Q , — H5 — = , ft a > *°id hence B» = ?:— r. 

For the yalaes of e and Ci we have from equations (80) and (87), page 87, 
Ci = «i* H r-» and e = ntJi sin 6i , 

T 

where «i is the initial velocity of projection at a given instant, Ti the corre- 
sponding distance from the centre at that instant, and d the angle of Vi 
with ri. 

The path is therefore fully determined. 

To find the periodic time, since the area of the ellipse is nAB^ and since e is 
twice the area described in a unit of time by the radius vector, we have 

cT^27tAB, or r= ^^^. 
e 

Inserting the values of A and B, we have 

4iee 



T = 



Inserting the value of n*, we have 

vr 

This is the same result found in page 107 for rectilinear harmonic motion. 

(4) A particle describes an ellipse under the action of central ac- 
celeration, directed to the centre of the ellipse. To aetermine the 
law of acceleration. 

The polar equation to the ellipse, centre pole, is 

e 



from which we have 
1_ 

Differentiating, we have 
and hence 
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Differentiating again, 

<Pr , 8dJr* , dnPO /I 1\/ o« . .cN 

2drdO ™ 
But from equation (49), page 88, we have <P0 = . Therefore 

r«de8 "*" r*d6« - r» "*" -4« "*" B»* 
Now from equation (45), page 88, we have 

The law of acceleration is therefore that of the direct distance, 

(6) A particle describes a conic section under the action of central 
a^cceleratton directed to one of the foci. To find the law of accelera- 
tion. 

The polar equation of either the ellipse or hyperbola, focus pole, is 

^ ^ ± 2l(l - g») ^^ r + «rcosO=: ±il(l-««). 
1 + a cos ' ^ ' 

Differentiating, 

dr + c cos Bdr — er sin BdB = 0. 

Differentiating again, 

<Pr -I- dcos Bd^r — a sin BdBdr — e sin 6d^(2r — ^ cos 0d9* — «r sin Bd^ = 0. 

But from eq. (49), page 88, <Pe = - ^^^-^. Therefore 
{Pr + a cos Bdr^ = «r cos 6tf0', or jj^s = : 



cW» 1 + 6 cos 0* 

Substituting this in eq. (45), page 88, we have 

^^/l g cos e \ _ g' ^ c» 

•^ ~ f^\r r(l + « cos e)j "r^rd + d cos G) "" ± ^(1 -- ^)r^' 

The acceleration is therefore inversely aa the square of the distance for either 
ellipse or hyperbola. 

The polar equation of the parabola is 

2A 

r = 3 ;;, or r -^r cos 6 = 2 A, 

1 — cos 6 

Differentiating, we have 

dr — dr cos 6 + r sin GdG =0. 

Differentiating again, 

tPr — d^rcoBQ + dr sm BdB + drBiaBdQ + r cos BdS^ + r Bin Bd^B = 0. 

2drdB 
But from eq. (49), page 88, d^B = ; therefore 

T 

j« j« « « JA4 ^^ r cos 

drr — d!*r cos = — r cos BdS*, or ^ss = ~ 



de« 1 - cos 6 • 
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Substituting tliis in eq. (46), page 88, we have 

^^ A^'^ r(l - COB 0)^ "" r*r(l - C08 6) - a^lr*' 

The Moeleration is therafora rnvflTM^ at Cftd igtiofv </ tA« (iwtofMJd for the 
parabola. 

(6) A particle desertbes a hmerbolie spiral under the action of 
central acceleration directed to tne pole. To find the law of accelera- 
tion. 

The equation of the hyperbolic spiral, centre pole, is r6 = ^. We have 
then Odr + nJS = 0, OcPr + drdO + drdB + «P6 = 0. 



From eq. (49), page 88, d»e = . Therefore OdV = 0, ordV = 0. 

r 
From eq. (45), page 88, we have then 



or the acceleration is inveruly as ^ etibe of the distance, 

(7) A particle describee the lemniscate of Bernoulli under central 
acceleratton^ the centre being the node. To find the law of acceZero- 
tion. 

The perpendicular from the node on the tangent is p = ± Kji* Hence 

*-?!!!_ li dp _ 12A^ 
dr ~ 2il" p«dr ~ f^ ' 

We have from eq. (48), page 88, therefore, 

(8) A particle describes a circle under central acceleration di- 
rected to a point in the circumference. Find the law ofa4xeleration. 

The polar equation of the circle is r = 2J? cos 6. Therefore 

dr = — 3jB sin OdO, and cPr = - rdB* — 2B sin 0(?O. 
But from eq. (49), page 88, 

_ 2drdQ 411 sin BdB' 

r r 

Hence 

^ ^, 8i?sin»eif0« _,., 8i?de« 

d>r = — rd©« = rdB^ , 

r r 

and 

dV__ 8iy 

^"^ r ' 

Substituting in eq. (46), page 88, we have 

^__81Pc« 
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CONSTRAINED MOTION OF A POINT. SIMPLE PENDULUM. 
MOTION ON A CYCLOID. MISCELLANEOUS PROBLEMS. 




Motion on an Inclined Plane — XTniform Acceleration.— Let a 
point have a uniform acceleration /in the direction AE, and let the 
point be constrained to move in the straight line ^^ 
AB which makes the angle a with the horizon. 

The component of the acceleration in the direc- 
tion of the motion is then/ sin a. 

The motion alone AB is then rectilinear motion 
under uni f orm acceleration / sin a, and equations 
(1) to (6), page 93, apply directly, if we substitute / sin a in place 
of gr. 

If Vi is the initial velocity at A and v is the velocity at B, we 
have from (5), page 93, 

t?* — Vi* = 2/1 sin a, 

where I is the length of the inclined plane AB. But Z sin a = AE. 

The speed, therefore, gained in moving from A to B is equal to 
that which would he gained in falling through AE vdth the uniform 
acceleration f. 



The time in falling from A to -E? is from (1), page 93, t' = 



V—Vi 



and in passing from A to B, ^ =: 



V — Vx 



Hence 



/sin a 
t_ ±_ 

r' AE' 

or the times are proportional to the distances I and AE. 
The distance passed through along AB is from (8), page 93, 

l=:Vit +—f&ina.t\ 

where Vi is the initial velocity. 

If the point starts from rest, we have for the distance along AB 

Z = |/sina.«*. 

Let AD be the vertical diameter of a circle and 
AB = I any chord. Join DB. Then we have AB 
= AD cos DAB = AD sin ABC. It AB = I, we 

have also AB = i/<' sin ABC, Therefore AD = 

^t\ art- y^^. This is independent of the posi- 
tion of the chord AB, and therefore t is the same for any chord 
through A or i>. 

• 151 
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Hence for uniform acceleration /, tJie time of descent down all 
chords through the highest and lowest points of a circle are eqiuxJ. 
This property enables us to find the line of swiftest descent to a 
given curve from any point in the same 
vertical plane. 

Thus if EO is the curve and A the point, 
draw AC vertical or parallel to the direc- 
tion of/, and with centre in ^C describe a 
circle passing through A and tangent to 
the curve EG at P. 

Hien AP is the line of swiftest descent 
from A to the curve EG. For any other 
point p in EG, Ap cuts the circle in some point g, and since the 
time &om A to g is equal to that from AtoJP, the time from A to 
p is greater. 

EXAMPLES. 

^ = 82.16 ft.-per-sec. per sec. Friction, etc., disregarded. 

(1) Find the position of a point on the circumference of a vertical 
circle, in order that the time of rectilinear descent from it to the 
centre may be the same as the time of descent to the lowest point. 
Acceleration due to gravity. 

Ans. 80° from the top. 

(2) The straight line down which a particle will slide, under the 
action of aravity, in the shortest time from a given point to a given 
circle in the same vertical plane, is the line joining the point to the 
upper or lower extremity of the vertical diameter, according as the 
point is within or without the circle. 

(3) Find the line of quickest descent from the focus to a parabola 
whose aocis is 'vertical and vertex upwards, and show that its length 
is equal to that of the lotus rectum. Acceleration vertical and 
uniform, 

(4) Find the straight line of swiftest descent from the focus of a 
parabola to the curve when the axis is horizontal. Acceleration 
vertical and uniform. 

(5) The times in which heavy particles slide from rest down in- 
clined planes of eqvxil height are proportional to their lengths. 

(6) Show that if a circle he drawn touching a horizontal straight 
line in a point P and a given curve in a point Q below P, PQ is the 
line of swiftest descent to the curve, under constant vertical accel- 
eration. 

(7) Find the straight line of quickest descent from a given point 
to a given straight line, the point and the line being m the same 
vertical plane. Acceleration constant and vertical. 

Ans. From P, the given point, draw a horizontal line meeting the given 
line in C. Lay off along the given line CD equal to PC. PD is the required 
line of swiftest descent. 

(8) A aiven point P is in the same plane with a given vertical 
circle ana outside it, the highest point Q of the circle being below P. 
Find the line of slowest descent from P to the circle. Acceleration 
constant and vertical. 

Ans. Join PQ and produce it to meet the circumference in B. PR is the 
line required. 



OHAP. v.] TRANSLATIOK — OONSTRAIKBD MOTION. 153 

(9) A number of heavy particles start without velocity from a 
commxm point and slide down straight lines in txirious directions. 
Show that the locus of the points reached by them with a given speed 
is a horizontal plans, and that of the points reached by them in a 
given tims is a sphere whose highest point is the starting-point. 

(10) The times required by heavy particles to descend in straight 
lines from the highest point in the circumference of a vertical circle 
to alt other points in the circumference are the sams. 

Also to descend in straight lines to the lowest point in the cir- 
cumferencey from all other points in the circumference^ the times are 
the same. 

(11) If heavy particles slide down the sides of a right-angled 
triangle whose hypothenuse is vertical, they will acquire speeds pro- 
portional to the sides. 

(12) A point having a constant acceleration of 24ft.-per-sec.per 
sec. is constrained to move in a direction in which its speed changes 
in 1 minute from 10 to 250 yards per sec. Find the inclination of 
its direction of motion to that of the given acceleration. 

Ans. 60^ 

(13) A heavy particle is projected up an inclined plane whose in- 
clination to the horizon is 30°. Find the distance traversed during 
a change of speed from 48 to 16 ft. per sec. 

Ans. 63.68 ft. 

(14) A point has, when 1 mile up an incline oflin 60 {i.e., one 
having an inclination to the horizon of sin'^ —A, an upward ve- 
locity of 30 miles an hour, (a) In what time will it corns to a stand- 
still f (o) If it afterwards slides down, voith what speed will it reach 
the foot of the incline f 

Ans. (a) 1 min. 8.4 sec. (6) 63.7 miles per hour. 

(15) A body slides from rest down a smooth inclined plane and 
then falls to the ground. The length of the plane is IS ft., its incli- 
nation to the horizon B0°, and the height of its lowest point from the 
ground 40 ft. Find the distance horizontally from the end of the 
plane to the point where the body reaches the ground. [Take flr = 32 
tt.-per-sec. per sec.] 

Ans. 15f^3'ft. 

Motion in a Cnnred Path — XTniform Acceleration. — IjetABCDhe 
any curved path, and Ad the direction of the acceleration/. Any- 
very small portion of the curve, AB, may 
be considered as a straight line. We 
have then, as on page 151, the change of 
speed in moving from A to B, the same 
as in moving from A to 6 with the con- 
stant acceleration/. So also, in moving 
from jB to O, the change of speed is the 
same as in moving from 6 to c with the 
constant acceleration/. 

Hence the change of speed in traversing any portion of the path 
AD is the same as in traversing with constant acceleration / the 
projection Ad of the path on a line in the direction of the accelera- 
tion. 




154 KINEMATICS OF A POINT— TBAN8LATI0N. [CHAP. V. 

If then vi is the initial speed at A^ and vis the speed at any point 
D, we have _ 

©«-©,• = 2/. Ad. 

Motion in a Circle — XTniform Acceleration. — ^This is the case of 
the simple pendulum, which consists of a heavy 
particle attached to a fixed point by amassless in- 
extensible string. 

Let C be the point of suspension and CA the 
radius, and let the acceleration/ be uniform and 
vertical. For any position of the point P the 
angle ACP = 6, and the acceleration may be re- 
solved into a tangential component / sin G and 
into a normal component /cos 9. 

The normal component has no effect upon the 
motion in the curve at P. 

If the angle B is very small, the arc will not 

differ materially from the sine, and we have sin 

arc AiP 

-, where I is the length of the radius CA. 




I 

--, /xarc AP 
The tangential acceleration at the point P is then a = j . 

It is therefore directly proportional to the displacement of P from 
A, measured along the patn. 

The motion of Pis thus simple harmonic motion about A as a 
centre (pa^ 103). 

The periodic time is then (page 104) 

^ tangential acceleration A/ / x arc AP ^ f 

^ I 

or for the simple pendulum the time of a vibration iBt^ity — 

The periodic time is therefore for small displacem£nts independ- 
ent of the amplitude, and therefore for small arcs the oscillations 
are isochronous. 

The time of oscillation is usually taken as half the periodic time, 
or the time between the instants at which the pendulum reaches 
opposite ends of its swing. Thus the seconds pendulum makes a 
complete oscillation in 2 seconds. 

If 6 is not very small the time is different, but the variation is 
practically very slight. (See page 160.) 

Cor. If the velocity of P at any instant is not wholly in the 
plane PC A, it may be resolved into two components, one in the 
plane PC A and the other perpendicular to it, and both tangential 
to a spherical surface. Hence, in the case in which B is smaU. P's 
motion may be resolved into two simple harmonic motions of the 
same period; and its motion is therefore (page 135) elliptic har- 
monic motion, the period being the common period of the compo- 
nents. The ellipse described will depend upon the amplitude and 
epoch of the components and therefore upon the magnitude and 
direction of the initial velocity of P. 

If is not very small, and the component motions are of differ- 
ent amplitudes, the periods will have different values, and the 
point P describes curves similar to those given on page 137. 

If the component motions are equal in amplitude and therefore 
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in period and differ in phase by one quarter period, the point P 
moves (page 134) in a circle about the foot of the perpendicular on 
CA as a centre. This is the case of the conical pendulunL 

EXAMPLES. 

(1) Find the time of oscillation of a pendulum 10 ft, long at a 
plaice at which g = 22jt»-per-8ec. per sec. 

Ana. 1.75 sec. 

(2) Find the length of the seconds pedulum at a place at which 
flf = 31.9. 

Ans. 3.332 ft. 

(3) Find the length of the pendulum which m^aJees 24 beats in 1 
min. when g = 32.2. 

Ans. 20.39 ft. 

(4) A seconds pendulum is lengthened 1 per cent. How much 
does it lose per day f 

Ans. 7 min. 8.8 sec. 

(5) TJie length of the seconds pendulum being 99.414 c/n., find the 
value of g. 

Ans. 981.17 cm.-per-sec. per sec. 

(6) A pendulum 87.8 inches long makes 182 beats in 3 min. Find 
the value of g, 

Ans. 31.78 ft.-per-sec. per sec. 

(7) If two pendulums at the same place make 25 and 30 osdlUt- 
tions respectively in 1 sec.^ what are their relative lengths f 

Ans. 1.44 to 1. 

(8) A pendulum which beats seconds at one place is carried to 
another where it gains 2 sec. per day. Compare the values of g jot 
the two places. 

Ans. As 0.999953 to 1. 

(9) A pendulum which beats seconds at the sea-level is carried to 
the top of a mountain where it loses 40.1 sec. per day. Assuming 
the value of g to be inversely proportional to the distance from the 
centre of the earthy and the sea-level to be 4000 miles from that pointy 
find the height of the mountain. 

Ans. 1.86 miles. 

Motion in a Cycloid — XTniform Acceleration.— A cycloid is the 
curve traced bv a point in the circumference of a circle which roUs 
allong a straight Ime. 



Yi.:^.. 


A 


-fei^ 


y^ 


^^^^^ 



If the circle BP rolls along the line AB, the point P being origi- 
nally at A^ the path of P is the cycloid ACB. 
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If C is the position of P when the diameter of the circle through 
Pis perpendicular to AB, the line CD perpendicular to AB is me 
axis and C is the vertex of the cycloid. 

Let the uniform acceleration / be always parallel to DC and ver- 
tical. 

Let the moving point Q have at Qi a speed zero. Its speed at 
Q% is then (page 164) 

Let t be the time in which the point would with the same ac- 
celeration and with initial speed zero move from D to C Then 

CD = |/Tt'. Hence 

t?" = 1 . N^N, ,CD = %CDiCm - CN,). 

Now by a property of the cycloid 

4CD,CN> = Cei* and 4CD,CNt = CQt\ 
Hence 

2CD 

Now f = — ^ is a constant. Hence the motion of Q in the 

cycloid is simple harmonic (page 103), where — = ^, a' being the 

V s 

tangential acceleration of Q at the distance s' measured along the 
curve. If T is the time of a complete oscillation, we have 

T= 2it\/^ = 2nt = 2n\/^, 

If t' is the time occupied in moving from Qi to C, 

Wd 



_^./2Cl 



or the time of a pendulum whose length is 2C7D, or 4 times the 
radius of the generating circle. 

As this involves only constant quantities, the time is the same 
whatever be the position of the starting-point Qiy or the oscillations 
are isochronous. Hence the cycloid is called a tautochrone. 

This result is rendered of practical 
importance by one of the properties of 
the cycloid, viz., that if a flexible and 
inextensible string AB is fixed at the 
end A and wrapped tightly round the 
semi-cycloid ACC the end B of the string 
as it unwinds will describe another semi- 
cycloid. If then AC and AD are fixed 
semi -cycloids, symmetrical with refer- 
ence to the vertical AB, and AB is a 
simple pendulimi, B will describe a cy- 
cloid, and its oscillations will be isochronous whatever their 
extent. 
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• [Applioatioii of the Calonlui.— -To Determine the Motion of a Point Conitrained 
to Hove in a Cycloid, the Aooeleration being Constant, in the Direction of the 
Axis and towards the Yertez.] — By the application of the general formulas of 

page 88 we can deduce the results A D B 

already obtained. \ 

Let the axis OD = 2r, where r 
is the radius of the generating circle 
DP'C, Let the acceleration / act 
downward. Let CN = y, NP = x 
and the length of arc OP = s. Let 
the initial position be Pi at the 
height CNi = h above 0, and the 
speed at Pihevi = 0. 

We have thus the case of equation (55), page 89, and obtain at once, since 
/ is negative and «i = h, 

for the speed at any point given by (7JV= y. When y = 0, we have, at the 
lowest point C,v= i^2fh, which is the same as that due to the vertical height 

By the property of the cycloid we have 

« = arc (7P= 2 VDO X Clf = 3 |/2?^ = 3 chord CP. 
Hence 

y 



d»=: ± ( 



We substitute the minus value in equation (56), page 89, because for de- 
scent the arc decreases as the time increases. We have then 



Integrating, since for < = 0, y = h, we have 

t = |/^ . (it - versin-* ^j. 



(1) 



For the time of descent to the lowest point where y = 0, or for the time of 
one quarter of a complete oscillation, 



The periodic time is then 






or the same as a simple pendulum (page 154) whose length is 4 times the 
radius of the generating circle DP' 0. 

The time is independent of h and is the same no matter what the posi- 
tion from which the point begins to descend. The oscillations are therefore 
isochronous and hence the cycloid is called the tctuiochrone. 

The reason of this remarkable property is easily seen by considering the 
tangential acceleration. 

In the cycloid the chord CP' is always parallel to the tangent 2!P. The 
tangential acceleration or tangential component of /is then 

g =/sin riy = /sin ODP ^f% = /£:• 



OD 



The tangential acceleration is therefore directly proportional to the distance 
from the vertex measured along the path, and the motion of P is simple har- 
monie (page 108). 
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The periodic time is then (page 104) 

^ -^*y tangential acceleration - ^"^ v/ $^ - ^'^T /' 

as already found. 

If in (1) we make y = ^ = \oNu we have t = ^y y, or half the time 

from Pi to C. The time, therefore, in descending through half the vertical 
space to (7 is half the time of passing from Pi to (A 

• [To Find a Curve luoh that a Point Moving on it nndor the Aetion of Gravity 
will Pass from any one Given Position to any Other in Less Time than by any Other 
Curve through the Same Two Points.] — This is the celebrated problem of the 
** curve of swiftest descent ** first propounded by Bernoulli. The following is 
founded upon his original solution. 

If the time of descent through the entire curve is a mininnnTn^ that through 
any portion of the curve is a mmimum. 

It is also obvious that iMUoeen any two eonUguoua equal vcUues qf a eon* 
Unuouely varying quantity, a maerimum or minimum must lie. 

This principle though simple is of very great power, and often enables us to 
solve problems of maxima and minima, such as require not merely the pro- 
cesses of the Differential Calculus but those of the Calculus of Variations. 
The present case is a good example. 

^p Let, then, PO. C^and P^, QfB be two pairs of 
indefinitely small sides of a polygon such that the 
time of descending through either pair, starting from 
P, may be equal. Let QQ' be horizontal and in- 
definitely small compared with PQ and QB, The 
curve of swiftest descent must lie bettoeen these paths, 
and must possess any property which they have in 
common. Hence if we draw Qm, Q^n perpendicular 
to 5C. PQ, and let « be the speed down PQ or PQf 
(supposed uniform) and v' that down QR or Q'B, we 
have for the time from P to ^ by either path 

PQ,QB_P<jf,qB , PC-Pe _ g^-Qg 

or 

Qn _ qm 




Now if be the inclination of PQ to the horizon, and O' that of QB, we 
have Qn=QQ!coa 0. Q'm = QQ' cos 0'. Hence 

cos Q __ cosy 

This is true for any two consecutive elements of the required curve, and 
therefore throughout the curve we have, at any point, e proportional to the 
cosine of the angle which the tangent to the curve at that point makes with 
the horizontal. But t^ is proi>ortional to the vertical distance h fallen through. 

Hence the curve required is such that the cosine of the anffle it makes with 
the horizontal Hue through the point of departure varies as the square root of 
the distance from that line. 

Now in the figure of page 157 we have, from the property of a cycloid, 

008 OP'N=zcosTPN= cos ODP = ^ = f^g^- 

TTie ewrve required is therrfore the eyeloid. The cycloid has received on 
account of this property the name of Braohietoehrone, 
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• [To Determine the Motion of a Point Conitrained to Hove in a Cirele, the Ac- 
celeration being Constant and Vertical.] — This is the case of equation (55), page 
89. A c B 

Let DN—y, 2^F=za}, Let the speed at Pi be 
«i = 0, the distance DNi = h. 

For the speed at any other point P we have 
at once from equation (55), page 89, since fy is 
minus and »i = h. 




« = vm- y), 

where y is the distance DN, When y = 0, we have for the lowest point, D, 

which is the same as that due to the vertical height A. 
From equation (56), page 89, we have 



The equation of the circle referred to 2> as origin is 
oj* = 2r« — y\ 
where r is the radius. Hence 



.d«= ± 



i/3ry-y* 



We substitute the minus value in equation (56), page 89, because the arc 
decreases as the time increases, and obtain 

rfr '^ ay r dy 

V^f V(h-»)(!iry-t/') V¥ Vihv - t/')&r - »)' 



If y is small in comparison to %*, this reduces to 



i/hy-y^ 
Integrating, since when < = 0, y = A, we have 

When y = 0, 



This is the time of one quarter of a complete oscillation. The periodic 
time is then 

This is the same result as on page 154. 

If, however, y is not small in comparison to dr, we have, from (1), 
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Expanding ( 1 ~~ o ] ^J ^® binomial theorem, we have 

Thus the terms to be integrated are of the form , the exponents- 

n being the natural numbers beginning with zero. Performing the integra- 
tions, and taking the limits p = h and y = 0, we have for the time of oue 
quarter oscillation 

This series converges more rapidly as A becomes smaller. If we take only 

the first term we have, as alreadj found, ^ = ~o y T"- 

$ 
We can pat h = r ^r cos = 2r sin* -•, where 6 is the semi-angle of oscil- 

lation DOPi ; or taking the arc as equal to its sine, we have for the first two 
terms 



■=;<4(+0 



Thus if the point swings through an arc of — radian or 6°. 7, on each side 

of the vertical, the time of an oscillation is increased bj about -r^x^, or in the 

case of the seconds pendulum the time of a beat is increased by -^^^ of a 

3200 
second. For a swing on either side of the vertical of any amount we have for 
the time of a quarter oscillation 

'=3r/l'+4«"^'2+64^*2+2304*"^*2'^N- 
For a swing of 00" on either side we have, therefore, 

or the time is increased by about -^. 
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MISCELLANEOUS PROBLEMS. 

We give here as exercises for the student a number of problems covering 
the preceding Chapters. Resistance of the air and friction are neglected. 

(1) A courier travels at the rate of 5i miles in 8 hours. Six hours 
after his departure another courier is dispatched from a place 12 
miles behind the starting-point of the first. The second courier 
travels at the rate of 8 miles in 10 hours ov&r the same route as the 
first. How long before he tvill overtake the first f 

Ans. 120 hours. 

(2) A man wdUcs on the deck of a vessel from bow to stem at the 
rate ofS mUes ojn hour, while the vessel moves at the rate of 7 miles 
an hour. Find the speed of the man vnth reference to the earth's 
surface, 

Ans. 4 miles an hour, in the direction of the blip's motion. 

(3) A point moves in a given path for 10 seconds with a uniform 
rate of change of speed of + 8 /t.-per-sec. per sec. Find ffee final 
speed and the space traversed, if the point starts from rest, 

Ans. v = at,s= -^a1^ ; 

D = 80 ft. per sec., « = 400 ft. 

(4) A point has an initial speed of 7.7 ft. per sec. and a uniform ' 
rate of change of speed of + h,^ ft,-per-sec, per sec. Find the time 
of passing over 2200 ft. 

Ans. « = tJi< + -^af. i = 36.9 sec. 

(6) A point has an initiat speed cf 7 ft. per see, and afimxd speed 
of 126 ft, per sec,, and describes a distance of 2260 ft. What is the 
uniform rate of change of speed f 

Ans. « — «j = — - — —, a = 2.4 ft.-per-sec. per sec. 

(6) A point has an initial speed of 100 ft. per sec, and a rate cf 
change of speed of 1 ft-per-sec. per sec. Its final speed is 7 ft. per 
sec. Find the tim^ of motion ana the space describea, 

Ans. V = Vi — at, < = 93 sec. ; 

[«-«,= vii - ^P, • - «i = 4975.6 ft. 
a 

(7) A locomotive has a speed of 30 miles an hour on a level when 
fhe brakes are applied. The loss of speed due to the brakes is 8 ft,' 
per-sec, per sec. Find (a) the speed at the end of 3 seconds and liie 
distance traversed; (b) the time of coming to rest; (c) the retarda- 
tion in order that the locomotive may come to rest in 30 seconds. 

Ans. t = Vi ^ at, «i ?= 44 ft. per sec. ; a = 8 ft. -per-sec. per sec.; 
(a) 20 ft. per sec., 118 ft.; (6) t = 5.5 sec; (c) 1.47 ft. -per-sec. per sec 
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(8) A body falls for 4 seconds in vacvo. Find the final velocity 
and the spa^ce described (g = 32^ ft.-per-Bec. per sec). 

Ans. v = gt, • = ^gP; 

V = 1281 ft. per sec., s = 257i ft. 

(9) A body falling in vacvo has a final velocity of 2S0ft, per sec. 
Find the time of falling from rest^ and the distance described (g = 
32i ft.-per-sec. per sec). 

Ans. 7.77 sec.; 971.25 ft. 

(10) A body falling in vaxyaofrom rest describes a distance ofS5 
feet. Find the time of fall arid the final velocity (g = S2\ ft.-per- 
sec. per sec). 

Ans. 2.3 sec. ; 78.9 ft. per sec. 

(11) A body is projected vertically upwards in vacuo with a ve- 
locity of 4Qft. per sec. Find the hetght and the time of ascent (g = 
32J ft.-per-sec per sec). 

Ans. 24.87 ft.; 1.24 sec. 

(12) A body projected vertically upwards in vacuo returned after 
18i seconds. Find the initial velocity and the height of ascent (g = 
32i ft.-per-sec per sec). 

Ans. 297.54 ft. per sec; 1876 ft. 

(13) A bod/y falling in vacuo has at a given instant a velocity of 
17 ft. per sec., at a later instant a velocity of 90 ft. per sec. Find 
the time between the two instants and the distance traversed (g = 32^ 
ft.-per-sec per sec). 

Ans. 2.27 sec.; 121.44ft. 

(14) A stone is dropped into a well and the splash is heard in 3 
seconds. If sound travels in air urith a uniform velocity of 10^ ft, 
per sec., find the depth of the well (g = 321 ft.-per-sec per sec). 

Ans. 180.4 feet. 

(16) A point has two component velocities (or accelerations), at 
right angles, of 35 and 87 units. Find the resultant velocity (or ac- 
celerations). 

Ans. 93.77 units, making an angle with the 35 units of 68° 5'. 

(16) A point has a velocity of 120 ft. per sec. Resolve this into 
two component velocities at right angles, (a) one of the components 
being 75 ft. per sec.; (b) one of the components making an angle of 
34° r B" with the resultant 

Ans. (a) 93.68 ft. per sec, the resultant making an angle with 75 ft. per 
sec. of 51" 19' 4". 

(b) 99.343 ft. per sec. adjacent to the given angle and 67.306 ft. per sec. 
opposite. 

(17) A point has two accelerations of 115 and 89 ft.-per-sec. per 
sec. at an angle of 147° 8' 3 '. (a) Find the resultant axiceleration ; (6) 
Find the angle between the given accelerations when the resultant is 
equ4xl to the lesser ; (c) when it is equal to the greater. 

Ans. (a) 62.865 ft.-per-sec. per sec, making the angle of 83' 4' with 89 ft.- 
per-sec per sec; (h) 130' 14' 44"; (c) 112*' 45' 54". 

(18) A point has an acceleration of 77. S ft.-per-sec. per sec. Re- 
solve it into two components (a) making with the given acceleration 
the angles 35** 7' 11" and 52° 9' 8"; (6) vmen one of the comj^onents is 
50.5 ft.-per-sec. per sec. and makes an angle of 36' 8' 6" with the re- 
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aultant; (c) when one of the components is 60 ft-per-sec, per sec. 
and the other makes an angle of 47" 10' 11" vnth the resultant; (d) 
when the two components are 46.2 and S5ft.-per-sec, per sec. 
Ana. (a) 61.265 and 44.684 ft. -per-sec. per sec. 

(b) 47.27 ft.-per-sec. per sec, making an angle with the resultant of 39' 3* 
8". 

(c) 71.88 or 83.48 ft. -per-sec. per sec., making an angle with the resultant 
of 61 '^ 28' 17" or 24** 9' 4". 

{d) The components make an angle of 85° 4', and the resultant makes with 
the component 46.2 the angle 15** 2' 18". 

(19) A stream flows with a velocity of 1 ft. per sec, and a boat 
whose speed is 1.3 ft. per sec. is steered tm stream at an angle of 30° 
with the current. Find the resultant 'oeCocity. 

Ans. 0.66 ft. per sec. down stream at an angle of 79° 3' with the current. 

(20) What is the ratio of the speed of light to that of a cannon- 
ball moving at the rate of 2400 feet per sec., if light parses from the 
sun to the earth, a distance of 91,500,000 miles, in 8i minutes f 

Ans. 402600 to 1. 

(21) ABC is a triangle. Two spheres of radii ri and r^ start to- 
gether from A and B, their centres moving along AC and BC vnth 
velocities which carry th&m separately to C in the same time. Find 
the distances each has gone through when they meet* 

Ans. If a, h and c are the sides of the triangle, the required distances are 

-(c — ri — ra), -(o - ri — r»). 
c c 

(22) If a particle is projected vertically in vacuo vnth a velocity 
of Sg, find the time in which it unit rise through the height 14flr. 

Ans. 2 sec. and 14 sec. 

(23) A body falling in vacuo is observed to describe 144.9 ft. and 
177.1ft. in two successive seconds. Find gand the time from the 
beginning of the motion. 

Ans. g = 32.2 ft.-per-sec. per sec. ; * = 4 sec. to the beginning of the first of 
the two seconds. 

(24) A, B, C, D are points in a vertical line, the distances AB, 
BC, CD being equal, if a particle fallfrcmi A, prove that the times 
of describing Ab, BC, CD are cls _ _ 

1 : i/2 - 1 : VS- V2. 

(25) A particle describes in successive intervals of 4 seconds each 
spaces of 24 and 64 feet in the same straight line. Find the accelera- 
tion and the velocity at the beginning of the first interval, 

Ans. 2.5 ft.-per-sec. per sec; one foot per sec. 

(26) A particle moves 7 ft. in the first second, and 11 and 17 ft. 
in the third and sixth seconds respectively. Show that these facts 
are consistent with the supposition of a uniform acceleration. 

(27) A falling pfarticle is observed at one portion of its path to 
pass through nft. in s seconds. Find the distance described in the 
neod 8 seconds, 

Ans. n-\-gt^, 

(28) If s, ms, are the spaces described by a body in times t, nt, 
respectively, determine the acceleration and the velocity of projection. 

Ans. -?(!?L=L!^, and i!!Lll^. 
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(29) If the focus of the path of a prqjectUe he as much beiow the 
horizwded plane through the point of projection as the highest 
point of the path is above it^ to find the angle of prqjection. 

Ans. If ai is the angle of proiection, ax = tan-M — ^=-\ 

(SO) Partioies are prqjected from the same point in the same di- 
rection with different speeds. Find the locus of the fod of their 
paths. 

Ans. A straight line through the point of projection making am angle with 

ihe horizontal equal to ^ — 2ai , where ai is the angle of projection. 

(31) If a particle is projected in a direction inclined to the hori- 
zon, mow that the time of moving bettveen two points ai the extrem- 
ities of a focal chord of the parabolic path is proportional to the 
product of the velocities of the particle at the two points. 

(32) Two pcirticles are projected from two aiven points in the same 
vertical line in parallel directions and with eqvhl speeds. Prove 
that tangents drawn to the path of the lower will cut off from the 
path of the upper arcs described in equal times. 

(33) If a particle is projected from, a given point so as to strike 
an inclined plane through that point at right an^es, prove thai 

tan(ai'~B) = -cots, where ai is the angle which the direction of 

2 
projection makes with the horizon, and B is the inclination of the 
plane to the horizon. 

(34) A particle is projected frofm a given point with a given 
velocity. Pind the direction of projection in order that its path 
may touch a given plane. 

Ans. Let a.i be the angle of projection with the horizontal and fi the angle 
of the given plane with the horizontal, Vi the velocity of projection and d the 
distance from the point of projection to where the given olane cuts the hori- 
zontal through the point of projection. Then 



(35) To find the least velocity tvith which a body can he projected 
from a given point so as to hit a given mark, and the direction of 
projection in this case. 

Ans. Let d be the horizontal distance from the point of projection to the 
mark, Vi the velocity of projection, ai its inclination to the horizon and fl the 
angle of elevation of the mark above the horizon. Then 

-=/^^^^. «.=l-h4 

(36) If two circles the jplanes of which are vertical touch ea^ch 
other internally at their highest or 'lowest paitnts, and ^ am,y chord 
be drawn within the larger circle, tervmnettvng respectively at its 
highest or lowest point, prove that the time of descent down that por- 
tion of the chord which is exterior to the smaller circle is invariable. 

(87) AjP, PB are chords af a circle, AB being the vertical di- 
ameter. Particles stcoMng svmuttofneouely frorm A, P, fall down 
AP, PB, respectively. Prove that the leaM distance between them is 
equal to the aistance PB, 
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(38) Two circles lie in the «ame plcme^ the lowest point of one 
being in contact toith the highest paint of the other, Prove that the 
time €^ descent from any point ofthefoTTner toa point of the latter, 
along a straight line joining these points and passing through the 
point of contact, is constant, 

(39) A particle slides from rest down a smooth shping roof amd 
then falls to the ground. Find the point where %t reaches the 
ground, 

Ans. Let I = the length of the slope. <k ita inolmation with the horizotntal, 
h =r the height of the lowest point of the slope from the ground. Then the 
distance of the point where the particle reaches the ground from the foot of 

the wall ia 

2eoaa i/lfuna{ yisin*a + h — f'^sin»a). 

(40) Two equal inclined planes are placed hack to back, and a 
particle prqfected up one pies over the top and comes to the ground 
jf*st at the foot of t?ie other, Find the vetocity of prelection,, a being 
the indtination of each plane and h their common altitude. 

Ana, -4/^(8 + coBee*«)*« 

(41) A particle is prqjeeted fromi a point A with the velocity ac- 
quired bv falling down a height a, up an inclined plane of which the 
base ana height are each equal to 5, and after quitting the plane 
Sitrihes the horizontal plane AB at the point B, Pind AB. 

Ana. -4jBlsequaltoa4-(a* — 6«)*. 

(43) A particle slides doum a smooth inclined plane. Determine 
the point at which the plane is cut by the directrix of the path 
described by the particle after leaving the plane, 

Ans. The directrix intersects the plane at the point where the particle 
began its motion. 

(43) A particle is projected up a rough plane, inclined to the 
horizon at an angle of 60% ivith the velocity which it would have 
acquired in falling fre^y through a space of 12 ft,, and just reaches 
the top of the plane. Find the altitude of the plane, its roughness 
being such that if it were inclined to the horizontal ai an angle of 
BO"", the particle woidd be on the point of sliding. 

Ans. 9 ft. 

(44) A ring slides doum a straight rod whilst the rod is carried 
uniformly in one plane, at a given angle to the horizon. Find the 
path described by the ring. 

Ans. A parabola. 

(45) A given circle and a given point are in the same vertical 
plane, the paint being within the circle. Find the straight line of 
quickest descent from the point to the circle, 

Ans. The required straight line is the distance between the given point and 
the lower end of that chord of the circle which passes through the given 
point and terminates at the highest point of the circle. 

(46) A given point and a given straight line are in the same 
vertical plane, JJetermine the straight line of quickest descent from 
the given line to the point. 

Ans. From the given point P draw PX horizontally to meet the given line 
ai X. Draw upwards along the line a len^h XF equal to PX. The straight 
liBte joining P and Y is the required strai^t line. 
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(47) To determine the straight line of slowest descent from a given 
point to a given circle, the point being without the circle and both in 
the same vertical plane, the highest point of the circle being lower 
than the given point 

Ans. Let P he the given point and Q the highest point of the circle. Join. 
PQ and produce it to cut the circle at M, Then PB is the line required. 

(48) Determine the straight line of slowest descent from a given 
circle to a given point without it, the point and circle being in the 
same vertical plane, and the point being lower than tlie lowest point 
of the circle. 

Ans. From the given point draw an indefinite straight line cutting the 
circle at its lowest point, and the second intersection of the indefinite line and 
the circle is the required line. 

(49) Find the straight line of slowest descent from one given 
circle to another, both circles being in the same vertical plane, and 
eaeh exterior to the other, the highest point of the latter circle being 
lower than the lowest of the former. 

Ans. Produce the line which joins the lowest point of the first circle and 
the highest point of the second, to meet both circles again. The distance be- 
tween the second intersections is the required line. 

(60) A smooth tube of uniform bore is bent into the form of a 
circular arc greater than a semicircle, and placed in a vertical 
plane with its open ends upwards and in the same horizontal line. 
Mnd the velocity with which a ball that fits the tvbe must be pro- 
jected along the interior from the lowest point, in order that it maff 
pa>ss out at one end and re-enter at the other. 

Ans. If r is the radius, h the depth of the centre of the circle below the 
horizontal through the two ends, Vi the required velocity, 

«»« = |(r2 + 2Ar + 2A»). 

(61) A particle slides from rest down a smooth tube in the form 
of the thread of a screw the aocis of which is vertical. Find the 
time in which it will make a complete revolution about the axis. 

Ans. If r is the radius of the cylinder on which the helix is described, and 
a the angle which the thread makes with the generating line of the cylinder^ 
the required time is 



/ 8?rr \^ 
y^ sin 2a/ * 



(52) A particle falls to the lowest point of a cycloid down any arc 
of the curve, the axis of the cycloid being vertical and its vertex 
downivards. Prove that the vertical velocity is greatest when it has 
completed half its vertical descent, 

(63) Also prove that it describes half the path in two thirds of 
the whole time. 

(64) If a clock pendulunn lose 5 sec. a day, determine the altera- 
tion which should be made in its length. 

Ans. It should be diminished by nearly the ^^^ part of its length. 

(66) A seconds pendulum was too long on a given day by a quan- 
tity a. It vxis then over-corrected so as to be too short by a waring 
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the next day. Prove that, I being the length of the seconds pendtdum^ 
the number of minutee gained in the two days was nearly 

1080—^. 

(56) A seconds pendulum carried to the top of a mountain is 
found to lose there 43.2 sec. a day. Find the height of the mountain^ 
supposing the radius of the earth to be 4000 miles, 

Ans. 2 miles. 

(57) Find the time of "vibration of a pendulum 20 feet long, 
Ans. Approximately 2.5 seconds. 

(68) A body dropped from the top of a wall falls to the ground 
while a pendulum 6 inches long makes 5 beats. Find the height of 
the wall, 

Ans. -7-«'feet. 
4 

(69) A seconds pendulum is lengthened one hundredth of an inch. 
Find how many seconds it will lose daily, 

Ans. About 11 seconds. 

(60) If the length of a seconds pendulum is 89.1386 in^hes^ what 
vnll be the length of one which mbrates 40 times a minute, 

Ans. 88.06185 inches. 

(61) If the length of a seconds pendulum is 39.1393 inches, find 
the value of g. 

Ans. g = 82.190 feet-per-sec. per sec. 

(62) A pendulum wihich beats seconds at the equator gains 5 
minutes a aay at the pole. Compare polar and equatorial gravity. 

Ans. 144 to 145, approximately. 

(63) Two pendulums the lengths of tvhich are U and U vibrate at 
different points on the earths surface. The number of vibrations 
which they make in the same time are in the ratio m\ to m%. Find 
the ratio of g at the two places, 

Ans. - — J. 

(64) A seconds pendulum is carried to the top of a mountain of 
which the height is 1 mile. Find the number of seconds it vnll lose 
daily, gravity being supposed to vary inversely as the square of the 
distance from the centre of the earth, and the radius of the earth to 
be 4000 miles, 

Ans. About 21.6 seconds. 

(65) A body revolves uniformly in a circle of 4 ft, radius in 10 
seconds. Find the angular velocity and the velocity at the circum- 
ference, 

Ans. 0.628 radian per sec.; 2.5 ft. per sec. 

(66) A body revolves uniformly in a circle of 4 ft radius with a 
velocity of 8 ft. per sec. Find the normal acceleration, 

Ans. 16 ft.-per-sec. per sec. 

(67) A body revolves uniformly in a circle of 18 ft, radius. The 
normal acceleration is ^ft.-per-sec, per sec. Find the velocity, 

Ans. 9.5 ft. per sec. 
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(68) A bo4y vohc^ velocity is 10 ft. per geo. is made to mom uni- 
formly in a circle by a normal accsUratum of % ft.-perseo* per sec. 
Find the radius. 

Ana. 60 ft. 

(69) Two points have velocities Vi and v% and are made to move in 
a circle by reason of central accelerations inversely proportional to 
the square of the distance from the centre. The aistance of one 
point is rx. T^nd the distance r% of the other. 

Ana. — : — = rt* : ri*; 

(70) Find the relation between the distances ri and r» and the 
times of revolution ti and t%. 
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KINEMATICS OF A EIGID SYSTEM.^ 



CHAPTEB L 
BlOm SYSTEM WITH ONE POINT FIXED. 



mOTATION. AKOUIJkB DISFLACEMEirr. LIinSAB DI0FLACBia&NT nv TEBMS OF 
ANGUIiAB. LINE BEFBBSBNTATITB OF ANOULAB DISPLACE1[BHT. BBSO< 
LUTION AHD COMPOSITION OF ANOI7LAB DIBFLACBMBNTS. AN&ULAB 
TBLOCITY. INBTANTANBOnS AXIS OF BOTATION. ANGULAB ACCBLBBA- 
TION. BBSOLUnON AND COMPOSITION OF ANGTTLA]^ YBLOClTIBS AND 
AOCELBBATIONS. EQUATIONS OF MOTION OF A POINT OF A BOTATING 
SYSTEM. MOMENT OF ANOULAB VELOCITY AND ACCBLEBATION. GBNEBAL 
ANALYTICAL DETEBMINATION OF BESTTLTANT FOB OONCUBBING AN6ULAB 
VELOGITIBS AND ACCELEBATIONS. 

Botation. — When a rigid system moves so that all its points 
describe circles in parallel planes about a common straight une or 
axis passing through the centres of the circles and perpendicular to 
their planes, the system is said to rotate or have a motion of rotation 
about that axis. Any plane parallel to the planes of the circles is 
tiie plane of rotation. 

Since the system is rigid, every point must describe its circle in 
the same time, or the angular speed (page 72) of every point is the 
same. 

If the angular speed does not change and the plane of rotation 
does not change, the rotation of the system is uniform. If either 
the angular speed changes or the plane of rotation changes, the 
rotation is variable. 

Motion of a Bigid System with One Point Fixed.— -We have de- 
fined translation (page 13) as motion of a system such that every 
straight line loining every two points remains always parallel to 
itself during the motion. In sucn case the motion of the system is 
the same as that of any one of its points, and the study of the trans- 

* The. advanced student should read this portion of the work in connection 
with the analogous portions of Statics referred to in the text. The student new 
to the subject would do well to omit this portion of the work and take it in 
connection with Statics later. 
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lation of a system is the same as the study of the translation of a 
point. In the preceding Chapters we have treated of the kinematics 
of a point or translation. 

If one point of a svstem is fixed, the motion of which it is capa- 
ble will oe more or less complex according as its points can or can 
not move relatively to each other. We restrict our discussion to 
rigid systems^ that is, systems whose points can not move relatively 
to each other. 

If one point of such a system is fixed, there can be no translation 
and the only motion of wmch it is capable is one of rotation as just 
defined. 

In such motion it is evident that all straight lines in the system 
must remain straight lines of unchanged length and mutual inclina- 
tion, and all planes must remain planes of unchanged form, area 
and mutual inclination. Also the motions of any two points indefi- 
nitely near must be indefinitely nearly the same. 

Angular Displacement of a Bigid System. — Let AB be the axis 
of rotation of a rigid system. Then, since every point must com- 
plete its circle in the same time, the angle de- 
scribed by all points in any given time must 
be the same as the angle described by any 
onepoint P. 

The angle 6 between the initial and final 
positions, in any given time, of the perpendic- 
ular PO from any point Pto the axis, is called 
the angular displacement of the system. 

Since the angle 6 is measured in radians, it is independent of 
the length PO (page 5). 

Linear Displacement in Terms of Angular.— Let OPi = OPa = r 
be the radius for any point P which moves in a circle perpendicular 
to tiie axis at O, thi'ough the angular displace- 
ment Pi OPa = 0, from the initial position Pi 
to the final position Pa. Then the triangle 
Pi OPa is isosceles, and if we draw ON per- 
pendicular to PiPa we have the linear dis- 
placement 

PiPa = 2rsin4. 

o 

Line Bepresentative of Angular Displacement of a Bigid System. 

—An angular displacement of a rigid system is given when we 

know not only its magnitude and the direction of rotation in the 

plane of rotation, but also the direction of that plane in space. 

It is therefore a vector quantity having not only magnitude and 

sign, but also direction, and it can 
be completely represented by a 
straight line, like linear displace- 

^o ment (page 34). 

Thus the length of the straight 
line AB denotes the magnitude of 
the angular displacement PiOP« 
= B. The plane of rotation is at 
right angles to the line AB, which is therefore coincident with the 
aocis of rotation. The direction of rotation is always clocktvise 
when we look along this line in the direction indicated by the 
arrow. 

By direction of an angular displacement we mean always the 
direction of its line representative as denoted by the arrow. 
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Composition and Besolntion of Snccessive Angnlar Displacements. 
— Let a rigid system with one point fixed undergo successive angular 
displacements. It is required to determine the resultant angular 
displacement. 

Evidently the successive angular disi)lacements may be about 
the same or about different axes, and in either case may be finite or 
indefinitely small. 

(a) About the Same Axis — Finite or Indefinitely Small. — If the axis 
of all the angular displacements is the same, the plane of rotation 
does not change, and the magnitude and sign or direction of the 
resultant displacement in that plane is given by the algebraic sum 
of the magnitudes of the successive displacements, whether they 
are finite or indefinitely smaU. 

Inversely, any angular displacement about a given axis may be 
resolved into any number of successive displacements about the 
same axis, whether finite or indefinitely small, provided the alge- 
braic sum of their magnitudes is equal to the magnitude of the given 
displacement and the same in sign. 

(b) About Different Axes— Displacements Finite. — ^The axes must 
pass through the fixed point of the system. First let the displace- 
ments be finite. 

Let O be the fixed point of the system, and ORi , OR9 the initial 
positions of the two given axes. Take ORi = OjRj, and let us sup- 
pose first a displacement Oi of the system about ORi and then a dis- 
placement Sa about the new position of the other axis. During this 
motion Ri and jRi will move on the surface of a sphere. 

When the system is rotated an angle Oi about ORi, the axis ORt 
moves from O^a to ORi\ 

Now join RiRiy i^uRa' and jRajRa' by 
great circles of the sphere. Then the 
anrfe jRai?i-Ba' = Oi. 

Bisect this angle by a great circle 
meeting R^^Rt at D. Draw a ^eat 
circle ttirough Ua' inclined to i^a'jfti at 

the angle ^ and meeting RiD at R. 

Then diraw RiC^^ making the same 

angle — with R^^Ri on the other side, 

and make Rid = RtR. Then Rid will equal RiR, and the angle 

R9 Rid = ^. 

When then the system is rotated about ORi , and the axis OR2 
moves to OjRa' through the angle R^RiR^' = 0i, the line OR will 
move to OCi through the angle RRid = 0i. 

If now the system is rotated about OR^' through the angle 
dRi'R = 62, the line Od moves back to OR. 

Hence the line OR has the same position before and after the 
rotations. The resultant displacement is tiien a displacement about 
OR. 

Hence, the resultant of two successive rotations 61 about ORi and 
©a about ORq , when the aoces intersect in ajpoint O, is a single rota- 
tion S about the aocis OR passing through O. 

In order to find the position of this axis OR and the mamitude 
of 6, we haye in the spherical triangle RiRR^ the angle KliiRi -= 

~Bi, the angle RRtR = -G. and the exterior angle DRR% = -B, 
2 2 2 

Hence 




ITO RIGID SYSTEM WITH 0KB POINT VIXSD — ROTATION. [CEAP. I. 

oos-d = oos-exCoe-Ot-Biii|^i sin|e,cosBJ?,; . (1) 

sin ^s sin -9i sin ^ 

Since OBi and OBt axe lines of a rigid body and ORi coincides 
with the position of the first axis of rotation in space, the second 
axis of rotation in space has the position Oi2s' and not 0R%. Hence, 
in ^neral, the order of the two auccessive rotations is not indiferent. 

llxainple. — The telescope of a theodolite^ oriqincUly horizontal 
and pointing north, is first turned into an attitvae of 60'' and then 
turned towards the west into the prime vertical. Find the resvUant 
rotation. 

Ans. We lutye 0, s 60% 6« si 90% BiB^ s 90% Hence 

For the position of the axis we have 

If we invert the order of the two rotations, we have $i = 90**, 6, = 60% 
JRiJR, = 90% Hence 

*^4^ = ^V|' ^' 8inle=i/J.a8before 
For the position of the axis 



sin BiB = - 
1 



/I 
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(c) Abont Different Azes-^The Displacements Indefinitaly Small. — 

Second let the rotations be indefi- 
nitelv small. Let OA = e and OB 
= 0he the line representatives. Com- 
plete the parallelogram and dra^v 
OC, Let P be any point of the sys- 
'b tern in the plane of OA and OB, and 

draw the perpendiculars PQ, PK, PS. When rotation occurs 
about OA, tne point P will move perjpendicularly to the plane of the 

Saper through a very small distance represented by rS or OA x PQ 
jage 5). 
When rotation occurs about OB, the point P moves perpendic- 
ularly to the plane of the paper also, through a very small distance 
represented by OB x PS. Since both these displacements are very 
small they comcide in direction, and the resultant is 

OAx PQ+OB X PS-OCx PB. 

Hence the resultant displacement is given by OC. 
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We should have the same result if the rotation about OB occurred 
first, also if the point P had been taken within the angle AOB. 
Also whether OA and OB are axes fixed in the body or in space. 

If we have more than two successive rotations, me third may be 
compounded with the resultant of the first two in like manner. 

Hence if a rigid system with one point fixed undergo any num- 
ber of successive indefinitely small angular displacements about 
different axes either fixed in the system or fixed in space, the 
resultant angular displacement is obtained by treating the line 
representatives precisely like linear displacements (page 35). We 
have thus the parallelogram and polygon of angular displace- 
ments. 

Composition and Resolution of Simultaneous Angular Displaoe- 
ments. — The simultaneous angular displacements may be finite or 
indefinitely small and must be either about the same axis or differ- 
ent axes. 

(a) About the Same Axis. — ^If the axis of all the angular displace- 
ments is the same, the plane of rotation does not change and the 
magnitude and sign or direction of the resultant displacement in 
that plane is given by the algebraic sum of the magnitudes of the 
simultaneous angular displacements, whether they are finite or in- 
definitely small. 

(6) About Difiereat Axes.— If the rotations OA, OB are indefi- 
nitely small, we see from the fi^re, page 171, that it makes no differ- 
ence whether they are successive or simultaneous. We can resolve 
and combine them, therefore, by their line representatives just like 
linear displacements (page 35). We have then the parallelogram 
and polygon of angular displacements. 

If the rotations OA, OB are finite, we can divide each up into a 
number of indefinitely small rotations and fa-eat each pair as before. 
We have then the parallelogram and polygon of angular displace- 
ments in this case also. 

Composition and Resolution of Angular Displacements in gen- 
eral. — We see then that in oM cases except finite successive angular 
displacements about different aoces we can combine and resolve 
any number of angular displacements wheUier simultaneous or 
successive, finite or indefinitely small, about the same or about 
different axes by means of the hne representatives, just like linear 
displacements. 

Simultaneous angular displacements are usually called com- 
pon&nt anmdar displacements. Component angular displacements 
must then DC understood to always mean simultaneous angular dis- 
placements, unless otherwise specified. 

Sign of Components of Angular Displacemeiit.-~The sign of the 
line representatives of the components along the axes iC, Y^Z of an 
angular displaoement follows the same rule as for linear displace- 
ment (page 36). Hence if we look along the line representatives 
tmfmrds me origm, the radius vector wtU always be seen to move 
counter-clockwise. ^-.-^"'^ 

Axis of Rotation. — In every possible dis- ^^^^,^0^^^*^ 
placemen* of a rigid system with one point ^'^I^^ -b, 

fixed, there is one hue fixed in the system pass Vv"****^ a 
ing through tibe fixed point, called the axis of VV A 
rotation, wMch has the same position in both \ X// 

the initial and final positions of the system. \x ^ 

Let O be the fixed point of the system^ and ^ 

let Ax , Bx be the initial and Aa, & the final positions in space of 
two paints of the system. 
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Since the system is rigid, OAi = OAt , and OBi = OB^, Let Ai 
be brought to A9 by rotation about an axis through O perpendicu- 
lar to the plane of AiOAt. By this rotation Bi moves to o, and since 
the system is rigid, Ob = OBi =0B9j and A^b = AtBt, The triangles 
OA9O and OAiBi are then equal in all respects, and b can be 
brought to jBa by rotation about 0A«. The given displacement can 
always then be produced by two successive rotations about two 
axes passing through O. As we have seen (page 171), two such 
successive rotations give as resultant a single rotation about an 
axis through O. This is the axis of rotation. 

CoR. 1. Hence any angular displacement of a rigid system with 
one point fixed is completely specified by the line representative of 
the resultant angular displacement, which coincides in direction 
with the axis of rotation. ^ 

Cor. 2. Any angular displacement of a rigid system with one 
point fixed may be resolved into three angular displacements about 
the co-ordinate axes through the fixed pomt taken as origin. 

Cor. 3. Every line in the system parallel to the axis of rotation 
remains unchanged in direction. 

Mean Angular Velocity of a Bigid System. — ^The ma^tude of 
the angular displacement during a given time of a rigid system 
with one point fixed, divided by the number of units of time, gives 
the magnitude of the mean a.Tign1ar velocity of the system. 

It is represented by a line just like angular displacement (page 
170). By direction of mean angular velocity we always mean direc- 
tion of the line representative. 

Mean angular speed then is mean time-rate of angle described 
(page 72). Mean angular velocity is mean time-rate of angular 
oisplacement. 

inBtantaneoiis Angular Velocity of a Bigid System. — ^The limit- 
ing magnitude and direction of the mean angular velocity when 
the interval of time is indefinitely small is the instantaneons angu- 
lar velocity. 

The term angular velocity alwavs signifies instantaneous angu- 
lar velocity unless otherwise specified. 

It may he represented by a straight line just like angular dis- 
placement (page 170). 

By direction of an angular velocity we always mean the direc- 
tion of its line representative. 

We see then that* angular displacement and angular velocity 
are vector quantities like linear displacement and linear velocity. 
Angular velocity is directed angular speed, just as linear velocity 
is directed linear speed. Speed is magnitude of velocity, whether 
linear or angular (page 43). 

Instantaneons Axis of Botation. — The instantaneous angular 
velocity of a rigid syBtem is then given by its line representative. 
This line representative coincides m position with the axis of rota- 
tion at the mstant. This axis is then the instantaneons axis of rota- 
tion. 

Unit of Angular Velocity. — Since the ma^tude of the angular 
velocity at any instant is the angular speed m a given direction at 
that instant, the unit of angular velocity is the same as for angular 
speed, or one radian per sec. We denote the magnitude then by 
the same letter, <», and we have the same numeric equations as for 
angular speed (page 73). 

Thus for mean angular velocity 

«»=^r^. (1) 




CHAP. I.] ANGULAR ACCELBEATION. 175 

and for instantaneous angular velocity 

dQ 

Uniform and Variable Angular Velocity. — ^Angular velocity is 
uniform when the line representative has the same magnitude and 
direction whatever the interval of time. Uniform angular velocity- 
is the^i uniform angular speed in an unchanging plane, just as uni- 
form linear velocity is uniform linear speed in an unchanging 
direction (page 43). 

In such case angular velocity is the same as the mean angular 
velocity for any interval of time. 

When either the magnitude or direction of the angular velocity 
changes it is variable. 

When the magnitude alone changes we have variable angular 
speed in an unchanged plane of rotation. When the direction only 
changes we have uniform angul9,r speed in a changing plane of 
rotation. When both change we have variable angular speed in a 
changing plane of rotation. 

Mean Angular Acceleration of a Bigid System. — If OA = gox and 
OB = GO are the line representatives of the initial and final angular 
velocities of a rigid system with one point fixed, 
during any time t, then AB is the line represent- 
ative of the integral angular acceleration of the 

AJB 
system during the time t^ and —7- gives the 

magnitude of the mean angular acceleration whose direction is AB. 
(Compare page 48.) 

Mean angular acceleration then is time-rateof change of angular 
velocity, whether that change takes place in the direction of the an- 
gular velocity or not. 

Instantaneous Angular Acceleration of a Bigid System. — The 
limiting magnitude and direction of the mean angular acceleration 
when the interval of time is indefinitely small is the instantaneous 

Elar acceleration. It is the limiting time-rate of change of an- 
• velocity whether that change takes place in the direction of 
ngular velocity or not. 

Angular acceleration always signifies instantaneous angular 
acceleration unless otherwise specified. 

It may be represented by a straight line just like angular dis- 
placement ^age 170). By direction of an angular acceleration we 
mean the direction of its line representative. 

Instantaneous Axis of Angular Acceleration. — ^The instantaneous 
angular acceleration of a rigid system is then given by its line rep- 
resentative. This line representative coincides in position with 
the axis of angular acceleration at the instant. This axis is then 
the instantaneous axis of angular acceleration. 

Angular acceleration may be zero, uniform or variable. When 
it is zero, the angular velocity is uniform and we have uniform 
angular speed ana an unchanging plane of rotation. 

when it is uniform, it has the same magnitude and the same 
direction whatever the interval of time. In such case the accelera- 
tion is equal to the mean acceleration for any interval of time. If 
the direction coincides with that of the initial velocity, we have 
uniform rate of change of angular speed and an unchanged plane 
of rotation. If it makes an angle with the velocity, we have a 
changing plane of rotation and variable velocity. 
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When it is variable, either direction or mftgwititfte changed or 
both change. 

If the angular acceleration is always at right angles to the an- 
gular velocity, it only changes the direction but not the magnitude 
of that velocity. 

Hence, just as on p^ige 53 a normal linear a^celteration has no 
effect upon the linear speed, but only changes the direction of mo- 
tion, so, if a rigid svstem rotating with given angular speed about 
an axis has an angular acceleration about an axis always perpendic- 
ular to the first, there is change of direction of this axis out no 
change of angular speed about it. 

The gyroscope is an illustration of this principle. 

BefiM)iation and Composition of Angular Velocity and Accelera- 
tion. — Since for an indefinitely small time the angular displace- 
ment is indefinitely small, we see from page 171 that we can com- 
bine angular velocities and accelerations, whether simultaneous or 
^successive, by means of their line representatives just like linear 
velocities and accelerations (page 43). 

Sign of Components of Angiuar Velocity and Acceleration. — ^The 
sign of the line representatives of the components along the axes 
Xj F, Z of an angular velocity or acceleration follows the same 
rule as for linear velocities and accelerations (pages 44, 50). 

Unit of Angular Acceleration. — Angular acceleration is meas- 
ured in terms of the same unit as rate of change of angular speed 
(page 73), or one radian-per-sec. per sec. We denote its magni- 
tude then by the same letter, a. 

Belations between Angular and Linear Velocity and Accelera- 
tion. — ^We have also the same relations between angular and linear 
acceleration and velocity as for a point moving in a circle (page 
76). 

Thus we have, for any point of a rigid system whose distance 
from the axis of rotation at any distance is r, 

roo = V, ra =ft , vgo =/» = rw* = - , fp ^ftT ~ r'a, vr = r^oo. 

Equations of Motion of a Sotating Bigid System under Different 
Angular Accelerations. — Since angular velocities and accelerations 
are represented by straight lines, just like linear velocities and ac- 
celerations, we have the same equations for motion of a rotating 
rigid system as on page 50. We nave only to substitute ao for v, B 
for 8y aioT f. . , ^ , 

With these substitutions equations (1) to (14), page 60, hold good 
and it is unnecessary to repeat them here. 

Moment of Angular Displacement. —Just as we called the prod- 
uct of the magnitude of a linear displacement by the magnitude 
of the perpendicular let fall from any given point upon its direc- 
tion the moment of the linear displacement (page 60), so for 
angular displacement we call the product of its magnitude by 
the magnitude of the perpendicular from any point upon the 
direction of the line representative the moment of the angular 
displacement. ^. , 

We take its sign just as for moment of linear displacement, page 
62. Since the line representative is coincident with the axis, the 
perpendicular is the distance of the point from the axis. 

Thus if AB = is the line representative of an angular dis- 
placement OiOOa = of a rigid system, the axis has the position 
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AOB, If then Oi is the initial position of any point of the sys- 
tem and OOi = p is the perpendic- 
ular from Oi upon the axis or direc- 
tion of the line representative AB, the 
moment is ± pB according to direction, 
just as for moment of linear displace- 
ment (page 62). But pB is the tenqthf^^ 
of the arc OiO% described by the point 
Oi in a plane perpendicular to the 
plane of JLB and OOu 

Hence, the moment pQ of the angular 
displacement B of a rtaia system rela- 
tive to any point of the system gives 
the length of the arc 0\0% described by 
that point in a plane perpendicular to the plane of the aans AB 
and the radius vector p. 

The corresponding linear displacement of Oi is evidently 

r = 2psin| (1) 

Since the angle OOiOa equals the angle OOaOi, we have for the 
direction of the linear displacement relative to OOi , 

angle OOiO, = 90° - OiOT = ^^ (2) 

We have also, just as on page 62, the algebraic simi of the 
moments of any number of component angular displacements, rel- 
ative to any pomt, equal to the moment of the resultant. 

Also, just as on page 60, the line representative of an angular 
displacement may be laid off from any point in its line of direction 
witnout affecting its moment. 

Moment of Angular Velocity or Acceleration. — Just as we 
called the product of the magnitude of a linear velocity or accelera- 
tion by the magnitude of the perpendicular from any given point 
upon Its direction the m,oment of the linear velocity or acceleration, 
so for angular velocity or acceleration we call the product of the 
magnitude by the magnitude of the perpendicular from any point 
upon the direction of the line representative the nurnient of the 
angular velocity or acceleration. 

We take its sign just as for moment of linear velocity or accele- 
ration (page 60). Since the line representative is coincident with the 
axis, the perpendicular is the distance of the point from the axis. 

Thus if AB = 00 is the line representative of an angular 
velocity of a rigid system, the instantaneous axis has the 

position AOB. If then Oi is any point of 
the system and OOi = p is the perpendicu- 
lar from Oi on the axis or direction of the 
line representative, the moment is ±poi> 
according to direction, just as for moment 
of linear velocity (page 60). But this is 
"^"^ the linear velocity v of Oi at the instant, 
/n I in a direction perpendicular to the plane 

' ofA^andOOi. 

Hence, the moment poo of the angular 
velocity go of a rigid system relative to any 
point of the system gives the linear velocity 
V of that point in a direction perpendicu- 
y lar to the plane of the instantaneous aasis 

of rotation AB and the instantaneous radius vector p. 
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In the same waj, the moment pacf the angular acceleration a of 
a rigid system relative to anv point of the system gives the linear 
tanaenticu acceleration ft of that point in a direction perpendicular 
to me plane of the instantaneous cuns of angular acceleration and 
the instantaneous radius vector. 

We have also, lust as on page 62, the algebraic sum of the mo- 
ments of any number of component angular velocities or accelera- 
tions, relative to any point, equal to the moment of the resultant. 

Also, just as on page 60, ue line representative of an angular 
velocity or acceleration may be laid on from any point in its line 
of direction without affecting its moment. 

Concurring Angular DisplacementSy VelocitieB or Accelerations. — 
We see then that angular displacements, velocities or accelera- 
tions are represented bv straight lines, called line representativeSy 
which coincide with the axis of rotation. We deal with them 
entirely by means of these line representatives. When we speak 
of their ** direction," we mean the direction of the line representa- 
tives. We' resolve and combine them by means of their Ime repre- 
sentatives, and in the same way we have their moments just as for 
linear displacements, velocities or accelerations. Following the 
same analogy, we can spes^ of them as '* applied " or '* acting '' at 
certain points. When tney all intersect at me same point, we may 
call them concurring, just as if they were linear. When they do 
not intersect at the same point they are non-concuxring. When they 
act in the same direction in the same line thev are conspiring. 
When in tiie same or opi>osite directions in parallel lines they are 
parallel. When in opposite directions in the same line or in paral- 
lel lines they are opposite. When they lie in the same plane they 
are co-planar. 

Condition for Botation only.— If a rigid system has one point 
fixed, it can have no translation but omy rotation, and therefore 
all the component angular displacements, velocities or accelerations 
must reduce to a concurring system, so that we have a sin^e result- 
ant ATigiilAr displacement, velocity or acceleration about an axis 
through Uiis point, which is therefore at rest. 

General Analytical Betermination of Sesnltant Angular Dis- 
placementy Velocity or Acceleration for any Vumber of Concurring 
Components. — ^We see then that all the equations of pages 63 to 65 
hold good for angular displacements, velocities or accelerations, as 
well as for linear. 

For angular displacements we have only to substitute 6 in place 
of V. The moments Mx, My, Mz then gjve the arcs of displacement 
about the axes of X, F, Z of the origin, considered as a point of 
the rigid system, rotating about the resultant axis. 

For angular velocities we have only to substitute oo for y. The 
moments Mx^ My, Mz then give the component linear velocities Vx, 
Vy , Vz along the axes of X, Y, Z of the origin, considered as a point 
of the rigid system, rotating about the resultant axis. 

For angular accelerations we have only to substitute a for v. 
The moments Mx.My, Mz then give the component linear tangential 
accelerations ftxy fty, ftz along the axes of X, F, Z of the origin, 
considered as a point of the rigid system, rotating about the re- 
sultant axis. 

To make our notation consistent we should also replace cos a, 
COS&, cose, page 66, by cosd, cose, cos/, and replace cosd, cose. 



cos/ page 66, by cos a, cos 6, cose, 

We have then from page 65, equation (4), for the component 
linear velocities Vx^ Vy, Vz along the axes of X, Y, Z of the origin^ 
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considered as a point of the rigid system, rotating about the re- 
sultant axis, 

Vm = oozy — ooyZ ; 1 

Vy = OOxZ ~ GOzX; I (1) 

Vz = oi>yX — ooa^. J 

We have also in the same way 

fix = aaiy — ayZ ; l 

fty^ axZ -^ aac; [ (2) 

ftz = CCyX — axy. J 

Equations (2) give the component linear tangential accelerations 
along the axes of X, F, Z of the origin, considered as a point of the 
rigid system, rotating about the resultant axis. 

If we multiply the first of equations (1) by oox , the second by 
Q9y, the third by a?^ and add, we obtain 



VxOOx + VyOOy + VzOOz = 0. 



(3) 

Equation (3) is the condition forrotation only. When it is ful- 
filled, we know that the motion of the system is that of rotation 
only about the instantaneous axis. 

Kesnltant of Two Concurring Component Angular Displacements, 
Velocities or Accelerations.*— It will 
be of profit to specially discuss the 
case of two concurring component 
angular displacements, velocities or 
accelerations. 

Let the two angular velocities <»i, 
C03 be in the same plane and pass 
through the points A and 5 of a 
rigid system, so that they intersect 
at O. Then the resultant cor must 
pass through O and be in the plane 

of G01, GO2. 

Take any point P in this plane 
and draw the perpendiculars JRni = 
pi, Pn^^pi, Pn=pr. Then, since 
the moment of the resultant is equal ^ 
to the algebraic sum of the moments 
of the components, 

COrPr = OOiPi + Wapa , . (1) 

where regard must be paid to the 
signs in any case. Thus we have in 
the figure 

oorPr = ooipi — ooiPi. 

Draw the line AB, intersecting the 
resultant oor at the point C Let an 
be the angle of <»i, and aa the angle of 
C03 with AB, If we take moments 
about C, we have 

001 . AC sin ai =: «09 . BC sin or,. 

* Compare Statics— Non-concurring Forces. 




z\ "> 
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Bat AC + BC=AB, Hence 

AC — Qg« . AB sin a« ort _ cPi . AB sin ai .^x 

"~ ooi sin ai + cot sin at* " ooi sin ai + 001 sin a«* 

We thus know the position of the resultant oh- in the plane of 
001 and a>t, 

Maenutude and Direction of the Resultant.*— If we lay off in 
Fig. 2, (»i and ooa, then, just as for linear velocities, 0C= oor gives 
the magnitude and direction of the resultant. 

Take rectangular axes OX, OF, Fig. 1, in the plane of goi, (»s, 
and let OX be parallel to AB. Let 00 1 make the an^e at with OX 
and ffi with Or, and &>> make the angle a« with OX and /Ja with 
OY. Denote the algebraic sum of the components parallel to OX 
by GOx and parallel to OF by <»y. Then we have 

oox = <»i cos ai + coi cos a« ; 

ooy = ooi COS /5i + a>i COS >^« 

where we must pay regard to signs. Thus components in the 
direction OX, OYare positive, in the opposite directions negative. 

If the resultant aor makes the angles d and e with the axes of X 
and F, we have 

cos d= — cos e = — (4) 

OOr (Or \ / 

Squaring and adding, 

(Or = Vo^X^ + flOy" (5> 

The magnitude and direction of the resultant are thus deter- 
mined. 

Also if Gi is the angle of <wi with the resultant, and iia the angle of 
00^ with the resultant, and 6 the angle between oox and 00% , we have 
directly from Fig. 2 

sin 01 = — sin 9, sin Ga = ~ sin 0, (6> 

OOr ^r 

and 

(Or = i/(»i' + coa* ± 200x00% COS G, (7) 

where the (+) sign is used when 6 is less than 90°, and the (— ) sign 
when 9 is greater than 90°. 

The tangent of the angle d which the resultant makes with AB 
or OX is 

tand = ^^ (8) 

GOx 

From (6) and (7) we can find the magnitude and direction of the 
resultant directly if 6 is known. If ax and aa are known, (3) and (5) 
give OOr , and (4) or (8) the direction. 
From (1) we have also 

a>.j>. + a,.p. 

OOr 

where regard must be had for the sigas of oo^px and oiapa in any 
case. From (9) for any given point JR for which px and p% are 
known, we can locate the resultant by describing a circle with 
centre P and radius pr and drawing oor tangent to this circle in the 
direction given by (6). 

* Compare Statics. 
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The same formulas hold good for two concurring angular ac- 
celerations. We have only to replace oohy a, [The student will of 
course not confuse this a, which stands for an^ar acceleration, 
with aj , a, in the formulas, which stand for angles.] 

The same formulas hold good also for two concurring component 
angular displacements. We have only to replace « by d. 

when the Angnlar Displacements, velocities or Accelerations are 
Parallel. — In this case ai and aa are equal, = 0, the intersection O 
is at an infinite distance, got = ooi + (us , and we have £rom (2) 

AC=-.AB, JBC=-.AB; (1) 

OOr (Or 

and hence, multiplying the first by coi and the second by ooi , 

001. AC =oi)i.BCy or — = -r7, (2) 

coa AC ^ ^ 

To prove this independently, take C as the point of moments. 





Then whether the line representatives act in the same or in opposite 
directions, we have 

ooipi — (BaJJa = 0, or OOipi = (OaPa. 

But from similar triangles 



pi AC , m BC 

— = ^S7i, nence — = -ry^* 

Pa BC 002 AC 



The same holds for angular displacements or accelerations. 

We see from (1) that the distances AC and 50 depend only upon 
the magnitudes of coi and con and the distance AB, and not at all 
upon the common direction of <»i and ooi. Therefore if ooi and oo^ 
always pass through the points A and B no matter what their 
common direction, the resultant <»r always passes through C The 
point C is then the point of application oi the resultant <»r for all 
directions. 

Hence, the resultant of two parallel component angular dis- 
j^loA^menta^ velocities or accelerations is in their plane and equal 
tn magnitude to their algebraic sum. It acts parallel to the com- 
ponents in the direction of the greater. If the components ahvays 
pass through two given points A and B, the resultant always passes 
through a point C no matter tohat the common direction. This 
point C is then the point of application of the resultant. It is on 
the straight line AB or this line produced, and divides it into seg- 
ments inversely as the components. Or the products of the com- 
ponents into their adjacent segments are equal, (Compare Statics — 
Parallel Forces.) 
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Cor. 1. When the components act in the same direction, the 
resiiltant lies within the components and nearest the lar^r. When 
the components act in opposite directions, the resultant hes without 
the components and on the side of the larger. 

CoR. 2. When the components are opposite and equal in magni- 
tude, oor = 0. Also from (1), AC =oo , SC = oo , or the resvUant is 
zero and acts at an infinite distance. 

That is, equal and opposite parallel components cannot have a 
single resultant. 

Such a system is called a couple. (Compare Statics— Parallel 
Forces.) 



EXAMPLES. 

(1) A rigid system has two component rotations of 2 and 4 
radians about aoces inclined 60''. Find the restdtant rotation. 

Ans. Component rotations are understood to be simultaneous unless other- 
wise specified (page 172). Hence magnitude of resultant rotation is 2 ^7 
radians; axis inclined at an angle with the greater component whose sine is 

(2) A sphere with one of its superficial points flaed has txvo com- 
ponent rotations — one of 8 radians about a tangent line and one of 
16 radians about a diameter. Find the axis of the resultant dis- 
placement and the number of complete revolutions made about it. 

Ans. Inclination of axis to greater component at an angle whose tang is 

8 17 

j^. Resultant displacement 17 radians, number of complete revolutions ^. 

(3) A sphere is rotating uniformly about a diameter at the rate 
of 10 radians per min. Find (a) the component angular velocity 
about another diameter inclined 30° to the former, and (b) the com- 
ponent rotation produced in 2 min. about a diameter inclined 45° to 
the first. _ 

Ans. (a) 5 4/3 radians per min. ; (&) 10 |/2 radians. 

(4) A jfendulum suspended at a point in the j>olar axis of the 
earth oscillates in a vertical plane. Find the motion of this plane 
relative to the earth. 

Ans. The plane of the pendulum is fixed in space, and the motion of the 
earth with reference to this plane is a rotation from west to east at the rate of 
one revolution per day. The motion of the plane relative to the earth is then 
from east to west at the same rate of one revolution per day. 

(5) A pendulum is hung at a place of latitude A and oscillates in 
a vertical plane. Find (a) the angular velocity of the plane of the 
penduluni/s motion relative to the earth, and (b) the time in which 
this plane will make one complete revolution at a place in latitude 

60* iv; 

Ans. The angular velocity of the earth about its axis is 2;r radians per day. 
The component of this in the direction of an axis through the centre of the 
earth and the point of suspension of the pendulum is 2ie sm A radians per day 
from west to east. This is the motion of the earth relative to the plane of the 
pendulum. Hence — 

(a) The motion of the plane of the pendulum relative to the earth is 2)r sin A. 
radians per day from east to west; 
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2^ 1 3 

(6) The time of revolation is r — : — =- = . ^ = — -= days. 
^ 2ir am A sin 60 |/3 "^ 

(6) ^ cti&e rotates about a vertically-upward axis throuah one of 
its edges. At a given instant at which the diaaonal of the upper 
surf ace passing through the aods points north the cvbe has an an- 
gular velocity of 40 radians per sec,, and begins to have a uniform 
angular acceleration about an axis vertically downwards through 
the same edge of 6 rad.-per-sec, per sec. Find (a) the direction in 
which the diagonal unit point after 20 sec. ; (&) the number of revolur 
turns made by the ctAe. 

Ans. From the equationa of motion page 78 we have oo = ooi — at, 6 — Oi 

= ^it — ^at'. We have v i = 40 radians per see., a = 6 rad.-per-sec. per 

sec., i = aO sec., 6i = 0. 

In the time ti = — ^ = -^ sec. the cabe comes to rest and has the angalar 
ft o 

400 
disphusement 6i = -3- radians towards the east. 

It then moves in the opposite direction towards the west daring the time 
aO 40 1 

t = 20 — o = "o" ^^' *^^ undergoes the angular displacement 6 = j-crt* = 

1600 

—5— radians. Hence (a) the angalar displacement from the north point to- 

o 
wards the west is 400 radians or 68.661 revolutions, or 63 revolutions and 
337%96 W. The direction of the diagonal is then S. 57^96 E. (6) The total 

2000 
angular displacement is — ^ — radians, hence the number of revolutions is 

388.8 

ie 

(7) A sphere is rotating at a given instant about a given diameter 
ACB with an angular velocity of 4 rod. per min. It lias an angular 
acceleration of 2 rad.'per-min, per min. about a diameter inclined 
30*" to ACB. Find (a) the angular velocity j and {b) the angular dis- 
placement after 20 min. 

Ans. (Page 174) (a) 4\/l01 + 10 4/3 rad. per min. inclined to C7^ at an 

angle whose tangent is —j=. ; (6) 80 V 26 4-5 4/3 radians inclined to CB 

1 -p " r 3 

5 

at any angle whose tangent is :=. 

(8) A rigid system has one point fixed. The co-ordinates of this 
poini with reference to any point of the system taken as origin are 
at any instant x= +S ft., y= + 4 ft, z = 0. The component an- 
gular velocities at this instant are <»i = 40, <»« = 50, aot = 60 radians 
per sec.^ the line representatives making the angles ai = 60% /Si = 150% 
ri = 90"; at = 120% /?» = 30% ya = 90° ; a. = 120% /?» = 150% r» = 90". 
Find the resultant angular velocity. 

Ans. (See Example (1), page 67.) The component angular velocities are in 
one plane and 

ooop = — 35 radians per sec., coy = — 43.8 radians per sec. 

The resultant is ov = 55.67 radians per sec, its line representative or the 
instantaneous axis of rotation making with the horizontal the angle d = 128° 
57' 17", and with the vertical the angle e = 141° 2' 43''. If we look along this 
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line representative which passes through the fixed point, towards the origin, 
the rotation will be seen as counter-clockwise. 

The moment of the resultant angular velocity oor with reference to the 
point giviea us the linear velocity of rotation at about the instantaneous 
axis, V3i, = + 10 ft. per sec. in a direction through perpendicular to the plane 
XYt or along Z, from towards Z, 

The distance of from the axis is p = about 0.18 ft. 

The equation of the axis is y = 1.2879; 4- 0.286. Its intercepts on the axis 
are^ =: 4- 0.288 ft., x' =z -^ 0.282 ft. 

(9) Express and solve the same example for component angular 
accelerations and displacements. 

(10) A rigid system has one point fixed. The co-ordinates of this 
point vnth reference to any point of the system taken as an origin 
are at any instant x = + 3^f., y = + 4 ft., z= + 5ft. The compo- 
nent angular velocities at this instant are oo\ = 40, oo^ = 50, gos = 60 
radians per sec. J the line representatives making the angles with the 
OMes ai = 60"*, fix = 100% yi obtuse ; a, = 100"*, fi^ = 60% y^ acute; at 
= 120**, fit = 100% yt acute. Find the resultant angular velocity, 

Ans. (See Example (2), page 67.) We have 

»x = — 18.6824, »y = + 7.685, flOz = + 59.891 radians per sec. 

The resultant angular velocity is a>r = 62.78 radians per sec., its line rep- 
resentative making i^th the axes the angles 

d = 118M7' 83", e = 85°6'12", / = 12** 30' 24". 

This line representative passes through the fixed point and gives the in- 
stantaneous axis of rotation. If we look along this line towards the origin, the 
rotation will be seen as counter-clockwise. 

The velocities of rotation at along the axes are < 

tj£ = + 97.6346, vaf = + 199.889, «y = - 271.586 ft. per sec. 

The resultant velocity of rotation at Oisvr = 407.6 ft. per sec., making 
with the axes angles 

a = 60*' 42' 57", 6 = 131" 46' 24", c = 76" 8' 81". 

The equations of the projections of the axis upon the co-ordinate planes are: 

on plane XT, y = - 0.408aj + 5.226 ; 
" " rZ, 2 = + 7.778y - 26.115 ; 
" " ZX, a? = - 0.314? + 4.572. 

The axis pierces the plane Xr ata?'=-f 4.572 ft., y* = + 8.857 ft.; 
" *• •' " " TZ ** y' = -f 5.226 ft., g* = - 14.56 ft.; 
" •• " " •* ZX " «' = - 26.115 ft., «'=-!- 12.809 ft. 

(11) Express and solve the same example for component angular 
accelerations and displacements, 

(12) Let the axes of two concurring angular velocities of a rigid 
Mjstem, ooi = 20, <»a = 30 radians per sec,, pass through the points A, 
B of the system, the distance AB = 2 ft., and the angles ai = 60°, a, 
= 30°. Find the point C on the line AB through which the resndtant 
axis passes,' and the magnitude and direction of the resultant angu- 
lar velocity. 
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Ans. AC = 0.928 ft., t9x= + 15.98 radians per sec., C0y =: — 82.82 radians 
per sec. The angle of the resultant with AB is given by 

tanci = -j|~= -2.022, or d = 68' 41' = BCoor. 

The resultant is 

09r = 86.05 radians per sec. 

We have also for the angle of the resultant with coi , since B = 90", 

sine, = g|^ = 0.882, or 0. = 56M9'. 

(13) Express and solve the same eooample far component angular 
a^coelerations and dieplacements. 



CHAPTEB TL 
MOMENT OF A COUPLB. 



DI8FLACBMEI9T OF A BIGID 8T8TBM. BIGID FLANB SYSTEM. COMPOSITION 
AlfD RBSOLTTTION OF TBAKSLATION AND ANGULAB DISPLACBMBNT. COM- 
POSITION AND BBSOLUnON OF TBANSLATION AND ANGULAB VBLOCITT. 
CENTBAL AXIS. SCBSW MOTION. BOTATION AND BBCTILINBAB TBANS- 
LATION. COMBINBD PABALLEL BOTATIONS, ONE AXIS FIXED. INTEB- 
SECTING AXES, ONE AXIS FIXED. ANALYTIC DETEBMINATION OF BE- 
SULTANT ANGX7LAB VELOCITY AND VELOCITY OF TBANSLATION FOB NON- 
C0NCT7BBING ANGULAB VELOCITIES. 

Moment of a Couple.* — ^We have just seen in the preceding 
Chapter, page 181, that two parallel equal and opposite components 
acting at dinerent points of a rigid system constitute a couple. We 
^Qj may have then an angular-displaM^e- 

^ ment couple or angular-velocity cou- 

ple or angular-acceleration couple. 

Let -H cDj — CO, acting at the points 
A, Bofa rigid system, constitute an 
~Jj angular- velocity couple. 

If we take any point C between 

the components, or any point d, d 

_^ on either side, in the juane of the 

"" components, we have in the first 

case, denoting the distance AB by p, for the moment about C, just 

as for linear velocities (page 60), 

— 00 . AC— Qo.BC^ — oo{AC + BC) = —poo. 
In the second case, for the moment about Ci we have 

CO . CiA - 00. CiB = — oo(CiB — CiA) = --poo. 
In the third case, for the moment about d we have 

— 00. C2A + 00. CtB = — oo(CiA — C«JB) = —poo. 

Hence the moment about every point in the plane of the couple is 
constant and equal to ± poo, the (+) or (—) sign denoting direction 
just as for moment of linear velocity (page 60). 

For an angular-acceleration couple we have in the same way 
± pa, for an aDgular-displacement oouple ±pO. 

We see then that the moment of a couple is the same for every 
point in its plane and equal to the product of either of the compo- 
nents by the distance between them. 

* Compare Statics— Parallel Forces. 
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Compoation and Besolntion of Translation and Angular Displace- 
ment. — Let a rigid system have a rotation of 0x00% = 6 radians 
about an sjds AOB through the 
point O, and AB = fi be the line 
representative. 

If we take any other point of 
the system, as Ox , and at this point 
apply tJie two equal and opposite 
angular displacements Oxa = — fl ^ 
and Oxh = + 6, both parallel to 
AB, it is evident that the motion 
of the system is not affected. We 
have then the angular displace- 
ment about the axis AOB reduced to an equal angular displace- 
ment Oxh about a parallel axis through Ox and a couple AB and 
Oxa. 

The moment of this couple is the same for every point in its 
plane and equal to pO, where p is the perpendicular distance be- 
tween the components AB and Oxa of the couple. 

But we have seen (page 177) that the moment pO corresponds to 
a linear displ6M)ement m a plane perpendicular to the plane of the 
couple of 

T = 2psin-, (1) 

making an angle 00x0% withp given by 

00x0%^^!^. (2) 

Hence, an angular displacement 9 about any given a^xis can he 
resolved into an equal angular displacement about a parallel aocis 
through any j)oint of the system and a linear translation in the 
plane of rotation of the system whose magnitude and direction are 
given oy (1) and (2). 

Conversely, the resultant of the rotation of a rigid system ahout . 
a given axis and a translation in any given direction^ is an equal 
rotation ahout a parallel axiSy whose position unth reference to the 
first can he determined hy (1) and (2). 

Cor. 1. Two non-concurring angular displacements can be re- 
duced to a resultant angular displacement about a resultant axis 
at any point and a couple which causes translation. 

CoR. 2. Hence if we have any number of component angular 
rotations about any axes, whether these axes intersect or not, we 
can reduce each to an equal rotation about a parallel axis through 
some one point of the system and a translation of the system. 

The resultant translation can then be found as on page 35, and 
the resultant rotation as on page 173, for simultaneous angular dis- 
placements. 

CoR. 3. Therefore any number of component translations and 
rotations can all be reduced to a single translation and a single 
rotation about any given point. It is evident that this single rota- 
tion is not affected Dy the position of the point, which affects the 
translation only. 

Displacement of a Rigid System. — Any displacement of a rigid 
system may be produced by a translation and an angular displace- 
ment. 
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Let Ai, Bi^ Cx be the positionsof any three points which determine 

the initial position of the rigid ^tem. 

Let As , JBa , Cs be the final position of 

these Joints after any displacement. 

First let the system be traiiislated, so 

that A\ comes to its final position At. 

Then Bi and Ci will take the positions 

h and c, the lines Bxb and CiC being 

equal and parallel to AxA%. We see 

then that Aa is a fixed point in the 

•c, system so fa^ as the two positions 

AxBiGx « AtBtCt are concerned. 

But we have seen (page 173) that in every possible displacement 

of a rigid system with one point fixed there is an axis of rotation 

fixed in the system which remains iinchanged. Hence Atcb can be 

brought to the position A%BtCt by rotation about that axis. 

Cor. 1. It follows that the aisplacement of a rijgid system is 
known if the magnitude and direction of the linear displacement of 
any point is known, and also tiie magnitude and direction of the 
angular displacement of the system about that point. 

Cor. 2. Also, the displacement of a rigid system is known if the 
magnitude and direction of the component linear displacements of 
any point parallel to three rectangular axes and of the component 
angular displacements of the system about axes parallel to the first 
through the point are known. 

Rigid Plane System. — ^Any displacement of a ri^^id plane system in 

its own plane may be produced by rotation about some point in the plane. 

Let AxBi and A^B^ be the initial and final positions in the plane, 

of the same line of the system, o y 

so that AiBx and Aa& are of w^^---^ -5,b 

equal length. Join AxA^ and \Vss^^^^^ ^^ j 

BxBi by lines and bisect these 
lines at C and D. Erect per- 
pendiculars at the points of \ \ \"^x^ 70 
bisection C and D and produce 
them to intersection at O. 

Then by construction OAx = a^— ^jBi 

OA,, and OB, =«0A , and AiB, 
= Aa^a. Hence the two triangles OAxBi and OAaA are in all 
respects equal and the line AxBx may be brought to coincide with 
AaBa by rotation about the point O. 






If AaBa is parallel to AiBi , we have translation only and the 
point O is at an infinite distance. 
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Since the angle AiOBi = the angle A^OB^ , if we take the angle 
AtOBi from both we have AiOA^ = BxOBt, If then the displace- 
ment is such that Ai falls on OBi or on OBx produced, A^ must be 
on OB^ or OB^ produced. 

In both cases OC and OD coincide and do not intersect, but it is 
evident that in such case the point O in which AiBi and A^B^ inter- 
sect is the point about which rotation would produce the given dis- 
placement. 

If in any case AiA^ and BiB% are indefinitely small, the i>oint O 
is called the instantaneous centre of motion. 

Any Displacement of a Rigid System. — Any displacement of a 
rigid system may be produced by rotation about an axis and a trans- 
lation in the direction of that axis. 

Let AB and BC represent the resultant 
translation and rotation to which the compo- 
nent translations and rotations of the system 
can be reduced (page 187, Cor. 3). 

Draw AD and DB parallel and perpendic- 
ular to BC, Then the translation AB is re- 
solved into the two components AD and DB. 

But the resultant of DB and BC (page 187) is an equal rotation 
about an axis paj*allel to BC, Hence the translation AD and the 
rotation BC are reducible to the translation AD and a rotation 
about an axis parallel to AD. 

Composition and Resolution of Translation and Angular Ve- 
locity or Angular Acceleration. — Let a rigid system have an 
\ angular velocity ) ^ S a, radians per sec. Ubout an 
( angular acceleration s \oc radians-per-sec. per sec. j 

axis AOB through the point O, and 

let AB = I [J; ^ I be the linear rep- 
resentative. 

If we take any other point of the 

system, as Oi, and at this point 

apply two equal and opposite 

\ an^ar velocities ) n a z=i 

^^ ( angular accelerations f ' 

jl^}andOi6=j + ^},itisevi. 
dent that the motion of the system 
is not affected. We have then the { a^^fcllSon \ »^"* 

the axis AOB reduced to an equal { ^^fi^'ac^Sfon \ O^h 

about a parallel axis through Oi and a couple represented by AB 
and Oia. 

The moment of this couple is the same for every point in its 

plane (page 186) and equal to ] ^^ [ » where p is the perpendicular 

distance between the two axes. 

But we have seen (page 177) that the moment ] ^^ [ gives the 

linear j acceleration/ [ "^ * direction perpendicular to the plane of 
the couple. Since the moment of the couple is the same for every 
point in its plkne, we have then translation of the entire system in 
a direction perpendicular to the plane of the couple, as well as 
simultaneous rotation about the axis through d. The direction 
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and magnitude of this translation will depend upon the point d , 
but the rotation will be the same wherever the point Ui may be 
taken. 

a^ can be resolved i^ an eqv^ \ a^X^'a^lluyn\ «^ « 
parallel axis at any dUdancep, and a j a^^ation \ ^^ translation 

\f = pa\ *^ ^ direction at right angles to the plane of the axes. 

Conversely, tke resultant of an j „^,%S^^ « }«/« 
rigid system ahotd a given axis and a j ^^^/^^^^n [ ^^ translation 

1/! - --y ^^^ ^ - ^^{a^S^^^^un. \ «^« 



parallel axis distant \ ^ 



in a direction perpendictdar to the 
P 

plane of \y,> and the given axis. 

This parallel axis is the instantaneous axis. 

CoR. 1. Hence if we have any number of component J ^UJ}^ 

awelerations [ ^^^* ^^J *^^» ®^^ <5an be reduced to an equal 
{ai^^Hon! *»«^t » P^«l ^ «^"6l^ ^y one 
point of the system, and a | accel^atTon ( ^^ translation of the 
system. We can then find the resultant | accelera^on [ ^^ trans- 
lation as on page j S [ and tt.e resultant j ^^^--lo^y^ i aa 
on page 176. 

Cor. 2. Therefore any number of component j^Slulax ac- 
cel^Sns}«^<*iacSeSns j of translation, can aU be r^uced 
to a single resultant | acceleratwn C ^^ translation and a single re- 

of the system. The | acllleration [ ^^ translation will vary in di- 
rection and magnitude with the point chosen. The | ^^fJJ]^ 

acceleration [ ^"^ ^ **^® ^^^^^ ^^ matter what point is chosen. 

Central Axis. — ^Any number of component angular velocities of 
a rigid system can be reduced to a single angular velocity about a 
determinate axis and a simultaneous velocity of translation of the 
system along that axis. Such an axis is called the central axis, and 
such motion is called screw motion. 

* Ck)mpare Statics^-Non-ooncaning Forces. 
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Thus let OA and OC represent the resultant linear velocity of 
translation Vr and the resultant angu- 
lar velocity oor , to which, as we have 
just seen, all the angular velocities can 
be reduced. 

Draw AD and OD parallel and per- ^ " 
pendicular to 00. Then the velocity of 
translation OA = Fr is resolved into the two components AD and 
OD. But the residtant of OC and OD is an equal angular velocity 
about an axis parallel to OC (page 190). 

Hence the velocity of translation OA = Vr and the angular ve- 
locity OC = oor are reducible to an equal angular velocity about an 
axis parallel to OC and a linear velocity of translation AD along 
that axis. 

This axis is called the central axis, and may be located by the 
following geometric construction. 

At any point O of the system taken arbitrarily let the velocity 

of translation be Vr and the ro- 
tation axis through O he oor, 
making the angle <p. Through 
O draw a line OD =p perpen- 
dicular to the plane of Vr and 
oor , SO that poor = Vr sin 0, or 

Vr sin <p 
p = . 

GOr 

Then a line through D parallel 
to the rotation axis at O will be the 
central axis. (Compare Statics— Non-concurring Forces. 

Screw Motion. — Let th- denote the resultant velocity of trans- 
lation along the central axis. This is called the velocity of advance. 
The distance d advanced during one complete rotation of the sys- 
tem is called the pitch of the screw, and the distance advanced dur- 
ing a rotation of one radian, or ^r-, we call the unit pitch of the 

screw. 

If cor is the resultant angular velocity of rotation, the time of a 

complete rotation is * = - — 

oor 

We have then for the value of the pitch 




and for the unit pitch 



2«t^ 



oor 



hence th = 



cord 



. (1) 



A. 

2ic' 



Ur 

GOr 



(3) 



If r is the radius vector of any point of the system, then the 
linear velocity of that point due to rotation about the axis is 

v = roor (3) 



in a direction i>erpendicular to the plane of the central axis and the 
radius vector. 

The resultant velocity at that point is then 



Vr = V'ttr' -\-tf= oorYj-^ + f^. 



(4) 
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The inclination of the path at that point to the plane of rotation 
is given by 

d 

2icr' 



tani = !^ = : 



(6) 



or the tangent of the angle of inclination at any point is equal to 
the ratio of the pitch to the circumference of the circle described 
by the point relatively to the axis ; or it is equal to the ratio of the 
unit pitch to the radius vector of the point. 

Centre of Parallel Angular Velocities.*— Let gji,^,,^?,, etc., be 
any number of parallel angular velocities passing through the points 
Ax,A%,Ai, etc. , of a rigid system. 




Then the resultant oor must be parallel to the components and 
equal in magnitude to their algebraic sum, or 

(0^ z= Gdi + fi^a + o's + . . . = 2cj. 

Take any two components <»i and <»a, and produce the line Ax , 
Ai to intersection K with the plane ZX Drop perpendiculars AiBi^ 
AiBi to this plane and draw the line KBiB% m this plane. 

Now, from page 181, the resultant of oox and 00% is m = oox + io% 
and its point of application is at A on the line AxA% , so that 

Q?i __ A^A 
002 AxA' 

Drop the perpendicular AB to the plane ZX. Then we have by 
similar triangles 

A^A _ B,B 

AxA ~ BxB' 

Denote the distance AxBi , Aa-Ba by yi , ya, respectively, and the 
distance AB, or the ordinate of the point of apphcation of the re- 
sultant ^1 of Gox and (ua, by yx. Then we have by similar triangles 



BiB _ y^-yx 



BxB 



Hence 



yi-yi 



y«- yi ^-. — _ flgiyi + <pay« 

z— 1 or yx ; • 

001 + CDa 



<»a yx — yx 

In the same way for three angular velocities, o^i , cua , cos , we can 
combine the resultant <wi of coi and ooa passing through A, with <»«. 

* Compare Statics — Parallel Forces. 
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We thus obtain for the ordinate of the point of application of the 
resultant of three forces 

In general, then, for any niunber of parallel angular velocities 
we have for the ordinate y of the point of application of the result- 
ant 

»=if- « 

In precisely similar manner, if we denote the distances AC and 
AD of the point of_application of the resultant from the planes YZ 
and XYhy x and y, we have 



— ^QOX 




(3) 



E<}uations (1), (2) and (3) give the co-ordinates of the point of 
application of the resultant for any number of parallel angular 
velocities. This point is called the centre ofparcLuel angular veloc- 
ities. The same equations evidently hold for paraJlel angular ac- 
celerations, by replacing go by a. We have then the centre qf 
parallel anffular accelerations. 

The position of this centre dei)ends onl^ upon the magnitude and 
position of the line representatives and is inaependent of their com- 
mon direction. 

If ^is zero, Zi, Zt, etc., are zero, and the line representatives all 
lie in the plane XY. The centre is then given by (1) and (2). If 
z and y are zero, the centre is in the axis of Xand is given by (2). 

Rotation and Bectilinear Translation Combined. — Let a rigid 
system have an angular velocity 06 = <» about an axis through O, 
perpendicular to the plane of the paper, 
ana at the same tune a velocity or 
translation v in a straight line. Then, 
as we have seen, page 177, v can be re- 
placed by the couple Oa and IB, and we 
have at any instant a resultant rotation 
IB =00 about a parallel axis though Jat 

a distance OI=^p=^ — in a direction 

•^ 00 

perpendicidar to that of v. This axis is the instantaneous axis; 
that is, the point Jat any distant has the velocity v in one direction 
due to translation, and the velocity v = poo in the other direction 
due to the couple, and is therefore at rest. 

It is evident that every straight line in the system parallel to 
the moving axis at O and at a constant distance from O of 

p = - becomes in turn the instantaneous axis when it arrives at 

GO 

the position J with reference to O. 

Hence when a rigid system has a velocity of translation in a 
straight line and at the same time an angular velocity oo about a 
given axis Ob, the residtant motion of the system ia the same as if 
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Cortete Cydlold 




C^cioid 




a eyUndrieal surface fixed in the system, of radius p = — , roOed on 

a plane HIHparaUel to the plane of Ob and v. 

The path described by any point in tibe axis 06 is a straight 
line. The path described by any point not in this axis is called a 
trochoid. The special form of trochoid described by anv point in 

the cjrlindrical surface is called a cydoid. 
Anv internal point describes a prolate 
cydoid ; any external point, a curtate 
cydoid. 

The ^neral form of these curves is 
shown ui the accompanying figures. 
A oommon illnstntioii of such motioii is a wheel rolling in a strught line 

on a plane. If the radios is p» we haye pa9= • and hmoe — =p. The In- 
stantaneous axis is ai right angles to the plane 

of the wheel and passes through the point of 

contact with the plane. The velocitj at the 

centre is o, and at the opposite eztremitj of the 

diameter tlirough the point of contact 3e in the 

direction of translation. The Telodtj of any 

point at a distance d from the instantaneous axis is dfi» in a direction per- 
VMni rs».i.«iii pendicular to the plane of the instantaneous 

iTQlato Cydoid n^jg ^^d the instantaneous radius vector d. 

Combined Parallel Eotations— One 
Axis Fixed. — ^Let a rigid system rotate 
with the angular velocity mn about a 
moving axis at Oi, and at the same 

time let this axis revolve with the angular velocity a)i about a 

parallel fixed axis at Os. 

Then, as we have seen, page 181, the resultant civ is in the 

plane of the components fi>i and a>i, is equal in magnitude to 

their algebraic sum and divides the straight line joimng 0\ and 

Oi into segments inversely as the components. Also when the 

components act in the same direction the resultant lies within 

the componente, and when in 

opposite directions without the <^« *ei ^?i 

components and on the side of 

the larger. 

Fig. 1, then, represents the 

case in which osx and qsh are in 

the same direction; Fig. 2, that c^ 

in w^hich tox and gh are in op- 
posite directions and an is tiie 

greater; Fig. 3, that in which gh and ta% are in opi>06ite directlans 

and imH is the greater. 

The resultant angular velocily is in all cases then given by 




Full 




»r = »! + »Sy 



a) 



irhere we take coi and c^a with their proper signs. 

This resultant rotation a>r takes place about tiie instantaneoiis 
axis through J, so situated that (page 181) 

so that at any instant 1 has two opposite and equal linear T^dodties 
and is therefore at that instant at rest Since then <oi . lOi = o» . lOt, 
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we see at once that in Fig. 2, (ui is greater than coa, and in Fig. 3, <ui 
is less than a>s. 

We have also as on page 181, taking moments about On and Oi , 

coi . OiOt = oih-.IOt, or IOa=:—. OiO>; 

(Or 

007.0x0^ = oor.IOu or JOi = — .OiO«. 

oor 

All the lines in the system which successively occupy the position 
of the instantaneous axis are then situated in a cylindrical surface 

described about Oi with the radius lOi = — . OiOa ; and all the 

positions of the instantaneous axis are contained in a cylindrical 

surface described about Oa with the radius lOt = — . OiOa. 

oor 

Hence the resultant motion of a rigid system which rotates 
about an axis Oi while at the same time this axis revolves about a 
fixed axis Oa is the same as if a cylindrical surface of radius lOi = 

— . OiOa , fixed in the system, rolls upon a fixed cylindrical surface 

of radius 10^ = —. OiOa. 

In Fig. 1, a convex cylinder roils on a convex cylinder; in Fig. 
2, a smafier convex cylinder rolls within a larger concave cylinder; 
in Fiff. 3, a larger concave cylinder rolls upon a smaller convex 
cylinder. 

The path described by any point in the moving axis through d 
relatively to the fixed axis at Ui is a circle. 

The path described by any point relatively to the fixed axis is 
called an epitrochoid when the rolling cylinder is outside of the 
fixed cylinder and an hypotrochoid when it is inside. The special 
form of epitrochoid or hypotrochoid described by a point in the 
surface of the rolling cylinder is called an epicycloid when the roll- 
ing cylinder is outside and an hjrpocycloid when it is inside the fixed 
cylinder. 

When the distance OiOa is infinite we have the case of the pre- 
ceding Article, of a cylinder rolling on a straight line. In this case 
ooi ^ 0. 

When a cylinder rolls externally upon another of equal size, the 
sx)ecial form of epicycloid descrioed by a point in its surface is 
called the cardioid. In this case aoi and oj are equal and in the same 
direction. 

When a cylinder, as in Fig. 2, rolls within a 
concave cylinder of double its radius, we have 
Goi = 2(j09. In this case each point in the surface 
of the rolling cylinder moves to and fro in j 
straight line, oeing a diameter of the fixed cylir 
der; each point in the axis of the rolling cylinder V 7^ 

describes a circle of the same radius as that cylin- \,^^^^y/ 
der, and any other point in or without the rolling 
cylinder describes an ellipse of greater or less eccentricity, having 
its centre in the fixed axis at C This principle has been made 
available in instruments for drawing and turning ellipses. 

Eotation abont Intersecting Axes— One Axis Fixed.— Let COa 
be a fixed axis and about it let the plane OaCOi rotate with the 
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angular velocity <»*. Let COi be an axis in the rotal 
about that axis let a rigid system rotate with the 
C01 relatively to the rotating plane. 



plane, and 
velocity 




If we lay off from C the line representatives Ca = oot and CO =■ 
ooi along the axes, the diagonal (Jt of the parallelofiram gives the 
magnitmde and direction otthe resultant angular velocity a>r . The 
instantaneous axis then occupies the position CL If we denote the 
angles ICOt and ICOi by as and ai , we have 



tan aa = 



G01 sin (ai + aa) 



GOa 



sin (ai + a:«) 



tan ai: 



GOa + Ml COS (ai + aa) 

sin (ai -t- tta) 
— + COS (ai + aa) 

07, 



Gk7i 

1 + — COS (ai + aa) 
tt>a 



(1> 



(2> 



From (1) and (2) we can find ax and aa , when the angle between 
the axes (ai +a a) and the angular velocity ratio ^ are given. W& 
have also 



and 



flj/ = flji* + fljj' ± 2c0iG0a COS (pCx + aa), . . 

4»r _ sin (ai + aa) cor _ sin (ai + aa) coi __ sin aa 
(K7a sin ai C01 sin aa fo% sin ai* 



(3) 



(4> 



All lines which come successive^ into the position of the in- 
stantaneous axis are in the surface of a cone described by the revo- 
lution of CI about C0\ ; and all the positions of the instantaneous 
axis lie in the surface of a cone described by the revolution of CI 
about COa. 

Hence the motion of the rigid system is mMih aa would be pro- 
duced by the rolling of the cone CIOi , fixed in the system^ about the 
fixed cone Cld. 

If ra is the radius OaJof the fixed cone, and n the radius Oil at 
the rolling cone, we have 

(5) 



G01 ra 

ncoi = raooa , or — = — . 
00, n 



For the height COa ^hot the fixed cone we have 

i; ^ ^4.««« ri -t- ra cos ( ai + aa) 

fea=raCOtangaa= sin(a, + a.) > • • • (6) 
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And for the height COi = ^i of the rolling cone 

hi = ri ootang ai = -r— ^ — ; — ; — -. ... (7) 

° sin (ai + a«) 

The plane through the instantaneous axis and the axis of the 
fixed cone passes through the axis of the rolling cone and turns 
about the axis of the fixed cone with the angular velocity ots. The 
motion of this plane is called the precession and 00% is tne angular 
velocity of the precession, or, as it is sometimes called, the rate of 
precession. 

If a% is zero, the fixed cone becomes a cylinder. If ai is zero, the 
rolling cone becomes a cylinder. If both are zero, we have the case 
cf the preceding Article. 

If at is less than 90" and 0:1 is less than 90**, we have a convex 
cone rolling on a convex cone, and 
looking from C along the axes CO9 
and CI the precession and rotation 
about the instantaneous axis are both 
clockwise or botii counter-clockwise. 
This is called positive precessional 
rotation. It is the case of a pair of 

bevel-gear wheels, orof a spinnmg top 

whose point is at rest. ""^ — ^ o, Y 0^1 

If at is a right angle, the fixed cone 
becomes a flat disk with centre at C. If ai is a right angle, the roll- 
ing cone becomes a fiat disk with centre at C. If ^a is a right angle 
ana a% is zero, we have a cylinder rolling on a plane. 

If at is obtuse, we have a convex cone 
rolling inside a concave one, and looking 
from C along the axes COt and CI, if the 
precession is counter-clockwise the rotation 
about CI is clockwise or vice versa. This is 
negative precession. It is the case of the pre- 
cessional motion of the earth^s axis. 

If ai is obtuse, the rolling cone becomes 
concave and we have a concave cone rolling 
on a convex cone. This is also positive pre- 
cession. 9 
The path described by a point relatively to 
the fixed axis is called a spherical epitrocnoid 
or hypotrochoid according as the rolling cone 
is outside or inside of the fixed cone. The 
special form of spherical epitrochoid or 
hypotrochoid described by a pomt in the sur- 
face of the rolling cone is a spherical epicycloid 
or hypocydoid. ^\ 

Analytical Determination of Eesultant Angular Velooity and 
Telocity of Translation for a Sigid System with Any Number of 
Non-concnrring Angular Velocities.* — (Compare Statics — Non- 
concurring Forces.) Take, any point O of the rigid system as 
the origin of a system of rectangular co-ordinates. Let the com- 
ponent angular velocities be (»i, oot, etc., making the angles (ai, /?i, 
XO, (a«, fit, r«)» etc., with the axes of X, F, Z, respectively. 

* Angular accelerations are treated in preciselj the same way as angular 
velocities, and every equation in this Article can have go replaced by a. 
The student should make such substitution and interpret the results. 
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Resultant An^alar Velocity.— We have, just as on page 65, re- 
placing V by <u, for the component angular velocities parallel to Z, 

09jB = ool cos ai + G0a cos art + ... = 2a>C0S a ; ^ 
^ flo^ = <»icos/^i + fiucos/tfj + .. . =^<»cos/Sf; ^' • • • W 

Oi7« =0)1 COS ri + «>«cosra + . . . =-2oi?COSr. J 
The resultant angular velocity is 



oar = Vote* + V + «/, (2) 

and its direction cosines are 

cosd= — , cose=-^, cos/=--- (3) 

C0r ti^r ODr 

The magnitude and direction of the resultant angular velocity 
are thus determined. 

Resultant Velocity of Translation.— Let {xx, yi, Zi), (xt, ^,, Zi\ 
etc., be the co-ordinates of points on the rotation axes of g5i, i»a, etc. 
We can resolve each angular velocity gji, cwa, etc. (page 190), into an 
equal angular velocity about a parallel axis through the origin O, 
and a velocity of translation of the system due to a. couple, given by 
the moment of ooi, wa, etc., with reference to O. We can thus re- 
duce the given angular velocities to a resultant angular velocity aor 
about an axis through the origin O, whose magnitude and direction 
are given by (1), (2) and (3), and a velocity of translation Vr of the 
axis through O. The components Vx.Vy, Vz of this velocity of the 
axis through O, along the axes of X, F, Z, are therefore given by 
(compare Statics — Non-concurring Forces) 

Mx=Vx=2Gayco&x — 2oozcos/5; ^ 

My = Vy =: 2ooz COB a — 2gox cos X', > ^^) 

Mz = Vz = 2oax COS /S — Scoy cos a. J 

For any other point P whose co-ordinates are (x', y', z!) we have 
simply to put x^xf.y — y^z — z'in place of x, y, z in (4) and we 
have for tne components of the velocity of this point along the 
axes 

Vx=^GoycoBr —2GOZCO&/S -I- (ooyz' — (»«2/0; ] 

Vy = 2oi>Z COS a — 2aoX COS y + {oozX' — ooxZ') ; I • • • (6). 

Vz = 2G0XCO& /S — 2GOy cos a + (ooguy' — OOyX'). J 

Let us write 

vx' = (oyz" -- oosiy' ; ^ 

Vy^ = OJzOf -- OOxZ^'^ I (6) 

Vz = GOxy' — GOyOf. J 

Then we can write in general for the components of the linear 
velocity of any point whose co-ordinates are (a/, y\ zf) 

Vx — Vx-^Vx', 

Vy=Vy + Vy'; ' (7) 

Vz=Vg + Vz'; ^ 
where Vx.Vy, Vz are given by (4) and Vx', Vy\ vj by (6). 
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If the resultemt axis of rotation passes through the origin O, we 
have Vx = 0, % = 0, Vz = 0. Therefore equations (6) give the com- 
ponents of the linear velocity of the point P due to rotation ahout 
an axis through the origin O parallel to the resultant axis. 

The resultant linear velocity for any point is then in general 



Fr=i^Fa:«+Fj,«+F,*; (8) 

and its direction-oosines are 

oosa = =^, cos6 = ^, co8c = ^. .... (9) 

Vr Vr Vr 

The magnitude and direction of the resultant linear velocity of 
any point are thus determined. 

Conditions of Rest.*— If the system is at rest we must have, 1st, 
Vxj Vy, Vz equal to zero, or, from (7), Vx = 0, Vy = 0, Vz = 0; and 
also, 2d, t/« = 0, v'y = 0, v'z = 0. We see from (6) that the second 
condition is fulfilled when oox = 0, ayy ^ 0, goz = 0, that is, when aor 
= or there is no rotation. In this case all the angular velocities 
must reduce to two equal and opposite resultant angular velocities. 
The first condition is fulfilled wnen equations (4) are zero. That is, 
the two equal and opposite resultant angular velocities must pass 
through the same point, so that their moment is zero at any point. 

We have then for the equations of condition of rest, from (1), 



2'(»cos a = 
2(»cos/? = 
2(»oosr = 



(10) 



and, from (4) 



2fi)|/cosr — ^fi>2fcos/? = 0; 1 

2fl>2;cosa — -2a>a?cosr = 0; \ W 

^oox cos fi — ^coy cos a = 0. J 

If equations (11) only are fulfilled, then the two opx)osite resultant 
angular velocities pass through the origin, which is therefore at 
rest; but unless (10) is also fulfilled they are not ec^ual, and we have 
rotation about an axis through O, but no translation. 

If equations (10) only are fulfilled, there is no rotation, the two 
resultant angular velocities are opposite and equal, but unless (11) 
is also fulfilled they do not pass through the same point. Hence 
they form a couple, and we have translation and no rotation. 

Condition that the Angular Velocities shall Reduce to a Single 
Angular Velocity. — If the angular velocities, then, all intersect in 
one point of the system, the moment at that point is zero. It has 
therefore no translation and the system rotates about an axis 
through that point. If the angular velocities do not intersect in a 
sin^e point, we have in general translation and rotation. 

There is, however, one case in which the angular velocities may 
not all intersect in one point, and yet we may have rotation only 
without translation. In this case the angular velocities must re- 
duce to three, any two of which intersect, while the other, although 
it does not pass through their point of intersection, yet intersects their 
resultant, 

* Compare Statics — Non-concurring Forces. 



soo 
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Thus let the resultant angular velocities o^, (Oy intersect in a 

point A. We can then take 
them as acting at any point in 
their resultant AC, 

Let aaz intersect AC at B. 
Then we can take all three 
acting at Bj and we thus have 
rotation only, about an axis 
through^^ _ 

Let x,y,z be the co-ordi- 
nates of B. Then, since we 
can take ojxi foy^ ooz at B, we 
have for the components of 
the velocity of the origin O 




(12) 



OOu Vz 

y = -^x , 



x = -^z 



— , « 



OOy GOy 



Mx = Vx = oi>j^ — ooyZ; 

My = Vy = GOxZ — GOzX; 

Mz = Vz= oDyX — oa^y. 

If we multiply the first of these by oox, the second by ooy, and 
the third by oog and add, we have (compare Statics— Non-concurring 
Forces) 

Vx GOx •¥ Vy toy + Vz GOz ^= (13) 

We should obtain the same result for any other two components 
intersecting and a third passing through a point on their resultant. 

E<][uation (13) then gives the condition that aU the angular ve- 
locities acting upon the system reduce to a jiingle angular velocity 
at a point whose co-ordinates are x, y^and 5i and we have rotation 
onlyjpage 179). 

We have evidently for the equations of the projection of the 
line of the resultant on the co-ordmate planes 

Parallel Velocities. — (Compare Statics— Non-concurring Forces.) 
If the axes of all the angular velocities are parallel, we have a, /^, r 
constant and the same for all. Hence from (3) and (1) 

(Ox = (Or cos d = cos <x2(0 ; 1 

Vty= (Or COS e = COS fi^oo; 

(Oz = (Or COS / = COS ySio. 

The resultant (or must have the common direction of the paral- 
lel components, or 

d = a, e = /J, / = r, and (Or=2(o; .... (15) 

that is, the resultant angular velocity is equal to the algebraic sum 
of all the parallel components and is parallel to them. 

For any point of the system whose co-ordinates are «', y', «', we 
have from (4), by putting (x — an'), (y — y'), (z — z') in place of a?, y, 
z and taking a, /S, y as constant, 

Fa; = cos y2«(y - y*) - ooif ^S•»(^ - «') = cos y[S«y- y'S*]- cos fi[lmz - «'S»]; 

F „ = cos at»{z - «')- COB y2«(a - a?') = coe af>«« - «'S»] - cos y[2«a: - a;'2«] ; \. , (16) 

F, = COB ps»f» - af) - COS *5»(y - y') = cob pilmx - x'Im] - cob a[2»y- y'X^]. 



::} 



(14) 
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If we substitute (16) and (14) in (13), we see that equation (13) is 
satisfied. We have therefore a single resultant velocity and rota- 
tion of the system about a fixed point. This point is given by the 
values of a?', y\ z' which make Vi;, Fy, "Pi zero. The point there- 
fore whose co-ordinates are 



S-???? «-^^ ?-??!5 (17) 

is at rest and the resultant axis must pass through it. This point 
is called the centre of parallel velocities (page 193). Any other 
point has a velocity given by (16). If 2a? = 0, the resultant axis is 
at an infinite distance, or there is no rotation, but translation only, 
given by (16). 

Components of Motion of a Eigid Sy8tem.^In order that the 
motion of a rigid system at any instant may be known, it is suffi- 
cient to know the velocity at that instant of some given point of the 
system, and the rotation of the system at that instant. 

Take the given point always as the origin. Then the velocity of 
this point is known when its components "Fi, Vy, Vz along the 
axes are given, and the rotation is known when the components 
oox, ooy, ooz of the angular velocity along the axes are given. 

The motion of the system at any instant is then Known when 
these six quantities, Vxy Vy, Vz, aox, ooy, coz are given. These six 
quantities are called the components of motion of the system. 

Equivalent Screw.— (Compare Statics— Non-concurring Forces.) 
The motion of a ri^d system being thus known, it is required to 
find the screw, motion to which it is equivalent. That is, to find 
the central axis, the linear velocity along the central axis, and the 
angular velocity about it. 

Since Fa?, Py, F«, <%p, <»y, goz are given, we have: 

(1) The angular velocity about the central axis 

OJr = 4/ttj/ + <»y« + ®/. (1) 

(2) The direction cosines of the central axis 

cos d = -^, cos e = -i, cos/ = — (2) 

GOr fOr ^r 

(3) The linear velocity of every point resolved in a direction 
parallel to the central axis must oe the same and equal to that 
along the central axis. Let Ur be the resultant linear velocity of 
every point of the system along the central axis, and let its compo- 
nents along the co-ordinates axes be Ux.Uy^ Uz- 

Take the point for which Vx, Vy, Vz are given, as the origin, 
and let the co-ordinates of any point of the central axis be a:", y", 
z'\ Then the components Vx^ Vy, Vz of the velocity of the origin 
due to rotation about the central axis are, from equations (1), page 
179, 

t;y=(»a.2;" — c»«aj"; > (3) 

We have then 

Vx=Ux+Vx, Vy=^Uy + Vy, F« = W«4-W«, 

or 

tlaj= Fa — Va;, %=F|,— Vy, Waf=F«-t?«. . . . (4) 
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Hence 

Ur= (Vx — Vx) COSd + (Vy— t?y) COS 6 + (Vz — Vz) COS/. (5) 

Inserting the values of the direction-cosines of the central axis 
from (2), we obtain 

tLrOi)r = (Vx — Vx)0lfx + (Vy — t>y)^y + ("f^* — t7«)<»,. 

But since Vx^ox -^ Vy ooy -^ Vz oog = 0, this becomes 

UrOOr=VxOOx+Vy<Oy'^VzOi>g (6) 

We also have from (4) 
th'Coad = Ux^Vx—vx^ tircose = Fy — «v, t^cos/=s F« — ««. (7) 
Hence from (2) and (3) 

Ur _ Vx+ <Pyg" — <»<y" _ Vy+ f^sX" — 0i>xZ" __ Vz + Q^ajf"^ ^V^' /ox 

Equations (8) give the equation of the central axis. 
From (6) and (1) we have 

<»r <»«' + ooy^ + fl**" 

This we have caUed the unit pitch (page 191), or the distance of 
advance during a rotation of one radian about the central axis. 

If we substitute (9) in (8) and reduce, we have for the equation 
of the central axis 

J_/^, _ Vzooy- VvOOz \ __!_(,, _ Vx (Oz — Vz00x \ 
o^xV ^r I 00y\f fiJr* } 

Vyo^x^V.<-y \ (JO) 



00 g\ 



Therefore the central axis passes through a point whose co- 
ordinates are * 

If we substitute these values of a?", y", z'\ in (3) and (7), we 
have from (2) 

Ti = Mr cos d— <»r(2?" cose — y" cos/), <»a;=«rCOSd; 1 

Fy = Wr COS 6 — <»»<a5" COS / — «" COS cQ, ^y = <»r COS 6; [- . (12) 



;:r 



Vz^tlr cos/ — <Ot(y" COS d — 0?" COS e), «« = <»r COS 

When, therefore, the components of motion Fr, Fy, F«, <»a:, 
<»» , «>« are given for any point, we find t»r from (1), the direction 
of the central axis from (2), and the i)osition of the central axis 
with reference to that point as an origin from (11). We have 
also the velocity of advance Ur from (9). 

* Since yelocitj in the hodograph is normal acceleration in the path (page 
52), Vzojy — VyOOz is the component in the direction of Xof the normal linear 
acceleration of the origin dne to rotation about the central axis. The normal 

linear acceleration is poor^. Hence — ^ — is the projeetion of p on the 

axis of X. 
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On the other hand, if the position of the central axis (a?", y'\ «") 
is known together with the linear velocity Ur along it and the an- 
gular velocity qot round it, tiie components of the motion for the 
origin are given by (12). 

The Invariant. — (Compare Statics — Non-concurring Forces.) 
From (6) we see that the quantity 

is always equal to Ureor^ and is therefore invariable no matter what 
point is taken and whatever the values of a%r, ony^ ooz^ that is, what- 
ever the direction of the axes. This quantity is therefore called 
the invariant of the components. Since <or is also invariable what- 
ever point is taken and whatever the direction of the axes, it may 
be called the invariant of the rotation. 

If the motion is such that the invariant is zero, it follows that 
either Ur = or (wr = 0. The condition 

Vxoox + Vycayy + VzOOz = 

is therefore the condition that the motion is equivalent to either a 
simple translation or a simple rotation. If <»,• is not zero and this 
condition is fulfilled, we have rotation only (see pages 179, 200). 

Composition and Eesolution of Screws. ^(Compare Statics— 
Non-concurring Forces.) If two screws are given, then by equa- 
tion (12) we can find the six components of motion of each screw. 
Adding these two and two, we have the six components of the 
resultant screw. Then by (1), (2), (6) and (11) the central axis 
together with the linear and angular velocities of the screw may 
be found. 

Conversely, we may resolve any given screw motion into two 
screws in an infinite number of ways. Since a screw motion is 
represented by six components at any point, we have in the two 
screws twelve quantities at our disposal. Six of these are required 
to make the two screws equivalent to the given screw. We may 
therefore in general satisfy six other conditions at pleasure. 

Thus we may choose the axis of one screw to be any given straight 
line we please with any given linear velocity along it and any angu- 
lar velocity round it. The other screw may then be found by re- 
versing this assumed screw and joining it thus changed to the given 
motion. The screw equivalent to this compound motion is the 
second screw, and it may be found in the manner just explained. 

Or again, we may represent the motion by two screws whose 
unit pitches are both zero, the axis of one being arbitrary. We can 
thus represent any motion by two angular velocities, one, co, about 
an axis which we may choose at pleasure, and the other, a?', about 
some axis which does not in general cut the first axis. These are 
called conjngrate axes. 

These angular velocities are such that aor would be their resultant 
if their axes were placed parallel to their actual posi- 
tions, so as to intersect the central axis. If then d is the 
shortest distance between the axes, we have Fr = dw; 
and if ^ is the angle between oo and »r , and 6 the angle 
between oo and «>', we have 

Frsin^ = t^, or sin^ = :~^. 

Also 

(u'sinO 



a>r sin ^ = a?' sln 0, or sin ^ = - 




(Or 
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Hence 



hence 

UrOOr 



d = 



GOGo' sind' 



(1) 



EXAMPLES. 



(1) A line DE moves^ keeping its extremities in twofioced lines 
ADB, A EC. ' Find the instantaneous centre and the direction of 
motion of any point O at any instant. 

Ans. From D and i^draw DFtaid iS[Z^ perpendicular to AB and AG, meet- 
ing at F, Then Fis the instantaneous centre (page 189). Join GF, The di- 
rection of motion of G is perpendicular to GF. 

(2) A line DE moves, keeping its extremities in two fixed lines, 
one, ADB, vertical and the other, AEC, horizontal, and makes at a 
given instant an angle of 30*" with the horizontal. Find (a) the di- 
rection of motion of the middle point of DE at the instant, and 
<&) the point whose motion is inclined at that instant 30° to Au. 



Ans. 



(a) Inclined eO° to AC; (b) -jDEtrom E. 



(3) A line moves so that its eoctremities remain in a given circle. 
Find the instantaneous centre of motion for any instant. 

Ans. The centre of the circle. 

(4) Find the ratio of the velocity of any point of a screw to its 
velocity of advance. 

Ans. y — ^ , where d is the pitch, r the radius of the screw (page 

191). 

(5) Let Ci and d be fixed axes about which turn the cranks CAi, 
CiB, whose free ends are connected by the link AB, jointed at A and 
B. The axes are perpendicidar and the plane of motion parallel to 
the paper. If the linear and angular velocities of A are Vi, aoi, 

Jina the linear and angular velocities v^ , <ua of B. 

Ans. Let ACi =ri and Bd = r^. Produce CiA and dB to meet in I. 
Then at any instant the linear velocities of A and B are perpendicular to ACi 





and BOi respectivelj. Hence at that instant AB is rotating about the instan- 
taneous axis at /. Let oo be the angular velocity of AB about /. From Ci , 
C%, /let fall the perpendiculars GiD, G^F, IE on the line of the link AB or 
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its prolongation. Also draw the line of centres dCt catting the link, pro- 
longed, if necessary, in the point K. Then 



Tioni = AI. 00, or — = — = 



Al 



IE 
IB 



^^ C0S BI 

Ttoot = BI. 00, or — = — = y^^^ 
00 r, C%II^ 

Since TxOOi = «i and r%oot = v, , we have 

«,_B/ floa _ CiD _ CiK 

'0, AV ^^' 00," C^F'^ C^K' 
Hence — 

1. The linear velocities of B and A are to each other as their distances from 
the instantaneous axis. 

2. The angular velocities of the cranks are to each other inversely as the 
j>erpendiculars from their centres of motion upon the line of the link ; or in- 
versely as the segments into which the line of the link cuts the line of 
centres. 



(6) In the case of the crank and connecting rod, since B moves in a straight 



line GxBy we have BI always perpen- 
dicular to CiB, and hence 






BI_ 
AV 



BI 

or «i = jjriai>,. 



Let the distance CiB = 8, the length 
of the connecting-rod = I, and the angle 
of the crank Tx with CiB ^Bx, Then 
we have 



J5/=«taner 



cosOi 



« = n cos Si + V^ - ri«sin«ei; 
or, if I is very long compared to Tx , approximately 

ri'sin'Si 




^«f 



« = ri cos 6i -+- i — • 



21 



Hence 



«j: 



«tan6i . riG0i 



«sinOi 



cosdi 



— Tx 



S — Tx COS Bx 



VxOOx. 



When Bx = 90, we have «« = ricoi = «j , or the velocity of A and B are 
equal, and ^Jand -4/ are infinite. When ©i = or 180*, we have «a = and 
8 = l-\-rx OT I ^Tx. These are the ** dead points " of the crank, or the ends 
of the stroke. 

(7) A rod (length = I) hangs by a small ring at its upper end 
from a fixed horizontal rod. To the former an angular velocity oo 
is given in a vertical plane through thefiaced rod, so that the centre 
of the movable rod moves vertically. Find the linear velocity of 
its centre when its iruilination to the vertical is 0. 

Ans. oolainB. 

(8) A disk (radius = r) rolls without sliding on a plane. Find 
the relation between its angular velocity oo and the linear velocity v 
of its centre. 

Ans. The point of contact with the plane is at rest at any instant, or 
ro9 = — 9. 
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(9) A rod AB (length = Q rotates about a hinge at A and rests 
with Us end B on the surface of a wedge BCD. The u^edge advances 

towards A with velocity v. The angles 
BAC = B. BCD = 0. Find the angular 
velocity oo of the rod. 

sin 




Ans. <o = 



I cos (0 — 0)' 



(10) Two bevel-gear wheels have the angle between their axes 70°. 
The rolling wheel is required to make 3i revolutions about its axis 
while going around the axis of the fixed wheel once. Find the angles 
of the bevel. If the inner radivs of the fixed wheel is 60 inches^ find 
that of the rolling wheel and the length of the aoaes. 

Ans. (See page 196.) The angiil&r-velocitj ratio 



— = - . Hence 
G0a 2 



tang a, = 



7 sin 70^ 
2 + 7 cos 70' 



,, or «, = 66'16', 



and hence at = 18"* 45'. We have also ri = 



inches, and h% = 
100 



100 

^ + 50 cos 70" 



sin 70 



= d8.4 inches. 




Ai = 



60+^ cos 70** 
SnTOr 



= 58.4 inches. 



(11) The angle between the plane of the earth^s equator and the 
plane of the ecliptic is 23** 27' 28". The earth rotates about its polar 
axis in one sidereal day and makes a revolution about the aacis per- 
pendicular to the plane of the ecliptic in 25868 years. Finathe 
instantaneous axis. 

Ans. (Page 196.) We have 

ooi = 2it radians per day, and oo, = 25868 X 365^ '«^*^ P®' ^7- 
Also the angle O^OOi = ai + a, = 23' 27 28". Therefore Oil is 

nr *.f««/y rBin(ai-f g») 
Uil = r tan ai = , 

•~- + cos(a, + a,) 

where r is the polar radius of the earth, or 3950 miles. The radius of the roll- 
ing cone is then Oi/= 5.52 ft. and the angle at = 0".00867. 

(13) A rigid system has an angular velocityof a?i = 40 radians 
per see. about an axis parallel to the axis of X, passing through a 
point whose co-ordinates are Xi = 2 ft, yi = 3/t., Zi = 0, and a 
simultaneous angular velocity of oo« = 30 radians per sec. about an 
axis coinciding with the axis of T. Find the resultant angular 
velocity and the instantaneous aanis. 

Ans. (Page 198.) We have coar = + 40, (»y = +30, <»« = 0, «,• = 60 ra- 
dians per sec. The instantaneous axis makes the angles with the axes given 
by 

^ 40 80 ^ ^ 

cosd = -, cose=:~, cos/=0; 

or d = 86'52', e = SS" T, /=0^ 
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The velocity of translation of the system is given by 
ux=0. Up = 0, uz= — 120 ft. per sec. 

The condition uxfOx -[- Uyopy -j- uzooz = is sat- 
isfied. Therefore there is rotation only about 
the instantaneous axis which passes through the 
intersection /of oox and ooy. 

The velocity of any point whose co-ordinates 
are «' = 2, y' = 2, «' = 3 is given by 

Vx = <»y»' = -[- 90 ft. per sec. ; 

Fy = — ooae' '= — 120 ft. per sec. ; 

F« = tte — <oyx' + QOgfif = — 100 ft. per sec. 

The resultant velocity of this point is then Vr = 180 ft. per sec. and its 
direction cosines are 

_100 
^-180' 

6=13r48', c = 123°45'. 




90 r 120 

cosa = jg5. cos6 = jg^, 



or a = 60'. 

(IS) A rigid system has the angtUar velocities 
<Oi =50, 09] = 30, oot z= 70, G04 = 90, and oog = 120 radians per sec. 
a^xyut oases passing through points of the rigid system given by 
Xi=+ 5ft.,yt= + 10ft.; aj, = -f 9 ft., y, = + 12 ft.; 
aj, = -f 17ft., y, = -f 14 ft.; a?* = + 20 ft., y* = + 18 ft.; 
a;. = + 15ft.,y. = + 8 ft.; 

and making with the co-ordinate axes the angles 

«*= 70%/3i= 20^ a, = 60% /?, = 150'; a, = 120', /?« = 0^ 
^4 = 150% /?4 = 120'; a, = 90',/?.= 0'. 

Find the resultant^ etc. (Compare Vol. II, Statics.) 

Ans. (Page 198.) We have for the components of the angular velocities 
parallel to the axes 

<»«= 50 cos 70' + 30 cos 60'- 70 cos 60' -90 cos 30' = -80.842 rad. per sec.; 

<»y=50cos20'-30cos80' + 120 + 70cos30'-90cos60' =+156.626 rad. 

<»2 = 0. 

The resultant angular velocity is given in magnitude by 

(Or = |/a?a:' + <»i/* = + 176.259 radians per sec., 
and its direction-cosines by 



[per sec. ; 



, oox - 80.842 
cosd = — = 
eor 

OOy 

cos = — - = 



or d= lineal" 



jor «= 2ri8'l". 



176.259 ' 

+ 156.626 

cor 176.259 ' 

We have from equation (4), page 198, 

2«MJCos/» = + 50cos20' X 5 -30co8 30' X 9 + 70cos30' X 17 

- 90 cos 60' X 20 + 120 X 15 = + 1931.67 ft. per sec; 

2«wcosa = + 50cos70' X 10 + 30cos60' X 12 - 70cos60' X 14 

- 90 cos 30' X 13 = - 1152.245 ft. per sec. 
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We have then for the components of the linear velocity of the origin 
vx=^0, «y = 0, 9s = 2oMBcoB/3 — 2 ooy COB a = -\-dOBSM6 ft. "per oec. 
Since then equation (18), page 200, 

is satisfied, the angular velocities reduce to a single resultant angular velocity 
and we have rotation only. 

The moment of this resultant angular velocity relative to the origin gives us 



vr = 4/«{B» + Dy> + «;b« = t>« = + 3088.915 ft. per sec. 

Its lever-arm is 

Vr 8088.916 _^^^ 

r = — = ^„a OKA = 17«5 ft. 

<or 176.269 
The equation of the line of direction of the resultant angular velocity is 

y = f?lt^^:E?- = _ 1.86* + 38.14. 

The co-ordinates of the point through which this resultant angular velocity 
passes are given from equations (17), page 201: 

(14) Find the resultant angular velocity for a number of parallel 
angular velocities given by 

<w, = + 38 rad. per sec.; aJi = -f 26 ft.; y, = + 13 ft.; 

oa, = + 20 " *' *' aJa = - 10 " y. = - 16 ** 

CO, = - 85 " " •' Xt= + 16 " yt = - 27 *' 

<W4 = - 72 '* " " aj4 = - 81 " y« = + 17 " 

oa, = -f 120 '* " " a?. = + 23 " y. = - 19 " 

Ans. (»r = + 66 radians per sec. ; «"= -+- 77.15 ft. ; y = — 36.82 ft. 

(15) Find the resultant, etc., for the angular velocities given by 

001 = 60, 09s = 70, oos = 90, <&« = 120 radians per sec. 
ai = 60^ fii = 40^ .ri acute; Xi =0; y^ = 0; ei = 0; 

a, = 66^ A = 46'; r. acute; aj, = -flft.; y, = -f4ft.; «, = +7ft.; 
a, = 70**; A = 50*: ^t acute; «, = +2" y,=: + 5" e, = + 8" 
a* = 75'*; A = 56'; ^4 obtuse; a?* = +3 ** y4 = + 6" a4 = +9- 
(Ck)mpare Vol. II, Statics.) 

Ans. We find the angles y by the formula, page 12, 

cos* ;^ = — cos (a -|- fi) cos (or — fl). 
Then from page 198 we have 

MX = + 116.423, (»» = + 214.480. 09« = - 51.057 rad, per sec 
Therefore the resultant angular velocity is 

av = Vooa? + «y* + otf^ = + 249.825 rad. per sec., 
and its direction-cosines are given by 



^ .. COS A = — —. rna r = 

or 



oosa = — , cos e = — =-, cos/=: — : 
fl9r <»r "^ fi?r 



tf=62'9'48", « = 80*89' 20", /= 101*49'. 



OHAP. n.] EXAMPLBS. 209 

We also have for the components of the velocity of the origin, from equa- 
tions (4), page 198, 

««= - 1888.«04, t>y = + ©28.»47, ««=- 86.908 ft, per sec 

The resultant linear velocity of the origin is then 



vr = Vfte* + V + ««* = + 2061.789 ft. per sec, 
and its direction-cosines are given by 

cos a = — , cos 6 = -^, cos 6 = — ; 

Vr Vr Vr 
or 

a = 153" er 40", 6 = 68** 14' 15", c = 92** 24' 56". 

The equations of the projections of the resultant angular velocity on the 
co-ordinate planes are 

y = 1.885aj + 0.746, « = - 2.28« + 18.19, z = - 0.a38y - 8.57. 

We see that vxoox+vyooy -|- Vzeoz does not, in this case, equal zero. Hence 
(page 179) the angular velocities do not reduce to a single resultant, but to a 
resultant angular velocity about the central axis and translation along that 
axis due to an angular- velocity couple. 

The resultant angular velocity about the central axis is, as already found, 
oor=i -{- 249.325 rad. per sec., and its angles d, e, / with the axes are already 
found. 

The co-ordinates of the central axis are given by equations (11), page 202 : 

«"=??!5«^J?«5»=+ 0.463 ft.; y"= f?!^^«5^ = + l.(W3ft.; 

(Or* 

The resultant linear velocity th- along the central axis is given by equation 
(6), page 202: ^ 

ur = ' * = — 41.624 ft. per sec. 

Oar 

Its direction-cosines are the same as for 09r. The components of nr aro 
given by equations (7), page 202 : 

«» = t^ cos rf = — 19.481, t^ = ttr cos e = — 35.806, 
tta = -Mr cos/ = + 8.5238 ft. per sec. 

(16) In the preceding example find what the co-ordinates a?4 , y« , 
Zi of the angular velocity <»4 must he in order that all the angmar 
velocities may reduce to a single resultant angular velocity. (CJom- 
pare Vol. II, Statics.) 

Ans. We must evidently have oox, ooy, aoz, eor and the angles d, e,f un- 
changed, since changing the co-ordinates X4 , ^4 , 24 without changing the mag- 
nitude or direction of 074 has no effect on the magnitude or direction of the 
resultant 09r. 
We have then 

i%p= - 659.571 - 93.262^4 - 68.829«4; ) 

«y = + 369.629 + 31.05924 +93.262aj4; > (1) 

«, = - 107.036 + 68.829»4 - 31.05^4. ) 
We have as the equation of condition for a single resultant 

VxOOx + VyOOy + VzOOz = 0, 

or 
^ 116.423«a; + 214.48% - 51.057f>« = 0, 

or 

«aj+1.842p»-0.4386^« = 0. (2) 
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From (1) we obtam 

{99i + 659.571X 31.059 + («» - 869.629) 68.829 = {vz + 107.036) 93.262. 
or 

«x+2.216oy~d.008«2 = 4-481.034. (8) 

From (2) and (3) we obtain 

0.374«y - 2.5Mf>z = + 481.084. 

If we retain for «y its value in the preceding example, + 928.947 ft. per 
sec., we shall have 

«, = - 52.108, c» = - 1733.975 ft. per sec 

If we snbstitute these values in (1), we obtain 

93.26^4 + 68.829«4 = + 1074.4; 

31.059«4 + 93.262*4 = + 659.308; 

68.829(i;4 - 81.05^4 = + 54.984. 
Hence 

«4 = - 0.33324 + 5.997, ^4 = - 0.738«4 + 11.520. 
If then we assume «4 = 0, we have Xt = + 5.997, ^4 = + 11.52 ft. 

(17) Using the valties of the preceding example, find the point 
through which the resultant angular velocity passes. (Compare 
Vol. II, Statics.) 

Ans. We have ojo? = + 116.428, coy = + 214480, coz = - 51.057, <»r = 
+ 249.325 radians per sec. ; d = 62" 9' 48", e = 30° 39' 20 ". / = 101** 49'; 
flx = - 1733.975, i)y = + 928.947, vz = - 52.108, «v = + 1967.823 ft. per sec. ; 
a = 15r47', 5 = 6r49'53", <j = 91° 31' 3". 

The co-ordinates i", y, z are given (page 200) by 

- 1733.975 = Way - flo»e = - 51.057y - 214.4808"; 
+ 928.947 = oa^ - fi)2^ = + 116.423a + 51.057«; 

- 52.108 = oayx -- ooxy = + 214.4805 - 116.428y. 
Hence we obtain 

x= - 2.280^ + 18.194; 

y = -4.20080 + 33.961. 

If we assume i = 0, we have « = + 18.194, p = + 33.961 ft. 
If we should introduce then a fifth angular velocity, »»= + 249.825, whose 
direction makes with the axes the angles 

as = 117° 50' 12", /?. = 149° 20' 40", r» = 78° 11', 

passing through a point whose co-ordinates are «» = + 18.194, y^ = -f 33.961 
and 2ft = 0, the conditions for rest (page 199) would be satisfied, and we should 
have oor = 0, «r = 0. 

(18) A point of a rigid system rotates about an aods at a distance 
of 5 feet. The linear displacement of the point is Sft Find the 
angular displacement ana the direction of the linear aisplacem^ent. 

Ans. ain-zr =-^= =^. 9 = angular displacement = 106° 14' = 1.858 ra- 
2 2r 5 

dians. The linear displacement makes an angle of 36° 58' with the radius of 

rotation. 
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(19) A point of a rigid system has at any instant the component 
linear velocities Vx=z +6, Vy= — 18, Fk = + 40/t. per sec,, and the 
system at the same instant rotates about an axis perpendicular to 
the plane of XYunth an angular velocity of 6 radians per sec. in the 
direction from X towards Y. Find the equivalent screw motion of 
the system, 

Ans. (Page 201.) We take thegiven x>omt as the origin. Since the axis is 
perpendicular to the plane of Xi, we have GOa; = 0, GOy = 0, (»« = i»r = + 6 
radians per sec. 

Since the condition Vxoox + Vy^y -\- Vzoo z = is not fulfilled, we have 
rotation and translation combined, or screw 
motion. 

From equation (2) we have cos d = 0, 
cos € = 0, cos/ = 1, or the central axis is m _ . _ ** 

parallel to the axis of Z, 

The position of the central axis is from 
equation (11) given by 

a:" = + 3ft., y"= + lft., e" = 0. 

It is therefore at /as shown in the figure 
with respect to the given point 0. • i » y^«4.g| 

Substituting these values in equation (3) ^i ^* 

we have for the components along the co-ordinate axes of the velocity of due 
to rotation about the central axis 

Da? = + 6, t>y = -• 18 ft. per sec., Vz = 0. 

Therefore from (4) we have for the components along the axes of the trans- 
lation of 0, 

th; = 0, tty = 0, Uz = + 40 ft. per sec. 

The system, therefore, at the instant in question rotates about an axis 
through /perpendicular to the plane of XI^ in a direction from X towards Y, 
with the angular velocity of 6 radians per sec. , and at the same time moves 
along this axis in the direction OZ with a velocity of translation of 40 ft. pe)r 
sec. 

If the axis of rotation and angular velocity do not change in direction or 
magnitude, the system advances along the central axis during a rotation of one 
radian, a distance equal to the unitpitcli, given by equation (9), viz., 6|- ft. In 
one complete rotation then it advances a distance of 2;r X 6| = 20.9 ft. This 
is the pitch of the screw motion (page 191). 

The velocity at any point, as Pi or Pa , due to rotation about the central axis 
is equal to /Pi . goz or /Pa . aoz , where /Pi or /Pa is the radius vector or per- 
pendicular from the point -upon the central axis. If then we take Pi as origin 
and the co-ordinates of / are iu = + 2 ft., y = + 5 ft., 2 = -|- 8 ft., we have 
from (3), for the components of the velocity of Pi due to rotation about the 
central axis, 

tjaj = + 30ft. persec., «y = — 12 ft. per sec., ^Jz = 0; 

and since t^ = 0, Uy = (S,u»=-\-^it, per sec, the components of the total 
velocity of Pi are, from (4), 

Fa; = + 30 ft. per sec., Fy = — 12 ft. per sec., F« = + 40 f t. per sec. 

In the same way for the point Pa , if we take it as origin and the co-ordi- 
nates of /are » = 0, y = + 5 ft., « = 0, we have 

«^ = -I- 30 ft. per sec., t^y = 0, «a = 0; 

Fa? = + 30 ft. per sec., Fif = 0, F« = + 40 ft. per seg 

If the velocities Vx and Vz of the point Pa do not change in direction or 
magnitude, we have the case of a system translated in the direction 0^ and 
rotating about an axis through Pa , while at the same time this axis has a ve- 
locity of translation in a straight line (page 193). 
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The motion of the ^stem would then be the same as if a cylindrical surface 
of radins Ptl= 5 ft., fixed to the system with its axis passing through Pa at 
right angles to the plane of XT, rolled on the plane SIS parallel to the plane 
XFwith the angnlar velocity a)z = +6 radians per sec., while at the same 
time the cylinder is translated parallel to OZ with the velocity Vz = +40ft, 
per sec. 

(20) A base-hall rotates about an axis through its centre in a 
horizontal plane with an angular velocity <»« = — 60 radians per 
sec,, and its centre has a horizontal velocity of translation ofV=^^ 
ft per sec. in a direction making an angle of 36** 62^ with the axis 
of rotation. Find the motion of the baU, 

Ans. Let the plane of ZX be horizontal and take the centre as origin. Then^ 

since Fis in this plane, we have 

Fa? = + 80 ft. per sec., Vy = 0, 
F« = +40ft,persec. 
Also, 
QOx = 0, ooy = 0, <»« = — 60 rad. per sec» 

The rotation is then clockwise, or front 
Y towards X, as shown in the figure. 

Then, just as in the preceding example, 
the centrBi axis is parallel to the axis of Z, 
and the position of the central axis is, from 
equation (11), page 202, given by 

aj" = 0, y- = 0/=-lft., z" = 0. 

If then we neglect the acceleration due to the attraction of the earth, the 
motion of the ball is a screw motion consisting of a velocity i^« = -^ 40 ft. per 
sec. along the axis of rotation OZ through the centre of the ball, and a rota- 
tion of GOe = — 60 radians per sec. about this axis, together with a translation 
of this axis of Vx = + 40 ft. per sec. 

Or, neglecting the acceleration due to gravity, the motion is the same (page 

193) as if the ball were part of a cylinder of radius 01= -^ ft. whose axis OZ 

is the axis of rotation of the ball, and this cylinder rolls on the horizontal plane 
HIH with angular velocity (Wz = — 60 radians per sec., while at the same time 
the cylinder is translated along OZ with the velocity -f- 40 ft. per sec. 

The centre of the ball moves then in the resultant of Vx and Vz , or along 
the straight line OF in the horizontal plane XZ, with a velocity F = 50 ft. per 
sec., at an angle of 86° 52' with the axis of rotation OZ, 

If now, owing to gravity, the ball falls vertically while the centre movea 
along OV, then we must consider the plane HIH as falling vertically with the 
ball. The centre moves then in a curve Oab, the projection of which upon the 
plane XZ is a straight line Oe, 

(21) Ball-players assert that the projection of this curve Oab 
(preceding example) upon the plane XZ is not a straight line but a 
curve. Mcplainnow this can he. 
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Ans. We have seen in the preceding example that if the centre of the 
ball has a velocity Fand at the same time the b^l has an angular velocity 00^ 
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Aiound an axis OZ, the centre moveB with the velocity Vz along the axis and 
at the same time the axis itself moves with the velocity Vx, Vg and Vx being 
the components of F along and perpendicular to the axis. At the same time 
the ball rotates about the axis OZ. The motion of is then in the straight 
line OF. 

But no account has been taken of the retiitanee of the adr. The air acts to 
cause a retardation of Vz and Vx . 

If the retardation in each case were proportional to the velocity, we should 
stiU have motion of O in the straight line OV, But the retardation in each 
<iase is not proportional to the velocities but more nearly proportional to the 
squares of tne velocities. Hence the greater component is retarded propor- 
tionally more than the less. 

If then the rotation axis OZ makes an angle less than 45'* with the direc- 
tion of F, F^ is greater than Vx and is therefore retarded proportionally more 
than Fx* The centre O moves then in an " out-curve ** OB. 

If, however, the axis of rotation OZ 
makes an angle greater than 45° with tiie 
direction of F", 1^ is greater than Vz and 
is therefore retarded proportionally more 
ihan F^. The centre O moves then in an 
**in-curve." 

In either case the velocity is retarded 
least in the direction of least resistance 
And the centre swerves m the direction of 
the smallest component of F.^ 

Thus by *' twisting '' the ball the pitcher is able to make it curve slightly by 
either to right or to left according as the axis of rotation makes an angle with 
the velocity of projection greater or less than 45''. 

If the axis of rotation makes an an^le of 45° with the velocity of projection, 
there should be no curve. If it is at right angles to the velocity of projection, 
there should be no curve. 

The cause of curvature is thus due to the resistance of the air, but it is not, 
ma is generally supposed, due to the ball rolling upon a cushion of compressed 
■air in front of it, since in that case we should always have curvature in one 
■direction for one direction of rotation. 

In the first of our figures preceding, such action tends to increase the *' out- 
curve. " But in the second it tends to decrease the * * in-curve. " The * * in-curve" 
would not be possible if this action were the only cause of curvature. It 
ought to be less than the out-curve, so far as this action is effective, in the 
figures given. 

If we have rotation in the opposite direction from that in the figure, or if the 
line representative of ooz is positive instead of negative, the rolling of the ball, 
if any, upon a cushion of compressed air in front of it would act to decrease 
the * * out-curve " and increase the ** in-curve. " 

Eelative Motion of a Body.— When a body at any instant has 
two simidtaneous motions we can consider the Dody itself as having 
one of these motions and the space occupied by the body as having 
the other. The first motion is then that which the body would 
appear to have to an observer in space moving with space and 
unaware of his own motion. We call it therefore the relative 
motion of the body with reference to moving space. 

We have thus far seen how to determine the actual motion when 
we have given the relative motion and the motion of space. We 
have now to consider the inverse problem of how to determine the 
relative motion when we have given the actual motion and the mo- 
tion of space. 

We can solve the problem in two ways. We can resolve the 
giveh actual motion mto two component motions one of which 
coincides with the given motion of space. Then the other must be 
the relative motion required. Or we can add to the actual motion, 
composed of these two component motions, a third motion equal 
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and opposite to the given motion of space. This will counteract 
one of the components and leave as a result the relative motion. 

Relative Motion of a Body with Beference to Space Transla- 
tion. — If the actual motion of a body and the motion of the space 
occupied by it are both motions of translation, the relative motion 
will be one of translation also. In such case we can treat the body 
and the space occupied by it as points, and thus have simply to 
find the relative motion of a particle with reference to the point of 
moving space occupied by the particle. 

The relative velocity of the particle is then the resultant of the 
a,ctual velocity of the particle ajid the velocity of the point of mov- 
ing space occupied by the particle, taken as acting with reversed 
direction. 

If then the actual velocity of the particle is zero, the relative 
velocity at any instant is always equal and opposite to that of the 
point of moving space occupied by the particle at that instant. 

Thus if the particle P de- 
scribes an ellipse with reference 
to the fixed point O at one 
focus, the relative velocity of 
O with reference to P will be 
always equal and opposite to 
the velocity of P at any in- 
stant, and the apparent path of 
O as seen from P will be a 
similar ellipse with P at a 
focus. 

Eelative Motion of a Body 
with Beference to Moving Space 
in General — Any motion of a 
body at any instant can be re- 
solved into a translation of any point, and a rotation about an axis 
through that point (page 190). If we take for this point the point 
of space occupied by any particle of the body, we have translation 
only of this point and particle, and the relative velocity is found 
as in the preceding Article. 

The relative velocity of the particle is then, as before, the result- 
ant of the actual velocity of the particle and the velocity of the 
point of moving spa^^e occupied by the particle, taken as ax^ting 
with reversed direction. 

We obtain then the relative 
path by giving to the actual path 
the reversed motion of space. 

For example, let the actual 
velocity of a particle P be uni- 
form and equal to c, and its con- 
stant direction be in the direc- 
tion AB. Let the line AB be 
the diameter of a circular disk 
which rotates clockwise with 
constant angular velocity oo 
about the axis at C We obtain 
the path relative to the disk by 
supposing rotation of the actual 
path AB coimter-clockwise. 

Thus at the end of any time 
t the particle has traversed the distance AN = ct and the disk 
has turned clockwise through the angle oat The corresponding 
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relative position P of the particle is then the point which N 

would occupy if the line AJB were turned 

counter-clockwise through the angle oot. 

Repeating the construction for successive 

values of t we ohtain the relative path( 

APCD. The end D corresponds to the^ 

rotation angle ooT, where T is the time of 

the actual motion from ^ to jB. If goT = ^, 

the point D would coincide with A. Let r 

he tne Kidius of the disk. Then from the 

two equations cT = 2r, and ooT^tc, we 

have for the condition of this coincidence 

of D and A, 

00 __ It 

If the actual path AB makes an acute 
angle with the axis of rotation through C, 
the relative path lies on the surface of a cone. 

Acceleration of Eelative Motion. — Let a particle descrihe the 
path MN with any motion, and at the same time let this path have 

a motion of translation. Then we can 
regard the first motion as relative 
with reference to the second, and its 
acceleration /i is the relative accelera- 
tion. Besides this relative acceleration 
at any instant, the particle has the 
acceleration /« of the motion of trans- 
lation at that instant. The actual 
acceleration of the particle is then the 
resultant of the two accelerations /i 
and/.. 

It is, however, different when the path MN has any motion in 
general, hecause such motion may he resolved into a motion of 
translation of any point of the path and a motion of rotation 
ahout an axis through that point. 

Take for this point the point of 
space occupied hy the particle at any 
instant. 

Then we have hesides the accelera- 
tion/! of the particle in its path, and 
the acceleration /a of the point of 
space occupied hy the particle, a 
third acceleration, /s, due to the 
rotation, which we can determine aa 
follows: 

Let V he the relative velocity of the particle. Then in an in- 
definitely small time dty vdt will be the element MN of the relative 
path, 'niis element in the time dt is translated to PQ and at the 
same time has the angular velocity oo ahout the point of space oc- 
cupied by P. 

Let the axis OP through this point make the angle B with PQ. 
Then at the end of the time dt, Q wQl be at jB. If fa is the accelerar 
tion in the direction QRy then the distance QR will be 





QB = y,dt\ 
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The radius of rotation is OQ •- 
is also given by 



:V(Umii^. Hence the distance QiS 



QB=^ OQ . eodt = vdtmnB . oidt. 
Equating these two values of QB^ we obtain 

/t = 2rfl9 sin 6. 

Hence we see that the actual cu^celeration of the particle in 
general is the resultant of three accelerations: 

The first, /i, is the acceleration of the relative motion of the 
particle. 

The second, ft . is the acceleration of the point of space occupied 
by the particle. 

The third, /«, is equal in magnitude to twice the product of the 
relative velocity v of the particle, the angular velocity a> of the 
point of space occupied by the particle, and the sine of the angle B 
which the element of the relative path makes with the axis through 
the point of space occupied by the particle. Its direction is at 
right angles to the plane of this axis and element, and it acts in the 
direction given by the rotation. 

If then/i,/i,/f. Fig. 1, represent these accelerations, we have 
by completmg we polygon in Fig. 2 the actual acceleration /. 



Hg.X. 



Fig. 2. 




Inversely, if/, /« and ft are given and it is required to find the 

relative acceleration /i, we must take/s and/« reversed in direction, 

Illnstrations. — Let a particle P move at any instant with the 

velocity t; in the direction of a diameter of a circular disk. Let the 

disk at this instant have an angular 
velocity oo about its axis at C, and 
the distance CP of the particle from 
the axis be x. 

Then the relative acceleration is 
dv 



fi = — along the diameter. The 

acceleration of the point of space 
occupied by the particle is/, = ojg?*, 
along the diameter. This is the 
central acceleration of the point P 
due to rotation about C. We have 
also /s = 2va}, acting at right angles 
to the plane of the element of the 
relative path and the axis through 
P parallel to the axis at (7, and it acts in the direction given by the 
rotation as shown. The angle 9 which the element of the path 
makes with the parallel axis at P is 90*, and hence sin = 1. Tlie 
actual acceleration is the resultant of these three accelerations. 
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Let a particle P move at any instant with the velocity v in the 
circumference of a circle of radius ri about the centre Ci, and at 
the same time let the centre Ci revolve about the point Cs wit^ the 
angular velocity 00. Let the distance of P from d be n. 




Then the relative acceleration /i is the resultant of the tangential 

acceleration -^ and the central acceleration — acting towards Ci. 
at ri 

The acceleration /fl of the point of space occupied by the particle 
is raco' acting towards Ca. We have also /» = 2v<m) acting at right 
angles to the plane of the element of the relative path and the axis 
through P parallel to the axis at Cs, and it acts in the direction 



f^^reotX.^ 




•2via»tnX 



given by the rotation as shown. The actual acceleration is the 
resultant of these three accelerations. 
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Let a particle P move on a meridian of the earth and have at 
any instant the velocity v and the tangential acceleration -^. If r 

is the radius of the ecurth, the central acceleration is - and the 

r 

relative acceleration /i is the resultant of -^ and ~. 

If A is the latitude of P, r cos X is the radius of rotation ; and if eo 
is the angular velocity of the earth, the acceleration f% of the point 
of space occupied hy the particle is/« = rcosA. . oa'. 

We have also/s = 2t?(» sin A acting at right angles to the plane of 
the element of the relative path and the axis throueh P parallel to 
the earth's axis, that is, tangent to the latitude circle afP. It acts 
towards the east. The actu£j acceleration is the resultant of these 
three accelerations. 
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GENERAL ANALYTICAL RELATIONS FOR A POINT OF A 
RIGID ROTATING SYSTEM. EULER'S GEOMETRIC 
EQUATIONS. 

Oeneral Analytical Relations for a Point of a Rigid Rotating 
System. — Let a rigid system rotate at any instant about the axis 
IC with the angular velocity od and the angular acceleration a. 
Take any point O of the system as origin, and let the direction- 
cosines of 00 be cos a, cos /^, cos y. 




Then we have for the components of to and a 
GOx= ao cos a, a>y = a> COS fi, <az = oo COS y ; 
ax= oc COS a, ay=^ a COS fiy az= oc COS y ; 

cos« = ^ = ^, cos/8 = ^ = S!-, co8r = ^ = ^; 

00 a 00 a oo a 

and since cos* a. + cos* (^ + cos* r = 1, 



QO = VW + «!/*+ ««', a— ^ax^ + ay* + a«*. 



(1) 



(2) 



Let (a?, y, z) be the co-ordinates of any point on the axis IC, and 
(a?', y', z') the co-ordinates of any point P whose distance from the 
axis is PC = r. Then, as we have seen (i>age 190), we can resolve 
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the rotation about JCinto an equal angular velocity about a {paral- 
lel axis through the origin O and a velocity v = cajp of the origin O, 
wherep is the distance lO of the origin from the axis. 

The components of this velocity of O are as on page 179, equa- 
tion (1): 



Vy = WxZ — (8x0?; 
Vz = IXtyX — COj^. 



(3) 



The components of the linear velocity t/ of P due to rotation 
about the parallel axis through the origm O are as on page 198, 
equations (6) : 

t/ySGOjO?'— o^; • (4) 

We have thus the total components of the velocity P> just as on 
page 198, equation (7): 

Fx = t?a; + t/« ; 

Fy = ry+f?'y; |. (5) 

Vz ^Vz + v'z. 

The components of the linear tangential acceleration of P due 
to rotation about the parallel axis through O, we see from (4), are 
given by 



fty = a«a?' — aaeS^ ; 
ftz = ouxfif — «I^'- 
Since pew = r and p'w* = r" = Va;' + V + r«', we have from (3) 



(6) 






(7) 



Let/'n be the normal linear acceleration of the point P due to 
rotation about the parallel axis through the origin O. Then fn = 
v'co; and since velocity in the hodograph is the normal acceleration 
in the path (page 52), we have directly from the figure, for the com- 
I)onents of /'», 

fnx = VfzGay — V'yOOz ; 1 

fny = V^scOOz — ffzOOx; I (^) 

fnz = t^yOOx — v'xOOy, J 

We have then for the components of the acceleration/ of the 
point P, from (8) and (6), 

fx = fnx + fix = (v'z oay — tr'yflOz) + (a»2J' — a«y') ; 1 

A = A» +/<y = (^*®« — ^'«®*) + (^«^ - ^a^); [ • • ^^^ 

fz =fnz + /<« = (V'yoifx - w'arOV) + (axif' - ayZ^. J 
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If we put for vfoh t^f» ^% their values as given in (4), we have 



/« = (flOxfiC' + <»y2^' + «>««')ao, — i»"2f' + (aa:2^' — aySf). 



\ 



Equations (10) give the values o£ the components of the linear 
acceleration/ of any point P of the system whose co-ordinates are 
(x', y', ^), in terms of these co-ordinates and the components of oo 

and a, . , , - 

The moments of the component linear accelerations with refer- 
ence to the origin O are 



fxVv' + :^\ fy Vaf' + 2f\ fzVx" + y'\ . . . (11) 

For the moments ahout the axes of the components of t/ and/' 
we have: 

about X parallel to plane TZ, Mx = t/zy — rfyz^, or fzy —fysf-, ' 
" F ** ** " ZX,My=zvfxSf'-'v^zX\ovfxS^'-f^',\(^ 

** Z *' " ** XY.Mz^lfyQCf-V'aiy', or fyX'-fa^. 

The resultant moment in both cases is given by 



Mr^^Mx^+My^ + Mz^ (13) 

Its line representative has the direction-cosines 

Mx^ My Mz .^. 

Mr' Mr' Mr ^^^^ 

Looking along the line representative towards the origin the rota- 
tion is counter-clockwise. 

[We can deduce equations (9) directly by the Calculus. Thus if we dif- 
ferentiate the values of v'x, ffy, ^'z given by (4), then, since 



and 



we have at once 



d(xf . dy' , (fo' . 
do»x dooy donz 



fx = -— = (^zv>w - v'yeoz) + {a^ - afyO? 

fy = — ^ = {ttxtoz — v'zfOx) -f (ptsof -. aa^)\ 

/«*= -^ = {v'yoox - v'xoi^y) + (aa^y' - ayz*). 

Elder's Oeometrical Equations. — To determine the geometrical 
eqtiations between the motion of a rigid system in space and the 
angular velocity of the system about an axis in the system. 
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Let OX, OFi, OZi be rectangular co-ordinate axes, fixed in the 
system and therefore rotating with it, and let the system rotate 
about some axis fixed in the system, and therefore making in- 
variable angles with these axes, 
so that the component an^lar 
velocities in the co-ordmate 
planes are »«, , ooy^, aog^. We 
take direction of rotation as al- 
ways 




about X from Z to F 
44 2 ** F" X 



positive, 
the op- 
' posite ai- 
rection 
negative. 



Let now OX, OY, OZ be rect- 
angular co-ordinate axes whose 
directions m^pace are invariable. 
For instance, the axis OZ may 
be always directed towards the 
North Pole, then XFis the plane of the celestial equator. 

Let the point O be taken as the centre of a sphere of radius r. 
Let X, F, Z and X , Yiy Zi be the points in which this sphere is 
pierced by the fixed and moving axes. 

Let the axes OXi , OFi , OZx have the initial positions OX, OY, 
OZ. First turn the system about OZ as an axis through the angle 
XZP = i>, so that OX moves to OP, and OF to OD, Then turn the 
system about OD as an axis through the angle ZOZi = 6, so that OP 
moves to OE, and OZ to OZi. Finally turn the system about OZi 
as an axis through the angle ^ZXi = <p, so that OE moves to OX , 
and OD to OYx, 

It is required to find the geometric relations between 6, <p, i/f and 
fOx, , oDy., GOz, OS thc systcm rotates. These geometric relations are 
called Euler s Geometric Equations. 

Let the angular velocity of Zi perpendicular to the plane ZOZi 

at any instant be denoted by -^. This is called the angular velocity 

of precession. Let the angular velocity of Zi along ZZi at the same 

dQ 
instant be denoted by — . This is called the angular velocity of nu- 

tation. Let the angular velocity of Xi with reference to ^at that 
d(p 



instant be denoted by 



dt' 



Draw ZiA^ perpendicular to OZ. Then ZiA^=rsine, and the 
linear velocity at any instant of Zi perpendicular to the plane ZOZi 

is r sin d . -^, and along ZZi at the same instant it is r— . The linear 

dt dt 

velocity at the same instant of Zi along FiZi is r<oxi , and along ZXi 
it is ra)»,. 

We nave then directly from the figure 

dB 
r-rr = roDyj cos <p + TGOXi ^m 0; 



dtl> 
r sme . -^ = rooy, sm — rc9x^ cos 0. 
or 
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Since the rctdius r cancels out, 
dB 



-jT = »y, COS + (»ajj Sin 0; 

dilf 
sm B^ = fio^i sin — oDxi cos 0. 



a) 



Ck)mbining these two equations, 



dB . dt . ^ 

<»«, = ^ sin - ^ sm cos ; 

dO di> . ^ . 

GDy^ = -TT cos + ^ sin sm 0. 



(2) 



In the same way by drawing a perpendicular from E to OZOE 
we have the linear velocity of E perpendicular to ZOE equal to 

r cos G -|., and of Xi relative to E along EXi , r^. 
at ar 

The whole velocity of Xi in space along Xi Yi is rco^^. Hence 

d^ ^ d4> 



Equations (1), (2) and (3) are Euler's Geometric Equations. 



EXAMPLES. 



(1) Dedtice the angular velocities oox, ooy^ ooz about the fixed OMis, 
in terms of 6, 0, ^. 

Ans. Let ah- be the resultant angular velocity about the fixed axes. If 
we impress on space and also on the system, in addition to its existing 
motion, an angular velocity equal to — cor about the resultant axis of rotation, 
the axes OXi, OYi, OZi will become fixed and OX, OY, OZwill move with 
angular velocities -- ooxy — ooy, — ooz. Hence in the equations already 
found we have only to replace by — ^, 6 by — 0, ^ by — 0, and <Oxi , coy, , 
oi>zi wiU become — oi>x , — <ii>y , — fOz , and we have 

dB , . . dip . . 
oox= — -TT sm ^ + -^ sm 6 cos t^r; 
at at 



dB ^ , X d<p , ^ , . 
a>y = — cos ^ + -^ sm 6 sm ^; 

d<t> n X dil> 



W 



(2) Refer the a^cesftoced in space to the aoces fixed in the system, 

Ans. We have simply to interchange in the figure Xi, Yi, Z\ with X, F, 
Zi each with each. If then the angles 6, 0, ^ are still measured as indicated 
in the figure, the relations connecting them with the angular velocities are ob- 
tained by changing florr,, a?y,, ^z^ into — CDa;, -- GOy , — <»«. 

If we measure 6 in the direction opposite to that indicated in the figure, the 
expressions for GHXi ooy are identical with those already found for ooxi, ooy^. 
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(3) Ifp, a, r, are the directionrcowneB of OZ with regard to the 
axesOXx, OTi.OZi, show that 



^ I A 



(5> 



Ana. Any one' of these may be obtained by differentiating one of the ex- 
pressions 

p =s — sin cos 4p, g = sinOsin0, r = cos6 

(4) Show that the directionrcoaines of either set of EtUer^a aaces 
with regard to the other are given by 

cos XXx =r — sin^sin0-fcos^cos0 cos 6; \ 

cos TXx = COB ^ sin + Bin ^ cos cos 0; V . . . (6) 

cos ZXi = — sin e COS 0. j 

cos XTi = — 8in^cos0 — cos^8in0oos6; ] 

cos TTx = cos^cos0-sin^sin0cos6; > . . . (7> 

cosZFi =sinOrin0. j 

cos XZx = sin cos ^; I 

cos TZi = sin sin ^; V (8> 

cos ZZi = cos 0. ) 

Ans. We have from the figure the following spherical triangles for which 
we know two sides and the included angle : 

Triangle. SidM. AoBTle. Trfangrie. Sides. Angle. 

DX =90'*-4-^ TyB^zib 

-DXX i>x =90-<^ XDX,=0 BXT^ 2?X =W + ^ 7ii>X=180-.^ 

^^^BXx'^^-^4> ^^^*=® ^^^> ra =J F.2>r=18O-0 

Triangle. Sides. Angle. 

Solving these triangles we have at once equations (6), (7), (8). 

(5) Prove in the same way the following : 

cos XxX = — sin ^ sin + cos ^ cos cos 0; 

cos FiX= — sin ^cos — cos ^sin 0cosO; ^ . . . {9> 

cos ZiX = sin cos if), 

cos Xi F = cos ^ sin + sin ^ cos cos ; 

cos Fi F = cos ^ cos — sin ^ sin cos 0; }• . . , (10> 

cos Zi F = sin sin tjf. 
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XiZ =: — sin 008 0; ) 
YiZ =8inOsin0; > 
ZiZ = 008 9. j 
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(6) Find the reUxtions between the eo-ordinatea x^ y, z^ of the 
fioced system of axes and the co-ordinates Xi^yi.Zi if the moving 
system. 

Ans. If we multiply the first of equations (6) by x, the second by y, the third 
by z and add, and do the same for (7) and (8), we have at onoe, as we see fron^ 
the figure, 

01 = (-^ iAn if an 4f -{- COS '^ COB 4> cos B)BO 

+ (oos ^sin0 + sin^oo60cos6)^ — sindoos 4>,z; 

^1 =(— sin ^ cos — cos ^ sin cos 6)9; \ . . (12) 

-{- (oos i/f cos — sin ^ sin cos B)y -{- ^B lAn 0.e; 

01 = sin oos if.x -{-emQ Ban i/f.y -f-cos . z. 

In the same way we have from equations (9), (10), (11), 

fl; = (— sin^sin0 + cos^oo60cos B)Xi 

+ (— sin ^ oos — oos ^ sin oos B)yi + sin cos if.Zi; 

y =z (008 ^sin0 + 8in^cos0cos B}xi > . (18) 

4. (cos ^cos0 — sin^sin0oos B)yi + sin sin if.Zi; 

e = — sin cos 0.fl;i -f- sin 8 sin 0.^1 -{- cob O.ei. 
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KINEMATICS. 

Absolute— motion, 18; position, 10; rest, 18. 

Acceleration— angular, 175; composition and resolution of, 176; concurring 
angular accelerations, 178; couple, 181; instantaneous axis of, 175; line 
representative of, 175; moment of, 177; uniform and variable, 175; unit 
of, 176; and translation, composition and resolution of, 189; in terms of 
linear, 75, 176*; in terms of moment of linear, 76. 

Acceleration — linear, 48, 92; of gravity, 9; of relative motion, 215; in terms of 
angular acceleration, 75, 176; central, 86, 92, 99, 103; centre of, 92; line 
representative of, 49; mean and instantaneous, 48; moment of, 60; moment 
of, in terms of angular, 76; normal, in terms of angular, 76; proportional 
to force, 91; paracentric, 87; resolution and composition of, 49; resultant 
of, 50, 68; sign of components of, 50; tangential and normal, 52; triangle 
and polygon of, 49; unit of, 49; uniform and variable, 49; uniform, in> 
clined to direction of motion, 117. 

Amplitude of an oscillation, 104. 

Analytical relations for a rigid rotating system, 219. 

Angle, conical, unit of, 6; solid, 7; unit of, 5. 

Angular — displacement, 171; composition and resolution of, 171; ooncurrinr 
angular displacements, 178; couple, 181; line representative of , 170; rigid 
system, 170; in terms of linear, 170; and translation, composition and feso- 
lution of, 187. 

Angular revolution of a point, 71. 

Angular — speed, 72; mean and instantaneous, 71; numeric equations of, 72; 
sign of, 72; unit of, 72; in terms of linear velocity, 74; in terms of moment 
of velocity, 75; in terms of normal acceleration, 76; rate of change of, 73; 
numeric equations of rate of change of, 73; sign of rate of change of, 73; 
equations of motion under different rates of change of, 73; rate of change 
of, in terms of linear speed, 75; rate of change of, in terms of moment 
of tangential acceleration, 76; graphic representation of rate of change 
of, 77. 

Angular— velocity, 174; mean and instantaneous, 174; unit of, 174; uniform 
and variable, 175; of a rigid system, 174; composition and resolution of, 
176; in terms of linear velocity, 176; moment of, 177; concurring angular 
velocities, 178; resultant of, 178; couple, 181; and translation, composition 
and resolution of, 189; centre of parallel angular velocities, 192; result- 
ant, tor a rigid system, 197. 
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Area, measares of, 9. 

Axis, of earth, length of, 5, 9; of rotation, 178; of instantaneoos rotation, 174; 
instantaneous, of angalar acceleration, 176; central, 190; intersecting, ro- 
tation about, 195. 

BUtckbum's pendulum, 187. 

Body, material, 1; projected up or down, 98; rigid, 170; relative motion of, 218. 

Brachistochrone, 158. 

Cartesian co-ordinates, 11. 

Centimeter, value of, 9. 

Central, acceleration, 86, 92, 99, 108; axis, 190. 

Centre, of acceleration, 92; of moments, 60; of angular velocities, 192. 

Circle, curvature of, 7; motion in, 76, 154, 159, 

Coefficient of resistance in resisting medium. 111, 118. 

Combined rotation and translation, 18. 

Components, of displacement, 86; of motion of a rigid system, 201; of veloc- 
ity, 44. 

Composition and resolution, of accelerations, 49; of displacements, 86; of an- 
gular displacements, 171; of angular velocities and accelerations, 176; of 
translation and angular displacements, 187; of translation and angular 
velocities or accelerations, 189; of moments, 62; of screws, 208; of veloci- 
ties, 48. 

Compound harmonic motion, 181; resolution and composition of, 181; graphic 
representation of, 185; application of calculus, 187. 

Concurring velocities, accelerations and displacements, resultant of, 87, 45, 50, 
68-67; angular displacements, velocities and accelerations, 178. 

Configuration, 12. 

Conical angle, 6. 

Constrained motion of a point, 88, 151. 

Co-ordinates, Cartesian, 10. 

Cosines, direction, 12. 

Couple, angular displacement, velocity, acceleration, 181; moment of, 186. 

Curvature, 7; unit of, 8; of a circle, 7. 

Curved path, motion in, 158. 

Curvilinear translation. ISO. 

Cycloid, motion in, 155; application of calculus, 157. 

Definition, of kinematics, 1, 15; of statics, 1; of mechanics, 1. 

Degree, 5. 

Derived unit, 2; dimensions of, 8. 

Differentia] equations of motions of a x>oint, 81. 

Dimensions, of a derived unit, 8; of space, 12; of unit of speed, 15; of unit of 
rate of change of speed, 24. 

Direction cosines, 13. 

Displacement, 84; line representative of, 84; relative, 84, 85; triangle and poly- 
gon of, 85; composition and resolution of, 86; rectangular components of, 
36; sign of components of, 36; resultant. 37; moment of, 60; angular, of a 
rigid system, 170; line representative of, 170; linear in terms of angular. 
170; angular, composition and resolution of, 171; angular, concurring, 178; 
resultant of, 178; couple, 181; of a rigid system, 187; composition and 
resolution of translation and angular displacement, 187. 

Dyne, value of, 9. 

Earth's polar axis, length of, 5. 

Epoch, in harmonic motion, 105. 

Equations, homogeneous, 3, 17; of speed, 16; of rate of change of speed, 25; 
of motion under different rates of change of speed, 27, 71; of motion of a 
point under different accelerations, 50; numeric, of angular sx>eed, 72; nu- 
meric, of rate of change of angular speed, 78; of motion under different 
rates of change of angular speed, 78; differential, of motion of a point, 81; 
for falling b^y, 98; of rotating rigid system, 176; geometrical, of Euler, 
221 

Euler, geometrical equations of, 221. 
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Porce proportional to acceleration, 91. 
Falling body, 98. 

■Geometrical equations of Holer, 321. 

Gram, value of, 9. 

Graphic representation of rate of change of speed, 29. 

Gravitation, law of, 99. 

Gravity, acceleration of, 9, 92. 

Harmonic motion, simple, 108; amplitude, epoch, period, phase, 105; com* 
pound, 181; composition and resolution of, 131; graphic representation of, 
185; application of calculus, 137. 

Hodograph. 52. 

Homogeneous equations, 3, 17. 

Inclined plane, motion on, 151. 

InstantaneocLs acceleration, 48; axis of rotation, 174; axis of angular accelera- 
tion, 175; rate of change of speed, 24; speed, 15; angular speed, 72; ve- 
locity, 42. 

Integral curvature, 7. 

Intersecting axes, rotation about, 195. 

Invariant, 208. 

Isochronous oscillation, 104. 

Kepler's laws, 140. 

Kilogram, value of, 9. 

Kinematics, definition of, 1, 15; of a point, 91; of a rigid aystem, 169. 

Law of gravitation, 99. 

Laws of Kepler, 140. 

Length, of meridian, 5; measures of, 8; of polar axis of earth, 5; unit of, 4, 8; 
displacement, 84; velocity, 42; acceleration, 48. 

Linear, displacement in terms of angular, 170; acceleration in terms of angu- 
lar, 176; velocity in terms of angular, 176. 

Line representative, of displacement, 84; of velocity, 43; of acceleration, 49; of 
angular displacement, 170; of angular velocity, 174; of angular accelera- 
tion, 175; of moment of displacement, velocity or acceleration, 61, 177. 

Mass, measure of, 4, 9; unit of, 4, 5. 

Material, body, 1; jMurticle, point, 14; system, 14. 

Matter, states of, 1. 

Mean, curvature, 7; speed, 15; rate of change of speed, 24; velocity, 42; accel- 
eration, 48; anfi^lar speed, 72; rate of change of angular speed, 78; angu- 
lar velocity, 174; angular acceleration, 175. 

Measurement, 2; unit of, 2. 

Measures, table of, 8; of length, 8; of area, volume, mass, 9. 

Mechanics, definition of, 1. 

Medium, resisting — amotion in, 111; coefficient of resistance in. 111, 113; mo- 
tion of projectiles in, 127. 

Meridian, length of, 5; relation of, to meter, 5. 

Meter, relation of, to meridian, 5; value of, 9. 

Moment, of displacement, velocity or acceleration, 60; line representative of, 
61; composition and resolution of, 62; sign of, 62; centre of, 60; linear ve- 
locity in terms of angular speed, 75; of tangential acceleration in terms of 
rate of change of angular speed, 76; of angular velocity or acceleration, 
177; of a couple, 186. 

Motion, 18; of translation, 18; of rotation, 18; equations of , under different rates 
of change of speed, 27 ; equations of, under different accelerations, 50; equa- 
tions of, under different rates of change of angular speed, 78; in a circle, 
76, 154, 159; of a point, differential equations of, 81; constrained, of a 
point, 88, 151' rectilinear, 92; simple harmonic, 103; in resisting medium, 
111; of projectiles, 117, 127; compound harmonic, 131; planetary, 139, 141; 
on an inclined plane, 151; in a curved path, 158; in a cycloid, 155, 157; 
equations of, for rotating rigid system, 176; screw, 191; components of, for 
a rigid system, 201; relative, of a body, 213; relative acceleration of, 215. 
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Newton's law of ^yitation, 99. 

Normal, acceleration, 52. 

Numeric, of a quantity, 2; equations of speed, 16; equations of angular speed, 

72; equations of rate of change of speed, 25; equations of rate of change of 

angular speed, 78. 

Oscillation, amplitude of, 104; isochronous, 104. 

Paracentric acceleration, 87. 

P»allel angular velocities, centre of, 192. 

Particle, material, 14. 

Path, of a point, 18; curved, motion in, 158. 

Pendulum, Blackburn's, 187; simple, 154, 159. 

Per, meaning of, 3. 

Period, in harmonic motion, 105. 

Phase, in harmonic motion, 105. 

Physical science, 1. 

Plane, polar co-ordinate, 10; inclined, motion on, 151. 

Planetary motion, 189; path of, 189; application of calculus, 141. 

Point, 10; position of, 10; of reference, 10; path of, 18; material, 14; constrained 

motion of, 88, 151; kinematics of, 91. 
Polar, axis of earth, length of, 5, 9; co-ordinates, 10; equations for motion of a 

point, 88. 
Polygon, of displacements, 85; of velocities, 48; of accelerations, 49. 
Position, 10; of a point, 10. 
Poundal, value of, 9. 
Projectile, motion of, 117; motion of, in resisting medium, 127. 

Quantity, statement of, 2; vector, 84. 

Radian, 5; square, 7; solid, 7. 

Radius vector, 11. 

Range of projectiles, 119, 127. 

Rate of change of speed, 24; mean and instantaneous, 24; a scalar quantity, 25; 
dimensions of, 24; unit of, 24; numeric equations of, 25; sign of, 25; equa- 
tions of motion under different rates of change of, 27; graphic representa- 
tion of, 29. 

Rate of change of angular speed, 78; mean and instantaneous, 78; unit of, 72; 
numeric equations of, 73; sign of, 73; equations of motion under different 
rates of change of, 78; in terms of linear speed, 75; in terms of moment 
of tangential acceleration, 76; graphic representation of, 77. 

Rectangular co-ordinates, 11. 

Rectilinear motion, 92; translation and rotation combined, 193. 

Reference, point of, 10. 

Relative, displacement, 84; motion of a body, 218; acceleration of motion, 215. 

Relation of vertex to meridian, 5. 

Resistence, coefficient of, in resisting medium, 111, 118. 

Resisting medium, motion in, 111; coefficient of resistance in. 111, 118; motion 
of projectiles in, 127. 

Resolution and Comx>osition, of displacements, 86; of velocities, 48; of acceler- 
ations, 49; of moments, 62; of angular displacements, 171; of angular 
velocities and accelerations, 176; of translation and angular displacement, 
187; of translation and angular velocity or acceleration, 189; of screws, 203. 

Rest, 12; absolute and relative, 12. 

Resultant, angular displacement, velocity or acceleration, 178; angular velocity 
and velocity of translation for a rigid system, 197. 

Rigid system, 12; kinematics of, 169; angular displacement of, 170; line repre- 
sentative of angular displacement of, 170; angular velocity of, 174; equa- 
tions of motion of rotating, 176; displacement of, 187; resultant angular 
velocity and velocity of translation of, 197; components of motion of, 201; 
general analytical relations of rotating, 219. 

Rotation, motion of, 13, 169; and translation combined, 18, 198; axis of, 173; 
instantaneous axis of, 174; equations of motion for, 176; condition for, 178; 
about intersecting axes, 195. 
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Science, physical, 1. 

Screw motion, 191; composition and resolution of, 203. 

Sign, of speed, 16; of rate of change of speed, 25; of components of displace- 
ment, 36; of components of velocity, ^, of components of acceleration, 50; 
of components of moments, 62; of angular speed, 72; of rate of change 
of angular speed, 73; of angular displacement, 173; of angular yeloclty, 
176; of angular acceleration, 176; of moment of angular velocity or 
acceleration, 177. 

Simple pendulum, 154; application of calculus, 159. 

Solid angle, 7; radian, 7. 

Space, dSnensions of, 12; x)olar co-ordinates, 10. 

Standard units, 4; yard, 4; unit of length, 4; unit of mass, 5; unit of time, 4. 

States of matter. 1. 

Statement of a quantity, 2. 

Statics, definition of, 1. 

Speed, 15; mean and instantaneous, 15; dimensions of unit of, 15; numeric equa- 
tions of, 16; sign of, 16; a scalar quantity, 16; rate of change of, 24; mean 
and instantaneous rate of change of, 24; dimensions of unit of rate of 
change of, 24; numeric equations of rate of change of, 25; sign of rate of 
change of, 25; an^ilar, 72; mean and instantaneous angular, 72; numeric 
equations of angular, 72; sign of angular, 72; rate of change of angular, 
78; mean and instantaneous rate of change of angular, 73; numeric equa- 
tions of rate of change of angular, 73; sign of rate of change of angular, 
73; linear in terms of angular, 74; angular in terms of moment of linear 
velocity, 75; angular rate of change of, in terms of linear, 75; angular in 
terms of normid acceleration, 76; angular rate of change of, in terms of 
moment of tangential acceleration, 76; graphic representation of rate of 
change of angular, 77. 

Square ri^ian, 7. 

System, 12; rigid, 12; material, 14; kinematics of rigid, 169; angular displace- 
ment of rigid, 170; line representative of angular displacement of rigid, 
170; angular velocity of rigid, 174; equations of motion of rotating rigid, 
176; displacement of rigid, 187; resultant angular velocity and velocity of 
translation of rigid, 197; components of motion of rigid 201; general 
analytical relations of rigid rotating, 219. 

Tahle of measures, 8. 

Tangential acceleration, 52. 

Time, unit of, 4; standard unit of, 4. 

Trajectory, equation of, 118; velocity at any point of, 119; time of flight, 119; 

horizontal range, 119; greatest height, 120; displacement in any direction, 

120; angle of elevation, 120; envelope of trajectories, 121. 
Translation, motion of, 13, 91; and rotation combined, 13, 193; curved path, 

130; and angular displacement, 187; and angular velocity, 189; resultant 

for a rigid system, 197. 
Triangle and polygon, of displacements, 85; of velocities, 48; of accelerations, 49. 

Unit, derived, 2; of measurement, 2; of length, 4, 8; of time, 4; of mass, 5, 9; 
of angle, 5; of conical angle, 6; of curvature, 8; of speed, 15; of rate of 
change of speed, 24; of velocity, 43; of acceleration, 49; of angular ve- 
locity, 174; of angular acceleration, 176. 

Vector, quantity, 34; radius, 11. 

Vdocity, 42; mean and instantaneous, 42; unit of, 43; uniform and variable, 48; 
line representative of, 48; resolution and .composition of, 48; rectangular 
components of, 44; sign of components of, 44; resultant, 45, 68; moment 
of, 60, 177; moment of, in terms, of angular, 75; couple, 81; unit of 
angular, 174; angular, in terms of linear, 176; composition and resolution 
of angular, 176; concurring angular, 178; composition and resolution of 
translation and angular, 189; centre of parallel angular, 192; resultant 
angular for a rigid system, 197. 
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Text-Books and Practical Works. 

A TEXT-BOOK OF EI.EMENTABY MECHANICS 
FOB THE USE OF COUiiEaES AND SCHOOLS. 

By E. S. Dana, Assistant Professor of Natural Philosophy 

Yale College. Twelfth edition 12mo, cloth, $1 50 

" All Stadents and Mechanics will find the above a moBt adminible 
work."— /wrfiw^ria/ World. 

FBINCIPIJBS OF EIiEMENTABY MECHANICS. 

By Prof. De Volson Wood. Fully illustrated. Ninth edi- 
tion 12mo, cloth, 1 25 

This work is designed to give more attention to the fundamental principles 
of mechanics. Analysis is sabordinated, and whatls used is of a very ele- 
mentary character. No Calculus is need nor any analysis of a high character, 
and yet many problems which are generally considered quite difficult are 
here solved in a very simple manner. The principles of Bnergv, which 
holds an Important place m modern physics, is explained, and several 
problems solved by its use. Every chapter contains numerous problems 
and examples, the former of which are fully solved ; bnt the latter, which 
are numerical, are unsolved, and are Intended to familiarize the student with 
the principles, and test his ability to apply the subject practically. At 
■ the close of each chapter is a list of Exercises. These consist of questiona 
of a general character, requiring no analysis in order to answer them, bat 
simply a good knowledge of the subject. The mechanics of fluids forms an 
important part of the work. 

Supplement and Key to ditto 1 25 

THE ELEMENTS OF ANALYTICAL MECHANICS. 

With numerous examples and illustrations. For use in 
Scientific Schools and CJoUeges. By Prof. De Volson Wood. 
Sixth edition, revised and enlarged, comprising Mechanics of 
Solids and Mechanics of Fluids, of which Mechanics of 
Fluids is entirely new. About 500 t>&g68* Seventh edition. 

8vo, cloth, 3 00 

The Calculus is freely used in this work. One of the chief objects sought 
is to teach the students how to use analytical methods. It contains many 

{problems completely solved, and many others which are left as exercises 
br the student. The last chapter shows how to reduce all the equations of 
mechanics from the principle of d'Alembert. 

STBENGTH OF MATEBIALS AND THEOBT OF 
STBUCTUBES. 

By Henry T. Bovey, Dean of School of Applied Science, McQill 
University, Montreal, Canada 8vo, cloth, 7 50 

ELEMENTS OF ANALYTICAL MECHANICS. 

By Col. Peter S. Michie, of U. S. Military Academy. Fourth 
edition 8vo, cloth, 4 00 

" A revised edition, as tanght to the Cadets of CT. S. Militaiy Academy, 
Weat Point." 
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A text-book: ojsr the mechanics op ma- 

TEBIALS, 

And on Beams, Columns, and Shafts. By Prof. M. Merriman. 
Fourth edition, revised and enlarged 8vo, cloth, $3 60 

" We cannot commend this book too highly.*''— American Engineer. 
*' The well-earned reparation of the Anthoi renders any comment on the 
quality of the work saperflaous."— Fan NoeirandTn Magazine. 

MECHA19IC8 OF ENGINEERING. 

Comprising Statics and Dynamics of Solids, the Mechanics 
of the Materials of Construction or Strength and Elasticity of 
Beams, Columns, Shafts, Arches, etc., and the Principles of 
Hydraulics and Pneumatics with Applications. For the use of 
Technical Schools. By Prof. Irving P. Church, C.E., Cornell 
t University 8vo, cloth. 6 00 

"The work is very abnndanlly illustrated, and the ioformation is Given 
in a style which cannot fail to make the student thoroughly master of the 
subject. Prof. Church may certainly be congratulated upon compressing a 
vast amonnt of instruction into a very sniail space without in any degree 
interfering with the necessary minuteness of detail or clearness of descrip- 
tion."— Xortd^m Industrial Review. 

MECHANICAL FBINCIPIiES OF ENGINEEBING 
AND ABCHITECTUIIE. 

By Henry Mosely, M.A., F.R.S. From last London edition, 
with considerable additions by Prof. D. H. Mahan, LL.D , of 
the U. S. Military Academy, 700 pages. With numerous 
cuts 8vo, cloth, 6 00 

MECHANICS OF ENGINEEBING AND MACHINEK7. 

By Dr. Julius Weisbach. Designed as a Text-book for Tech- 
nical Schools and Colleges, and for the use of Engineers, 
Draughtsmen, etc. Second edition, thoroughly revised and 
greatly enlarged, by Gustav Herrmann, Prof, at the Royal 
Polytechnic School, Aachen, Germany. Translated by J. F. 
Klein, D.E., Prof, of Mechanical Enjyineering, Lehigh Uni- 
versity, Pa. With numerous fine illustrations. Second edition. 

1 vol., 8vo, cloth, 5 00 
** Weisbach is a standard in all matters of Engineeringand Mechanics, 
and his teachings are accepted as correcV— Mechanical Engineer. 

MECHANICS OF THE MACHINERY OF TRANS- 
MISSION. 

Being Vol. III., Part I., Section II. of Mechanics of Engineering 
and Machinery. By Dr. Julius Weisbach. Edited by Prof. 
Gustav Herrmann and translated by Prof. J. F. Klein, Lehigh 
University, Bethlehem, Pa 8vo, cloth, 5 00 

NOTES AND EXAMPLES IN MECHANICS. 

With an Appendix on the Graphical Statics of Mechanism. 
By Prof. I. P. Church, Cornell University. 135 pages, with 
blank pages for problems 8vo, cloth, 2 00 
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APPLIED MECHANICS AND BESISTANCE OF 
MATERIALS. 

By Prof. G. Lanza. Showing Strains on Beams as determined 
by the Testing Machines of Watertown Arsenal and at the 
Massachusetts Institute of Technology. Practical and Theo- 
retical. Designed for Engineers, Architects, and Students. 
With hundreds of illustrations. Sixth edition, revised. 

1 vo].,8vo, cloth, $7 50 

" The whole work is a valuable contribution to the subject of which it 
treats, and we can cordially recommend it/' — London Builder. 

WEISBACH'S MECHANICS. HTDBAULICS AND 
HYDRAULIC MOTOBS. 

With numerous practical examples for the calculation and 
construction of Water- wheels, including Breast, Undershot, 
Back-pitch, Overshot Wheels, etc., as well as a special discus- 
sion of the various forms of Turbines. Translated from the 
fourth edition of Weisbach's Mechanics, by A. Jay Du Bois. 
Profusely illustrated. Second edition 8vo, cloth, 5 00 

WEISBACH'S MECHANICS. THEOBY OF STEAM- 
ENGINE. 

Translated from the fourth edition of Weisbach*s Mechanics 
by A. Jay Du Bois. Ck)ntaining notes giving practical examples 
of Stationary, Marine, and Locomotive Engines, showing Amer- 
ican practice, by R. H. BueJ. Numerous illustrations. Second 
edition 8vo, cloih, 5 00 

MECHANICS OF THE GIBDEB. 

A Treatise on Bridges and Hoofs, in which the necessary and 
sufficient weight of the structure is calculated, not assumed, 
and the number of Panels and height of Girder that render the 
Bridge weight least for a jriven Span, Live Load, and Wind 
Pressure are determined. By John D. Crehore, C.E. Illus- 
trated by over 100 engravinjjs, with tables, etc 8vo, cloth, 5 00 

'*The work bears inlemal evidences of patient industry and scholarly 
ability— is a valuable contribution to science and to the literature of 
Bridge building."— W. H. Seablbs, C.E. 

KINEMATICS; OB, PBACTICAL MECHANISM. 

A Treatise on the Transmission and Modification of Motion and 
the Construction of Mechanical Movements. For the use of 
Draughtsmen, Machinists, and Students of Mechanical En- 
gineering, in which the laws governing the motions and 
various parts of Mechanics, a8 affected by their forms and modes 
of connection are deduced by simple geometrical reasoning, 
and their application is illustrated by accurately constructed 
diagrams of the different mechanical combinations discussed. 
By Prof. Chas. W. MacCord. Fourth edition 8vo, cloth, 5 00 

" The work can be confidently recommended to Draughtsmen, and all who 
have occasion to design machinery, as well as to every earnest student of 
Mechanics, young or oXd.""— A tuerican Machinitt. 
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TBBATISB OTSf PBICTION AJSTD IiOST WOBK IN 
MACHINEB7 AND MTLIi WOBK. 
CoDtaiDing an explanation of tbe Theory of Friction, and 
an account of the various Lubricants in general use, with a 
record of various experimenters to deduce tbe laws of Friction 
and Lubricated Surfaces, etc. By Prof. Robt. H. Thurston. 

Copiously illustrated. Fourth edition 8vo, cloth, $8 00 

** It is not too high praise to say that the present treatise is ezhanstiye 
and a complete review of the whole subject."— American Engineer. 

OAR LUBRIOATION. 

Treating of Theoretical Relations, Coefficient of Friction, 
Bearing Metals, Metbods of Lubrication, Journal-box Con- 
struction, Heated Journals, and the Cost of Lubrication. By 

W.E.Hall 12mo, cloth, 100 

" A very nsefnl book on a subiect npon which literature is very scarce. 
While the author gives full credit to Prof. Thurston and to Mr. Woodbury 
for their researches in this direction, he puts the various theories and re- 
snlts of experiment in a very practical f hape and shorn of all but the 
plainest mathematical dress. The volume is evidently the work of a 

Sractical investigator, and is correspondingly \&\vi&bie.^''—EtigineerinQ 
Tews. 

A HISTOBY OP THE PLANING MILK 

With Practical Sujrgestions for tbe Construction, Care, 
and Management of Wood-workinj? Machinery. By C, R. 

Tompkins, M.E 12mo, cloth, 1 60 

** Each of these chapters is as full of meat as an egg : they give the 
result** of Idng experience and intelligent observation, and no proprietor 
of woodworking machinery and employer of labor can afford to be without 
a copy, nor $>hoiild anv young mechanic, ambitious to excel in his calling, 
fail to send for \t."—The Lurnherrnxm. Chicago, June 15, 18«P. 

DYNAMOMETEBS, AND THE MEASUBEMENT OF 
POWEB. 

By J. J. Flatber, Prof, of Mechanical Engineering in Purdue 

University, Lafayette, Ind 12mo, cloth, 2 00 

A Treatise on the Construction and Application of Dynamometers. Com- 
prising Determination of Driving Power, Friction Brakes, Absorption and 
Transmission Dynamometers, Power to Drive Lathes, Measurement of 
Water- Power. 

ELEMENTS OP MACHINE CONSTBUCTION AND 
DRAWING; 

Or, Machine-Drawing, with some elements of descriptive and 
rational Kinematics. A Text-book for Scliools of Civil and 
Mechanical Engineering, and for the use of Mechanical Estab- 
lishments, Artisans, and Inventors. Containing the principles 
of Gearing, Screw Propellers, Valve Motions, and Governors, 
and many standard and novel examples, mostly from present 
American practice. By Prof. S. Edward Warren. Seventh 
edition 2 vols., 8vo, text, and small 4to plates, cloth, 7 60 

BXTBACTS PBOM CHOBDAL'S LBTTEBS. 

Comprising the choicest selections from the Series of Articles which 
have been appearing for tbn past two years i n the columns of the 
American Machinist. With over 50 illuBtratirns. 12mo, cloth, 2 00 

"The author discusses shop work and shop management \^ith more 
practical shrewdness, and in a manner that Mechanics. ArtisHus, and wide 
awake working men, generRl'y,caunot help but en j<»y."—5!ff^6w<i/fcJ.»Mr/'*an. 
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THE LATHE AND ITS USES ; 

Or, Instruction in tlie Art of Turning Wood and Metal. 
Including a description of the most modern appliances for 
the ornamentation of plane and curved surfaces, with a de- 
scription also of an entirely novel form of Lathe for Eccentric 
and Rose Engine Turning, a Lathe and Turning Machine com- 
bined, and other valuable matter relating to the Art. 1 vol., 
8vo, copiously illustrated. Sixth edition, with additional 
chapters and Index 8vo, cloth, $6 00 

*'The most complete work on the subject ever published."— ilm«rt«an 
Artisan. 

''Here iu an invaluable book to the practical workman and amateur."— 
London Weekly Times. 

A TREATISE ON TOOTHED GEABINa 

Containing complete instructions of Designing, Drawing, and 
Constructing Spur Wheels, Bevel Wheels, Lantern Gear, 
Screw Gear, Worms, etc. , and the proper formation of Tooth 
Profiles. For the use of Machinists, Pattern Makers, Draughts- 
men, Designers, Scientific Schools, etc. With many plates. By 

J. Howard Cromwell. Fourth edition 12mo, cloth, 1 50 

"Mr. Cromwell has accomplished good work in bringing together in this 
volume a great deal of information only to be found by searching many 
works, and by adding the results of his own experience in the field of 
Mechanical Engineering.'*— ^m«ricaw Machinist. 

A TREATISE ON BELTS AND PULLEYS. 

Embracing full explanations of Fundamental Principles ; 
proper Disposition of Pulleys ; Rules for determininpr widths 
of leather and vulcanized rubber belts, and belts running over 
covered pulleys ; Strength and Proportions of Pulleys, Drums, 
etc. Together with the principles and necessary rules for 
Rope Gearing and transmission of power by means of Metallic 
Cables. By J. Howard Cromwell, Ph.B., author of a Treatise 

on Toothed Gearingr 12mo, cloth, 1 50 

" This is a very complete and comprehensive treatise, and is worthy of 
the attention of all Mechanics who have anything to do with the manage- 
ment of belts and puUeye, etc."— A^a<i<?na^ Car Builder. 

SAW PILING. 

The Art of Saw Filing Scientifically Treated and Explained 
on Philosophical Principles. With explicit directions for 
putting in order all kinds of Saws, from a Jeweler's Saw to a 
Steam Saw-mill. Illustrated by 44 engravings. By H. W. 
Holly. Fifth edition .18mo, cloth, 75 

SAW PILlNa. 

A Practical Treatise on Filing, Gumming, and Swageing Saws. 

By Robert H. Grimshaw Fully illustrated 1 vol., l6mo, 1 00 

MACHINBBY PATTBBN MAKING. 

A Discussion of Methods, including Marking and Recording 
Patterns', Printing Press, Slice Valve and Corliss Cylinders ; 
How to Cast Journal-boxes on Frames, Differential Pulleys, 
Fly-wheels, Enofine Frames, Spur, Bevel and Worm Gears, 
Key Heads for Motion Rods, Elbows and Tee Pipes, Sweeping 
Straight and Conical Grooved Winding Drums, Large Sheaves 
with Wrought and Cast-iron Arms, 128 full-size Profiles of 
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